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Abstract
Equivalent upper and lower bounds for the L' norm of Hilbert space valued infinitely

divisible random variables are obtained and used to find bounds for different types of
stochastic integrals.

1 L'-norm of infinitely divisible random vectors

Let X be an infinitely divisible random vector in a separable Hilbert space H. (See
e.g. [3], [7].) Assume that F||X|| < co, EX = 0 and that X does not have a Gaussian
component. The characteristic function of X can be written in the form

Bexpity. X) =exp | [ (071 =1~ ily,2) Q(ae) )
where @ is a unique o—finite Borel measure on H with Q({0}) = 0 and
| minflll?. o]} Qo) < . )
@ is called the Lévy measure of X. It is one of the principle entities used to describe
the distribution of X.

We obtain bounds for E||X]|| in terms of a functional of ). Assume that Q(H) > 0
and let | = 1(Q) > 0 be a solution of the equation

ﬂWgAmMﬁMﬁFMMMM:L (3)
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It follows from (2) that I(Q) is uniquely defined.
Note that (3) only depends on the projection of @ on R, which we denote by Q,,

ie.
def

Qr([t,0)) = Q({z € H : ||z[| = t}), >0, (4)

Thus we can also write (3) in the form

£(l) = /O {222, 1712} Qu (dx) (5)

and define 1(Q,) to be the value of [ for which the integral in (5) is equal to one.
Clearly 1(Q) = 1(Qy)-
The following theorem is the main result of this paper.
Theorem 1.1 Under the above assumptions we have

0:25)UQ,) < B|IX]| < (2:125)I(Q,). (6)
If Q is symmetric, the constant in the upper bound of (6) can be decreased to 1.25.
In preparation for the proof of this theorem we consider a decomposition of X. We

write X =Y + Z, where Y and Z are independent mean zero random vectors with
characteristic functions given by

(7)
Eexpi(u,Y) = exp (/lxld(ei(u,:w —1—i(u,x)) Q(dx))

Eexpi(u,Z) = exp (/|x|>l(ei(u,x> —1—i(u,x)) Q(dx)).

where | = 1(Q).
The next lemma considers some moments of Y and Z. It is well known when H = R.

Lemma 1.1 Let A\ = Q({z : ||z|| > {}). Then

BIY|? = /” ERE (8)

4 = X 4 X X 2 X ’
it = [ el ([ el ) 9)

2 z,y)? Q(dz)Q(d
+ /.z..<l/.y.<l< 0)? Q(dr)Q(dy)

and

1 672)\

— 2| Q(dz) < B|Z|| < 2 z|| Q(da). 10
Qe < mizi< [ e Q) (10)

When Q is symmetric, each number 2 in (10) can be replaced by 1.
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Proof Let {e;} be an orthonormal basis in H. Let Q; denote Q restricted to
{|lz|| < 1}, the Lévy measure of Y. Since (e;,Y") is a mean—zero real infinitely divisible
random variable

BV = 3 Bl
= Z/}{(ej,xf@l(dx)

- /H el Qi (d)

which proves (8).

To prove (9) we consider an infinitely divisible random vector in R? given by ((e;,Y), (e, Y)).

This random vector has characteristic function

EeistesY)+itlenY) — oxp (/

H[eis<6j,m>+it(ek,x> —1—i(s{ej, ) + tlen, z))] Ql(dx)).

Differentiating it twice with respect to s and ¢ and then setting s and ¢ equal to zero
gives

Ele;,Y)2en, Y)? = /H (e, 2% (ex 2)? Quld) + /H (e5,2)? Qu(dz) /H (ex,2)? Qu(dz)
+2(/H<ej,x><ek,x> Ql(dx)>2.

Therefore

Ely)*

ZE e, Y ek, >2

/Hxll Qi(dx) + /||a:|\ Qu( da:

+22 (/ €5, T eka >Ql(dx)) .
Since the last term of this equation can be written as

>( | (eradlena) Quian))
—Z/ o) {er: ) Que) [ (e, ew.) Qulay)
// (ej,x ej,y>) Qu(dz)Qi(dy)

_ / / <x,y>2Ql<dx>@<dy>
HJH

the proof of (9) is complete.
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Let {W;} be independent identically distributed random vectors in H such that
PW; € A) = X 'QAN{|z| > 1}) for all A € B(H). Let N be a Poisson ran-
dom variable with mean A and independent of {W;}. Then

N
Z2Y" Wi - AEW;. (11)

i=1

Consequently

N
2] < B [Will + AB| W] =2 / o]l Q(de)

i=1 [lz||>1
which proves the upper bound in (10). (When @ is symmetric, EW; = 0 which gives
the factor 1 instead of 2 in (10).)

To obtain the lower bound in (10) we first assume that @ is symmetric. Consequently
the W;’s are symmetric and we get

[M]8

k
BIZ| = 3 (EIY, Wil ) POV = k)
i=1

E
Il

1

NE

(EWi ) P(N = k)

—

e~

= _ T dx). 12
. /.m” | Q(dx) (12)

r—\f

If @ is not symmetric, then we consider Z~: Z — 7', where Z’ is an independent
copy of Z. Z has symmetric Lévy measure Q(A) = Q(A) +Q(—A) for A € B(H) and
Q({llz]| = }) = 2A. Applying (12) we get

- 1—6_2)‘ ~
N
[l =1
1—e 2

= — T dx).
)/ Jelew)

This completes the proof of Lemma 1.1.

Proof of Theorem 1.1 We first obtain the upper bound in (6). Using (8) and (10)
we see that

EIX| < (EIVI*)+ B)Z| (13)
1/2
< 2112 O(dx 9 . e
) </|x<z” ot >> w2 el Qe
< (2.125)L

The last bound follows from the definition of [(Q) by elementary calculus. Since the
factor 2 can be dropped in (10) when @ is symmetric, the number 2.125 in (13) can
be replaced by 1.25 in this case.

We now obtain the lower bound. It follows from (3) that either
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(a) f”x”d |z[|* Q(dx) > (0.5)1*  or

0) [y 21 Q(dz) = (05)1.
Suppose that (a) holds. By Holder’s inequality we have

E|Y|? = E(Y|*3|Y)"?)
1/3
< (BIYIN*® (BIY]") (14)
and by (8) and (9)
4 4 2 2
vt < [ lelt@ue) +3( [ el Qlo)
lzll<? ||| <1
< PE|Y|?+3(E|Y]?)" (15)
Combining (14) and (15) we get
3/2
(&1v)?)
E|Y| "
2 2 2)2
(EIY |2+ 3(EIY]2)°)
E|Y|?

12
(2 +3EIv]?)
Using assumption (a) and (8) we see that

(0.5)12

B|Y| >
I¥l= (1% + 3(0.5)12)1/2

because the function y = t/(12 4+ 3t)'/2 is increasing for ¢ > 0. Therefore
E|X] = E[Y]l > (0.25)l.

This gives the lower bound in (6) when (a) holds.
Suppose now that (b) holds. Then

/””>l<|$|| + (”xH_l))Q(dx)
z|| Q(dx 0.5)L.
> [ e 2 05)

Consequently
/ 2]l Q(dz) > (0.25)(1 + 201,
||| >1

Using this in (10) we get

(14+2))(1 — e )

2\ :

E|X]| = ElZ]=(0.25)
> (0.25)L.

This completes the proof of Theorem 1.1.
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Corollary 1.1 Let (1) be as in (3). Then

(0.25) min{&(1),v/£¢(1)} < E|| X || < (2.125) max{£(1),/&(1)}. (16)

Proof Observe that if I(Q,) < 1, then £(1) < I(Q,) < +/&(1) and if I(Q,) > 1, then
£(1) <U(Qr) <£(1). Combining this observation with Theorem 1.1 gives (16).

Remark 1.1 Note that (6) is homogeneous in X, i.e. if X is replaced by ¢X, for
some constant ¢ > 0 then the bounds also change by a factor of ¢. Corollary 1.1 is
often useful but (16) is not homogeneous in X.

Remark 1.2 There is no reason to believe that the constants in (6) of Theorem 1.1
are best possible. However, they provide good estimates for the absolute moment of
an infinitely divisible random variable. To illustrate this point, consider X = N — ),
where N is a Poisson random variable with parameter A. Since Q = A\d;, we obtain
1(Q) = X\ when X € (0,1) and I(Q) = A\'/? when A > 1. A direct computation for
A € (0,1) gives E|X| = 2)e™* = 2¢7*(Q). Hence the smallest possible constant on
the right hand side of (6) must be at least 2. (In Theorem 1.1 we get 2.125). If A
is a positive integer, then E|X| = 2AM e 2/l ~ (2/7)Y21(Q). Hence the largest
possible constant on the left hand side of (6) must smaller than 0.8. One can lower
this bound further by considering the first moment of the symmetrization of X.

Remark 1.3 Let X = Zi\;l Y; — AEY; be a centered compound Poisson random
vector; here {Y;} are independent identically distributed random vectors in H with
E|Y1]] < oo and N is a Poisson random variable with parameter A independent of
the {Y;}. In this case @ = AL(Y1) and [ = I(Q) is the unique solution of the equation

AE min{||Y1[[*, Y1} = 2. (17)

One sees from this that I(Q) = Ky, (A), where Ky, is the K—function of M. Klass, [4].
The proof of Theorem 1.1 parallels, to a certain extent, the estimates given in Section
1.4.3, [1] for the absolute moment of sums of independent identically distributed
random variables in terms of the K—function. However our results seem to be easier
to use when dealing with infinitely divisible random vectors. For example let FY; =0
and H = R. A straightforward application of Proposition 1.4.10, [1] gives the bounds
for E|X| in terms of EKy, (N). But I(Q) = Ky, (EN). Since Ky, is nonlinear, the
passage from FKy, (N) to Ky, (EN) is far from obvious. By working with infinitely
divisible random vectors directly we avoid this difficulty.

We give another set of bounds for F|X| which, in certain circumstances, may be
easier to compute. Let

r(u) def /000(1 —cosuv) Qr(dv), u>0. (18)

(1, is the Lévy exponent of a real valued symmetric infinitely divisible random vari-
able. Indeed, when X itself is real valued and symmetric, ¢, is the Lévy exponent of

X ). Let
)L ") g, (19)

t 0 u2
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Theorem 1.2 Let X, Q and Q, be as in Theorem 1.1 and let 1), be as given in (18).
Let t* = t*(¢,) be such that ((t*) < 1/4 and t. = t.(¢,) be such that ((t.) > 5/2.

Then
(0.25)t.(,) < BIX| < (2.125)¢" (4.

If Q is symmetric the constant in upper bound in (20) can be replaced by 1.25.

The proof of this theorem follows easily from the following lemma.

Lemma 1.2

where £(1) is given in (3).

Proof We have
VU1 — cosux
v = an [ )
z<lJO u

/e q _
s [ [T

1/l _
A1) / / 1 —cosux L cosuz b 0, (de)
>1
def

= I+II+111

Note that when 0] < 1, 62/4 <1 — cos@ < 62/2. Consequently,

/1/”1—cosum T
< ———du < -
0 u? 2

|8

and when z < [
x? /Ul 1 — cosux x?
— ——du

Using (24) and (23) in (22) we see that
1 1
16O <THIT< ()

which gives the lower bound in (21). Also

11
I < 2/l/ / du
>1

(2/1) / _ leiQs(da).

IN

Combining (25) and (26), gives the upper bound in (21).
Proof of Theorem 1.2 Tt follows from (21) that

Sa) < €0) < 4.

(20)

(23)

(24)

(25)

(26)

(27)
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This implies that if ((¢.) > 5/2 then £(t.) > 1 and consequently ¢, < I(Q,). Thus
the lower bound in (20) follows from the lower bound in (6). The proof of the upper
bound in (20) follows similarly.

It is particularly useful to know that the first moment of an infinitely divisible random
variable is finite. Then we can obtain bounds for random variables with mean zero
by first obtaining bounds for their symmetrized version. We use this technique in [6]
to study the continuity of a wide class of infinitely divisible processes. Of course it
would also be interesting to obtain bounds for other moments. The proof we give
here does not readily extend to higher moments.

In the next section we consider stochastic integrals. In Section 3 we give some simple
examples of how to use Theorems 1.1 and 1.2 to estimate the expected value of
the norm of Hilbert space valued infinitely divisible random variables and certain
stochastic integrals.

2 Stochastic integrals with respect to infinitely di-
visible random measures

Consider the infinitely divisible H-valued random variable X defined in (1). Given X
there are two natural objects to consider, < f, X > where f € H and F'X where F is
an operator from H to another Hilbert space K. In Theorem 1.1 we obtain bounds
for E||X||. As an extension of this result and as a corollary of this theorem we can
obtain bounds for E| < f, X > | and E| FX]||. However, it is natural to consider this
extension in greater generality.

The “products” < f, X > and FX constitute natural bilinear forms taking values
in L1(Q;R) and LY(Q; K), respectively. Therefore, for any measure M, defined on
a measurable space S, and taking values in L'(Q; H), integrals of the form |, s <
f(s),M(ds) > and [ F(s)M(ds) are well defined as Bartle type integrals. It is
known that bounded deterministic functions are integrable in this setting. ( See e.g.
2)).

Suppose that M, in addition, is an independently scattered infinitely divisible random
measure. In this section we use Theorem 1.1 to obtain nice two-sided estimates for
E| [¢(f(s), M(ds))| and E|| [¢ F(s) M(ds)|| in terms of an Orlicz norm of f and F.
Such bounds are relevant to our previous work [6] and can also be useful in modeling
based on time-space infinitely divisible random noise. Furthermore, Theorem 1.1
gives a complete characterization of the class of L'—integrable deterministic functions
with respect to independently scattered infinitely divisible random measures.

The L' bounds obtained in Theorem 1.1 can be generalized further to the case of
of stochastic integrals of random predictable integrands. This step is possible by
applying decoupling inequalities along the lines of [5]. Such a generalization is not
immediate, especially if one requires specific constants in the bounds. We will not
consider it here. However, the L' bounds obtained in this section constitute a base
for such a generalization.

The infinitely divisible random measures, that we integrate with respect to, are defined
as follows: Let S be a Borel space equipped with a o—finite Borel measure m. Let
{0(-, s)}ses be a measurable family of Lévy measures on H with the property that
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there exists a sequence {S,} of Borel sets increasing to S such that for every n,
m(Sy) < oo and

/ /mm{uxH?,||x|\}e(dx,s)m(ds)<oo
S, JH

Let S={A € B(S): ACS, for some n}. It follows from Kolmogorov’s Consistency

Theorem that there exists an H-valued independently scattered random measure
M = {M(A) : A € S§} such that, for every A € S

Fexplily, M(A —exp(/ / (€01 1~ iy ) e m(as)) (25)

with F||M(A)| < co and EM(A)
Let f: S — H be a simple functlon Wlth support in S, i.e. f= E?Zl ajla;, Aj €S.
Consider the stochastic integral

/ (Foad) " S ay, M(A). (20)

7j=1

Clearly, E [((f,dM) = 0.
To define the Orlicz space pseudo—norm we consider the function

d
)& [ aulltg ) blde.s), yed, ses (30)
H
where
do(u) = u?I(u < 1)+ (2u—1)I(u>1), u>0. (31)
Since ¢o(u) = 2 fou min{v, 1} dv, ¢ is a convex increasing function starting from

0 such that ¢o(2u) < 4¢o(u). Thus ¢(-,s) is a convex symmetric function with
#(0, s) = 0 satisfying the Ag—condition, i.e.

?(2y,s) <49(y,s), y€H.

Let g : S — H be a measurable function. We define an Orlicz space pseudo—norm of
g by
def . _
lollo ™ int(e >0 [ o g(s).5)m(ds) < 1. (32)

Theorem 2.1 Let f: S — H be a measurable function satisfying

[ [ mind () 212, () 0] e 5y mlds) < . (33)
sJH
The definition of the stochastic integral in (29) can be extended to
[ (G (34)
5
where Efs<f, dM) =0 and

(0.125)] flls < EI/S@ dM)| < (2.125)] 5. (35)
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Proof Consider (29) and note that

Eexp (zu /S f, dM>>
—oxp ([ [ 000 <1 iut (o)) . sy )

Hence X = [4(f, dM) has the same form as (1) where @ is the image of the measure
0(dx, s)m(ds) under the map (s,z) — (f(s),z). £(I) computed for this @ (or Q, ) in
(3) also can be written as

= min{ ({7 f(s), )2, |17 f(s), x x,s)m(ds).
€= [ [ mingt 1), 10 £ ) Oldos)m(ds). (36
Comparing (36) and (30) we see that

£(l) < [S (1 (5),5) m(ds) < £(1/2).

Consequently

H@Qr) < [Iflls < 2UQr).
This bound combined with Theorem 1.1 yields

(0.125)] 1[4 < E] /S<f, dM)| < (2.125)|flo- (37)

Since ¢ satisfies the As—condition the results for f can be extended to hold for f

If H = R the integral (34) is the usual stochastic integral and || - ||4 is a norm.

The integral in (34) is a real valued random variable. We now consider a Hilbert
space valued stochastic integral. Let F': S — L(H, K), where L(H, K) is the space of
bounded linear operators from H into another separable Hilbert space K. We assume
that for each x € H and y € K, the function s — (y, F(s)z) is measurable and that

[ [ mindIF )2l 1F(s)ol] 6, ymids) < oc. (39)
S JH

We consider the stochastic integral
/FdM = Z/<F*ej,dM>ej (39)
s —~Js
J

where F* : § — L(K,H), is the transpose of the operator F(s), and {e;} is an
orthonormal basis for K. (This integral could be defined via simple functions as
outlined in the introduction to this section, however, since we have already established
the existence of the inner product integrals, it is easier to use (39) ).

The integral in (39) is well defined. To see this we show that the series in (39)
converges and the limit does not depend on the choice of {e;}. To begin note that

[(F*(s)ej, )| = [{ej, F(s)x)| < [[F(s)z]] (40)
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implying that (33) holds and [¢(F*e;,dM) is well-defined.
Next consider the random vector

n
Sk,n = Z/<F*6j,dM>€j.
i=k”8
Let Pyny =351 (y,€j)e; and

ern(1) /S /H win || Py F(s)2]2, | Pon F(s)2]|} 0(d, s)m(ds).

It follows from Corollary 1.1 that

El|Sknll < (2.125) max{&x,n(1), 1/ &k,n(1)}-

By (38) and the Dominated Convergence Theorem we see that the series in (39)
converges in L.

To show that the right hand side of (39) does not depend on the choice of basis we
perform the following formal computation which can be justified in the same way as
the above proof of convergence. Let {g;} be another orthonormal basis in K. Then

zk:/S<F*gk,dM>gk
:%:zk:@wi}@wj}/S<F*6iadM>@j
:%:<ei,ej>[g<F*ei,dM>ej
_ zj:/S<F*ej,dM>ej.

We proceed to develop bounds for the L' norm of the stochastic integral. Let

o(U.) "™ [ on(|Ual)0(drs). U LK), s€ S (41)
H
where ¢¢ is given by (31), and define a pseudo—norm
I1F)lo = inf{c¢>0: / ®(c1F(s),s)m(ds) < 1}. (42)
s

It is easy to see that X = fs FdM can be described by (1) in which @ is the image
of the measure 0(dz, s)m(ds) under the map (s,z) — F(s)z. By the same argument
used in the proof of (37) we get

mHWNBSM/FMMSOﬂWWM~ (43)
S

for every F satisfying (38).

Remark 2.1 Stochastic integrals in which the integrand is real valued and the ran-
dom measure is Hilbert space valued and vice versa are special cases of (39), so that
(43) holds for them also.
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3 Examples

Let X, @ and @, be as given in Section 1. In particular let

1 1
Qr(dr) =C (WI[O<JC<1] + WI[KKOO]) dx (44)

p,q € (1,2). Tt is elementary to verify that the value of I for which (3) and (5) is
satisfied is given by the solution of one of the following equations

7 (ee=a) * 5 (a=ve=0) =0 (45)

(65e) 5 (o) = o ()

(The value of [ is unique. If it turns out that [ > 1, then this value satisfies (45) and
(46) has no solution. If I < 1 the opposite occurs. When [ = 1, both equations are
the same.)

In particular, if p = g and X a Hilbert space valued infinitely divisible random variable
with @, (dx) given by (44), then by Theorem 1.1

or

C 1/p C 1/p
0.25) | ———— <FEl|X||<(2125) (| ———— . 47
0 () < B 019 () o
If X is symmetric, the constant 2.125 in the upper bound of (47) can be decreased to
1.25.

There is a well known canonical way to define a mean zero, strictly p—stable, H—valued
random vector X so that it has a nice characteristic function. For 1 < p < 2 we set

Eexpi(y,X) =exp (—/ |(y, 0)P (1 —itan 7r—2psgn<y, 9)) J(d0)> (48)

ou

where o is a finite measure on the unit sphere OU of H, called spectral measure of
X. This equation comes from (1) with the Lévy measure @ of X written in spherical
coordinates as

Q(dr,df) = c,r P~ tdro(df r>0 0 € oU. (49
P

Using (1), (49) and the identities
/ (e —1—ir)r~ =P dr = [(—p)e ""P/2 (50)
0

and -
/ (7 — 14 ir)r 1P dr = T(—p)e'™/? (51)
0

one can easily derive (48) and see that

1

= cos(mp/2)T(—p)
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It follows from (47) that
(0.25)k,[0(OU)]MP < E||X|| < (2.125)k, [0 (OU)]/? (53)

where

b= (o)

1/p
p
<(2 -pl'2-p) sin@> ' (54)

Note that k,, is a continuous function of p € (1,2); k, ~ (2/7)(p—1)"! as p decreases
to 1 and k), — V2 as p increases to 2.

We now use Theorem 1.2 to obtain a lower bound for E||X || which holds under fairly
general assumptions.

Lemma 3.1 Let X and v, be associated as in (18). Assume that 1,.(u)/u? is de-
creasing as u increases and that ¥ (u) is increasing as u increases. Then

1
EBlIX|| > W (55)

Proof Under the hypotheses on v, we see that ((t) > 1,(1/t). Therefore, if
¥r(1/t) = 5/2, the result follows from Theorem 1.2.

Suppose that 1, is regularly varying at zero with index 1 < p < 2. Then

i SO 1)

Mg o0

Therefore, heuristicly, when 1, 1 (5(p — 1)/2) is very small

1—e€
X2 e -7 o

for all € > 0. A similar statement can be made when 1,. is regularly varying at infinity
with index 1 < p < 2. In this case

lim $O@=1 (58)

t—0 wr(l/t)

Therefore, heuristicly, when 1, *(5(p — 1)/2) is very large

1-¢
AN -7 o9

for all € > 0. Both these statement can be made precise with specific examples.

Consider the stochastic integral in (34). Define

1(u) = uT(u < 1) +ul(u>1), u>0. (60)
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Clearly
¢1(u) < do(u) < 2¢1(u) (61)
where ¢ is given in (31). Set

9 [ alwalhotin). el ses (62)
H
It follows from Theorem 2.1 that
(0.125)] f; < E| /S<f, dM)| < (4.25)||fll; (63)

where ||f||$ is defined as in (32).
We proceed to evaluate Hﬂ|$ for M in (28) with 6(dz, s)m(ds) = 6(dr,db, s)m(ds) =
Cr=?=ldro(df)m(ds), similar to (49). A simple calculation shows that

Ifll; = inf{v>0:D // 0)|P do(6) m(ds) < 1} (64)

where D, = C/((2 —p)(p — 1)). Consequently

= (o[ [ s |pdo<9>m<ds)>1/p (65)
or, equivalently

1= (20 100 ([ il apasto)) mas) . o)

We give two specific examples. Let fx(s) be the k—th coordinate of f(s) and e} =
(0,...,1,...) be the unit vector in the k—th coordinate. Suppose that the measure o
assigns mass py/2 to both e; and —ey. Then it follows from (65) that

oo 1/p
17l = (DZ < /5 |fk<s>|pm<ds>> pk> . (67)

For the second example let o be uniform measure of mass one on the unit sphere in
R™. It follows from (66) that

= D,E|g|? Y
1715 = (Gt IS mds) (68)

where g is a normal random variable With mean zero and variance one.
To derive (68) we calculate [, [( Hf S)H ,0)|P do(8). Clearly this integral remains the

same if we rotate the unit sphere in R™. Thus it remains the same for any unit vector
f(s)/IIf(s)]| in R™. We take ey for this vector.
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Let £ = (&1,...,&,) where {&}? | are independent normal random variables with
mean zero and variance one. Note that

ElGl = (27r)‘”/2/oo.../oo|<eh§>|pe—nfn2/2d£
= e [ [T et e o)

Writing this in polar coordinates we get

[e.e]
(2m)~"/2 / pprn=le=r?/2 gy / (e1, 0)|P df
0 oUu

g~ ()21 2 g, et / (er, B)[P db. (70)
oU

El& [P

Consequently
2(n+1)/27.r(n71)/2E|£1 |p

| e oy an = B (1)

Taking p = 0 in (71) gives the surface area of the unit sphere in R™. Dividing (71)
by this number gives [, |<%, 0)|P do(f) and hence (68).

It is not hard to obtain such definite results for integrals with respect to other infinitely
divisible random measures than stable ones. It only requires a good estimate for ¢
in (62), which is not hard to obtain when the Lévy measure 6 associated with M in
(28) has nice properties, such as being regularly varying at zero and infinity.
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