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Abstract

We prove that random walks in i.i.d. random environments which oscillate in a given direction
have velocity zero with respect to that direction. This complements existing results thus giving
a general law of large numbers under the only assumption of a certain zero-one law, which is
known to hold if the dimension is two.

1. NOTATION, INTRODUCTION, AND RESULTS

An environment w in Z? (d > 1) is an element of §) := P%d where P, C [0,1]2¢ is the (2d—1) —
dimensional simplex. The projections of w on P are denoted as (w(z, 2+€))|¢|=1,ccz4 (2 € Z%)
and thus fulfill w(z,z+e€) > 0 and ) _ w(z,2+e) = 1. Given such an environment w and
some z € Z%, the so-called quenched probability measure P, . on the path space (Z4)Y is
characterized by

Px,w[XO :SC] = 1 and
PowlXpp1i=z2+e| X,=2] = w(z,z4+e) (z,e€Z%le|]=1,n2>0)

where X,, : (Z)N — Z9 is the n-th canonical projection.

Endowing 2 with its canonical product o-algebra and some probability measure P (with cor-
responding expectation operator E) turns w into a random environment and (X,,),>¢ into a
Random Walk in Random Environment (RWRE). The so-called annealed probability measure
P,, x € Z%, is then defined as the semi-direct product P, := P x P, on Q x (Z4)N, that is
P[] :=E[Pyu[]]-

RWRE in d > 2 is currently an active research area, see [1] and [3] for recent results, sur-
veys, and references. Using a certain renewal structure, Sznitman and Zerner (see [2] and [3,
Theorem 3.2.2]) proved the following law of large numbers.

Theorem A. Assume that

(1) (W(z, 24 €))jej=1, 2 € Z, are i.i.d. under P with
w(z,z+e) >0 P-as. forall z € Z2, |e| = 1.
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Moreover, let £ € RI\{0} and assume that Po[A; U A_y] = 1, where
Ay = { lim X,/ = oo}.

n—oo

Then, there exist deterministic vg,v_y € R (possibly zero) such that

lim X—”E =wvpla, +v_¢ly, Py-a.s.
n—oo n
Remark: The version of this result which is quoted in [3, Theorem 3.2.2] assumes for some
other purpose that the environment is uniformly elliptic, i.e. that P-a.s. w(z,2z +€) > € for
some uniform “ellipticity constant” € > 0. However, an inspection of the proof of this theorem
shows that it actually does not use this condition.

So far there is no general law of large numbers under the assumption of (1) only which would
state the existence of a deterministic v towards which X,,/n converges Py-a.s.. There are two
problems to be solved in order to derive such a law from Theorem A:
(i) Show that vy = 0if 0 < Py[As] < 1. Or even show that 0 < Py[A4,] < 1 is impossible.
The latter has been proven in [4] for d = 2 and is still unknown for d > 3.
(i) Show that for the elements ¢ of some basis of Z¢ the assumption Py[A, U A_,] = 1 in
Theorem A can be omitted. Since (1) implies Py[A, U A_;] € {0,1} (see [4, Proposition
3] and also [2, Lemma 1.1], [3, Theorem 3.1.2]) this means that one needs to investigate
the case Py[Ay U A_y] =0 only.

The purpose of the present note is to settle problem (ii) by the following result.
Theorem 1. Assume (1) and let e € Z¢ with |e| = 1 and Py[Ac U A_.] = 0. Then

2) Jim

n—oo N

=0 Py-a.s.

Of course, the main statement here is that the limit in (2) Py-a.s. exists. Once this has been
established it follows from Py[A.U A_.] = 0 that the value of this limit has to be 0. Theorems
A and 1 immediately imply:
Corollary 2. Assume (1) and Py[A.] € {0,1} for all e € Z¢ with |e| = 1. Then there is some
deterministic v € R? such that

lim =2 =y Py-a.s.

n—oo N

According to [4, Theorem 1] the assumption Py[A.] € {0,1} holds if d = 2 and (1) are fulfilled.

2. PROOFS

We first introduce some more notation. Fix some standard basis vector e € Z4, |e| = 1. The
following quantities are functions of nearest neighbor paths X. = (X,,),. For any 0 < u € R,
denote by T,, := inf{n > 0 | X,,e > u} (< c0) the first time the e-coordinate of X. reaches
or exceeds the level u. The times spent by X. inside the hyperplane at distance m from the
origin before X. enters the hyperplane at distance m + L constitute the set
T ={n>0|T, <n<Tyyr, Xne=m} (m,LeN).

Note that T}, € Ty, 1 if Ty, # 0. The diameter of 7, 1, is denoted by Ay, 1. Finally, some
empirical cumulative distribution function related to h,,, 1, is given by
_#0<m <M [ hup<c)

Fare(e): M1

€[0,1] (M,L€EN; ¢>0).
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Notice that 7, 1, and h,, 1 increase in L as sets and numbers, respectively, whereas Fs 1,(c)
decreases in L and increases in c¢. The following lemma deals with properties of single paths.

Lemma 3. Let (X,), € (ZY)N be a fived nearest neighbor path with Xo = 0 and
limsup,, o Xne/n > 0. Then

(3) sup inf limsup Fiz,1(c) > 0.

e>0L21 Moo
Proof. By assumption there exist § > 0 and a strictly increasing sequence (ng)g of positive
integers such that

X
(4) 2w S5 for all k.

ng

Define My, := [(1 — 0/2) ni6/2]. We are going to show that for all L € N,

My,
(5) 7;) #Tm,L < %(Mk —|— 1) and
My,
3L
m < — M 1
(6) I

for all k large enough. To this end, fix L. Since X. is a nearest neighbor path it follows from
(4) that for all « € [1 —§/2,1]ny

Xrare > Xpe —ngé/2 > ngd/2 > ad/2 and hence T,s/0 < [a].
Applying this to a = (1 — §/2)ng + 2L/§ shows that

for k large enough.

For the proof of (5) observe that the sets 7,1, (m =0, ..., M) are disjoint subsets of N and
that all their elements are strictly less than Ty, +1. Consequently, the left-hand side of (5) is
at most Ty, +r which along with (7) yields (5).

For the proof of (6) note that hy, 1 < Thir — T, for all m. Hence the left-hand side of (6) is
at most

L-1 M, L-1
> Twir—Tw <) Ty — T < LTuyz
=0 m=0 =0

from which (6) follows again by (7).

Now assume that (3) is false. Then we define recursively a strictly increasing sequence (L;)i>o
as follows. Set Ly := 0, suppose that L; has already been defined, and set ¢; := 9L;/d. By
assumption we can choose L;;; > L; such that

(8) limsupFM,mLHl (Cz) < 1/3

k—o0
Then for any ¢,

My,

1
My +1 7;) l{hm7L11 > ci} + l{hm,LH—l < Ci} + 1{hm7Li < hm7L11+1}'

1<
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We split the above sum canonically into three sums and get from (6) and the definition of ¢;
that the first sum is less than 1/3 for large k. Due to (8), the second sum is less than 1/3 for
large k as well. Hence for any 4,

1 1 &
9 - < Hhmr, <hmip,
( ) 3= Mk; + 1 T;) { m,L; < m7L1+1}
for large enough k. Now set ig := [12/d]. Since (L;); is an increasing sequence, (Tp, ;)i

is an increasing sequence of sets for all m. Hence #7,, 1, < #7m.L
Therefore, (5) with L = L;, yields

My, i9—1

3 1 io
> Whmr, <hmp,,+>—=>
52T 2 & e <) 25

L1 if hm,Lq‘, < hm,Li+1'

SHIFS

for large k due to (9), which is a contradiction. ]

Proof of Theorem 1. The proof is by contradiction. Assume that

Xn
(10) P [lim sup =€ > 0] > 0.
n—oo n
Since imsup,;_, o, Far,(c) is measurable, increasing in ¢, and decreasing in L it follows from
(10) and Lemma 3 that

(11) Py { lim limsup Fas r(c) > O] >0
L—oo p—oo

for some finite ¢, which will be kept fixed for the rest of the proof. Now we need some more
notation. Let Hy(z) := inf{n > 0| X,, = 2} be the first-passage time of the walk time through
r (z € Z%) and H,(z) := inf{n > H,_1(z) | X,, = =} be the time of the r-th visit to = (r > 2).
Consider the last point visited by the walker in the hyperplane at distance m before the walker
reaches the hyperplane at distance m + L. On the event {hy, 1 < ¢}, this point lies within
| - [1-distance ¢ from Xp, and has been visited at most ¢ times before Ty, 4. This means on
{hm,r < c} there are z € 7% with |z|; < ¢, ze =0 and r € N with 1 < 7 < ¢ such that the
event

B}n’L(z,r) = {am(z,r) < Tomgr, D" 00, (o) +om(2,7) > Tm+L}
occurs, where
om(z,7) = H.(Xr, +2),
D* = inf{n>1]| X,e < Xpe},

and (6y,)n>0 is the canonical shift on the path space (Z4)". Thus the event B}, ; (z,7) means
that the last visit to the hyperplane at distance m before T,,4 1 is also the r-th visit to the
point X7, + z. Consequently,

M
1
i e s € 30 S bmeplimeny 7 3230y
|2l1 <cr=1
ze=0

Since there are only finitely many such z and r it follows from (11) that for some of them

. . 1
(12) Py |lim sup lim sup ST Z 1Brln,L(z7T) >0| >0.
m=0

L—oo M—oo
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X+z
Y.

X+z — Xz

x:=XTm . m

m m+L m m+L

FIGURE 1. Left figure: The second visit in z + z is the last visit in the
hyperplane at distance m before reaching the hyperplane at distance m + L,
that is B%% (2,7 = 2) occurs. Right figure: The hyperplane at distance m+L
is reached before x + 2 has been visited twice. Hence B}, ; (2,7 = 2) does not
occur. However, the auxiliary walk Y** lets Bg% 1, happen by entering the
hyperplane at distance m + L before visiting the hyperplane at distance m for
a second time.

We keep a pair of z and r with property (12) fixed and drop z and r from the notation.
For fixed L, the sequence (1 BL L)m seems to have a complicated dependence structure under
P,. However, one can dominate this sequence by an auxiliary sequence (1p,, ; )m, which
consists of L i.i.d. sequences. To this end, we create for given w in addition to the RWRE X.,
for each starting point y € Z¢ an additional RWRE Y. such that X. and all Y.¥ (y € Z%) are
independent of each other, given w. More precisely, we consider the probability measure

~ Zd,
(13) Powi=Pow® @) Py on (2" x ((ZH")
yeL?

endowed with its canonical o-algebra and then realize X. and the Y¥’s as projections. Again,
Py :=E x Py,. We then define

B, = {om > Toir, D* (YXTm+Z> > it (YXT"L“)} and set
Bm,L = B}n}L U BrQn,La

see Figure 1. Here and in the following, if a stopping time is applied to a path other than X.,
then this path is added in parentheses after the symbol for the stopping time.



196

Electronic Communications in Probability

If we interpret B;u 1, like Bfn’ ; as an event in the big sample space given in (13), we have
B}nyL C By, and hence by (12),

1 M
> 1p,,>0
+1rn:O

0 < ﬁo lim sup lim sup
L—oo M—oo M

L—-1 M

~ | 1 , L
(14) < K llinj;nghj\znj&pMJrl Z 1p,,.>0

m=0
m mod L=t

We shall show at the end of the proof that for any 0 < i < L, the events

(15) By,.r, (m mod L = i) are independent under ﬁo with
ﬁO[Bm,L] =Py [D* >Ty].

Assuming this, we get from the ordinary strong law of large numbers and (14) that

0 < limsup Py [D* > Tp] < limsup Py [D* > L] = Py[D* = o] < Py[A.].
L—o0 L—oo

Here the last inequality follows from [4, Lemma 4], which implies that it is Py-a.s. impossible
for the walker to visit the strip {y € Z¢ | 0 < ye < u} (u > 0) infinitely often without ever
visiting the half space {y | ye < 0} to the left of the strip. However, Py[A.] > 0 contradicts
the assumption Py[A. U A_.] = 0. Hence (10) is false. Repeating the argument with e in (10)
replaced by —e proves (2).

It remains to show (15). Let £ > 0 and 0 < mo < ... < my with m; mod L = i for all
j=0,...,k. Asabove it follows from [4, Lemma 4] and Py[A_.] = 0 that T, is Po-a.s. finite
because otherwise the walker could visit a strip of finite width infinitely often without visiting
the half space to the right of the strip. Therefore, since B}, ; and B, | are disjoint,

ﬁo[BmoyLm...ﬂBmk’L]
= Y B[R |Bus 0 0By N B, 1 Xn,, = 1]

T re=myg

+ ﬁO,w |:Bm0,L n...N Bmk—hL ﬂB?nAnL’Xka = .%‘:| }

Z E{]SOM {BmO,L Nn...N Bmk,l,LaXka =Z,0m, < ka+L:|

T re=myg

(16) X Pz+z,w [D* Z ka—i-L]
+ ﬁO,w |:Bmo,L n...N Bmk,l,L7Xka =T, 0my, > ka-&-L}
(17) X Py [D*(YE42) > Ty 1 (Y59 }

Here we used in (16) the strong Markov property with respect to o,,, and in (16) and (17)
the fact that Py, is a product measure, see (13). However,

Posew D" > Toyir) = Pow [D*(Y*H2) > T 1 (Y2F)]

Consequently, the whole sum in (16) and (17) can be rewritten as

(18) S E [Pow (Bt N0 By 00 X, = | Pose [D* 2 Tyi]]
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Here the reason for introducing the auxiliary RWREs Y.¥ becomes clear: We got rid of the
event {0, < Tm,.+r}, which links the environment to the left of mj with the environment
in the strip of width L to the right of my. Now the Py, term in (18) is o(w(y, ) | ye < my)-
measurable since m; + L < my, for all j < k whereas the P4, , term is o(w(y,-) | ye > my)-
measurable. Hence by independence and translation invariance (18) equals

S P [Bug 000 By Xy, = 2] P [D* 2 Ty

= Py[BumprN...N By, 1] P [D* > T1].
From this (15) follows by induction over k. O
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