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Abstract

We show that any element from the (L2-)maximal domain of a jump-type symmetric Dirichlet
form can be approximated by test functions under some conditions. This gives us a direct
proof of the fact that the test functions is dense in Bessel potential spaces.

1 Introduction

In this note, we are concerned with the following symmetric quadratic form (€, D(£)) defined
on L?(R%):

& v) = 5 [ [ o)~ u)0(@) ~ o) nla ) do dy
D(E) = {ue L*R?) : E(u,u) < oo},
where n(z,y) is a positive measurable function on x # y.

In order that the form (£,D(€)) makes sense, we assume that the set {(z,y) € R? x R? :
n(x,y) = oo} is a Lebesgue null set. In fact, under this condition, we have already shown that
the form (&£, D(€)) is a Dirichlet form on L?(R?) in the wide sense (see [TT] and [f]). Moreover if
we set C’g ’I(Rd) the totality of all uniformly Lipschitz continuous functions defined on R¢ with
compact support, then D(€) D C’g 1(R?) if and only if the following conditions are satisfied (see
12, [6] and also [3, Example 1.2.4]): For some & > 0,

%@%z/ B2j(ore + B)dh € LL (R, (a)
|h|<=

(o) ;=/ jle,e +h)dh € LL_(RY), (B)
|h|>e
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where j(x,y) = n(z,y) + n(y, ). Then under (A) and (B), the quadratic form (£, F) becomes
a regular symmetric Dirichlet form on L?(R%), where F is the closure of COO ! (RY) with respect

to the norm |/E(s,«) +||s||2,. Note that, from the integral representation of the form &, we

can adopt the test functions, C5°(R%), as a core instead of Cy! (R%) under the conditions (A)
and (B). We now give some examples(see e.g., [T [[2]):

Example 1
(1) (symmetric a-stable process) Let
n(z,y) =clz—y|7*7% x#y.

Then (A) and (B) hold if and only if 0 < o < 2 and ¢ > 0. This is nothing but the
Dirichlet form corresponding to a symmetric a-stable process on R

(2) (symmetric stable-like process) For a measurable function a(z) defined on R, set
n(z,y) = |z -y~ v Ay,
Then (A) and (B) hold if and only if the following three conditions are satisfied:
(i) 0<a(z) <2ae,
(i) 1/a, 1/(2 @) € Lj(R?),
(ili) for some compact set K, [, |z|7¢"*@dr < oo.
(3) (symmetric Lévy process) For a positive measurable function 7 defined on R¢ — {0}
satisfying n(x) = n(—z) for any = # 0, set
n(z,y) =n(x—y), =#y.
(A) and (B) are satisfied if and only if fh;éo(l A |h?)R(h)dh < .
In general, we do not know whether the set F coincides with D(E). Determining the domains of
the Dirichlet form corresponds, in some sense, to solve the boundary problem of the associated

Markov processes. This analytic structure was investigated first by Silverstein in [7] and []],
and then by Chen [I] and Kuwae [].

2 Identification of the domains

In order to classify the domains of the forms, we will consider the following conditions: there
exists a positive constant C' > 0 such that

¢, € Llloc(Rd)v J(x +2,y+ Z) < Cj(may)v |aj - yl <1, |Z| <1 (A,)
or
(I)l ELOO(Rd)v j($+2,y+2)§0j($,y), |$—y|§1, |Z| Sla (A”)
and
Ti(s) = / §(ey e+ h)dh € L°(RY). (B)
|h|>1

Note that (A”)=(A")=(A) and (B’)=(B).
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Theorem 1 Assume that (A”) and (B’) hold. Then we can show
D(E) ={ue L*RY): E(u,u) < oo} =F,
that is, any element in D(E) can be approzimated from elements of C5°(R?) with respect to &;.

Proof: Take p € C5°(RY) satisfying

pla) 20, pla) = pl=a). a€RY supplp] = Tol). [ pladde=1.

For any & > 0, define p.(x) = e "p(x/e) so that [, p-dz = 1.
For u € D(£), set the convolution of u and py /y:

wn () = Jim(u)(x) = prym *u(r) = /]Rd pi/n(x — 2)u(z)dz, =z € R

Since u € L}(R?), w,, € C*°(R?) N L?(RY) and
lwnllz2 < lp1nlleallullez = llullz2 and |jwn, — ul|z2 — 0 as n — oo.
Let ¢, (t), t > 0, be non-negative C*°-functions such that
Yu(t) =1, 0<t<n, ¢u(t) =0, t>n+2, —1<¢(t)<0, t<n+2
We put v, (z) = ¥, (J2]), = € R% Then v, € C5°(R?Y) and
2.
Valw) = [ (onlo) - 0n0)i(o )y, @€ B
lo—y|<1
satisfies the following inequality:
Vo(z) < d/ |z — y%j(z,y)dy = d®i(z), =R (2)

|z—y|<1

Then we see that

va(z) /1, xz€R? and M :=sup sup V,(z) < d||®1|]e < 00
n geRd

and

[|wnvn — ul|L2 [lwnvn — wop||p2 + |Juvn — ul|Lz

<
< lwn —ul|p2 + |Juvy, —ul|pz — 0 as n — oo.

Now we estimate E(wnvn, Wi Up):

E(Wnvn, wnvn) = / /R (0000 @) = () (0) 9}y

<//Izy|<1 i //Ixy|>1> (wn (@) v (x) = wa (Y)va(y)) (2, y)dxdy

c(I) + (11).
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) = ff @ ) vy

IN

2//|xy|>1<(wn(x))2'l}n($)2 + (w”(y))Qvn(y)Q)j(I,y)dxdy

Since j(z,y) = j(y, x), we see

(II) < 4//7 (wn(2))?j(x, y)dady

IN

2
4[| 9|z- /Rd(‘]l/”(u)(x)) dr < 4[| 01|z~ |lullZ-.

Now we estimate (I).

(I) - //zy<1(wn(x)vn(m) - wn(y)vn(y))Qj(x,y)d:cdy

IN

? //x_yﬂ(w”(m) — wn(y)) (vn(2))?) (2, y)dady
+2 //|xy|<1(vn(x) - Un(y))2(w”(y))2j($,y)da:dy

2//zy<1</ﬂ@d P1/n(2) (U(:L' —z)—u(y — z))dz)Qj(:E, y)dxdy

+2 /Rd (wn(y))2/|w—y|<1(vn($) — vn(y))Qj(ac,y)dxdy

= 2(I-1) 4 2(1-2).

IN

Since supp[p1/»] C B1/,(0) C B1(0) for n € N, we see

(I-1) < //|xy|<1</Rd (u(z — 2) —uly — z))Qpl/n(z)dz)j(:c, y)dady
/]Rd (//x_y<1 (U(IE —z)—u(y — z))QJ(;E, y)da:dy) pl/n(z)dz
/Rd (//w_y<1 (u(x) — u()*ji(z + 2,y + z)da:dy) p1jn(2)dz

/Rd <//zy<1(“(z) — u(y))*Cj(w,y)dady ) pr/n(2)dz

C//;c—y<1(U(z) - u(y))2j(x,y)d:cdy < CE(uyu) < 0.

IN
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In the first inequality, we used the Jensen inequality for the measure p;,(2)dz, while the
second is from the Fubini theorem, the third is by translation and the fourth is obtained by
the assumption (A”).

12) = [ @) [ (o)~ )i ey

2 2
= [ () Valwddy <1 [ (wn(w)*dy < Ml
R4 R4
Summarizing the calculus done above, we see

E(watn, wavn) = //R (@00 = wa ()0 () )y

AW poe ful [ + 20 E(u, w) + 2M|[ul|Z

IN

2(CE(u,u) + (2011~ + M)[Jull3s ) < oo.

That is, £(wnvn, W, vy, ) are uniformly bounded. Moreover we have seen that ||wy,v,||L2 are also
uniform bounded and w,,v,, converges to u in L?(R%). Thus the Cesaro means of a subsequence
of {w,v,} are £;1-Cauchy and convergent to u a.e. Hence u € F. Thus

N~ T N o0 . 22 1/2
{u€ LXRY) : E(u,u) < oo} = F = Cgo (@) - HI

Example 2

(1) Let n(x,y) = clz —y|797%, = # y for some 0 < a < 2 and ¢ > 0. For this n, we can
easily see that the conditions (A”) and (B’) hold. In this case, the L2-maximal domain
D(€) is nothing but the “Bessel potential space” ‘Ci/z (R9) (see Proposition V. 4 in [9]).

(2) For0<a<2andc¢ >0(i=1,2), we assume

ale—y"" <nz,y) Sclr—y T, 0<|z—y| <1

and

sup/ (n(z,y) + n(y,z))dy < co.
¢ Jlz—y[>1

Then this satisfies the conditions (A”) and (B’). A Markov process corresponding to the
Dirichlet form (£,D(£)) is called “stable-like process” by Chen-Kumagai[?2)].

For a subclass B of all measurable functions on R?, we denote by By, the bounded functions in
B. In the following, we always assume that (A) and (B) hold. Then a symmetric Dirichlet form
(n,D(n)) on L?(R?) is said to be an extension of the Dirichlet form (£, F) if D(n) D F and
n(u,u) = E(u,u) whenever u € F. Denote by A(E, F) the totality of the extensions of (£, F).
By this definition, (£, D(£)) is an element of A(E, F). An element (n, D(n)) of A(E, F) is called
a Silverstein extension if F is an algebraic ideal in D(n),. For the probabilistic counterpart
or an application of Silverstein extensions, see, for example, [§], [T0] and [].
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Theorem 2 Suppose that (A’) and (B) hold. Then the Dirichlet form (€, D(E)) is a Silverstein
extension of the form (E£,F). That is, Fp is an ideal of D(E)y.

Proof: Tt is enough to show that u - f € F, whenever u € D(E), and f € C(RY). Let p
and p. be the same functions in the proof of the preceding theorem. Take the convolution of
functions wf and py,, : wn = p1/p * (uf). Then w, € C§° (R%), w,, converges to uf in the
L2-space and the inequality ||w,||z~ < |[uf||z= holds.

Denote by K the support of the function f. As in the proof of the preceding theorem, we
estimate &(wy,, wy,) as follows:

Swnwn) =[] (o) = wa) s )dady
<//|I Vs //zpl) (wn () = wn(y))*j(z, y)dady
= (I)+(ID).
an = / /| ) ) )y

2//zy>1((wn(x))2 + (wn(y))Q)j(:c,y)dxdy.

Since j(z,y) = j(y, x), we see

n < 4 //| (@) "y

= 4/Rd (wn(x))da /lwl>1j(:c,y)dy

= 4/ (wn(x))Q‘Ill(ac)dac

< 4||wn||im/K U1 (0)de < 4]uf B[ 911, L1,
1

where K, ={z+y€R?: € K, y € B(0,1/n)}.
Now we estimate (I).

0= //x y\<1(w"(x) — wn(y))"i(z,y)ddy
- //m_y<1 (/d p1/n(2) (wf) (@ — 2) — (uf)(y — Z))dz)Qj(x,y)da:dy
//z yl<1 /]Rd (wf)(w = 2) = (@f)W)) *p1/ul2)d )j(xvy)d:cdy

/Rd(//|x—y|<1((uf)( — (uf)(y )) jlx + z, y+z)d:cdy>p1/n( )dz

IN

IN
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IN

Cf[(@N@ ) vy [ o)

20 (|[ulBwE(F, £) + 1B €, 0).

Combining the estimates (II) and (I), we have

IN

E(wn,wn) <20 (Jul[ L E(f, f) + 1 £ Loe € (1)) + Al[uf |7 [ ®11K, |1 < 00

So &(wy, wy,) are uniformly bounded. We have already known that w,, € C§°(R?) converges to
wf in L2. Then by making use of the Banach-Saks theorem, the Cesaro means of a subsequence
of {w,} are &;-Cauchy and converges to uf a.e. Hence uf € F. This shows that F} is an ideal
of D(E)y, whence (£, D(€)) is a Silverstein extension of (£,F).

Remark 1 If the form (€,F) is moreover conservative, then, using a theorem from [d], we
can show that the Silverstein extension is unique. Hence this implies that F = D(E). In [6],
we showed that under some conditions (which includes the condition (B’)), the form (€,F) is
conservative. So, we have an alternative proof of Theorem 1 under (A”) and (B’).

In the following, we consider ‘the homogeneous’ Dirichlet space:
Do(E) = {u € L°(RY) : E(u,u) < oo},

where £ is defined in §1 and L°(R?) is the family of all measurable functions on R%. We
assume (A) and (B) hold. Since £ is defined as an integral form, we can easily see that
Do(E) N L®(RY) =: Dy (€) is dense in Dy(E) with respect to quasi-norm &.

We now want to consider when any function in D (€) (hence, in Dy(€)) can be approximated
from a sequence of the test functions with respect to £. Of couse, this relates the notion of
‘the extended Dirichlet space’ F.. In general,

—

Dy(€) D Fo D F := CP' (RY)

If the form (&€, F) is transient, then F = F. N L%(R?) (see Theorem 1.5.2(iii) in [3]). It is
not easy to see whether the ‘homogeneous’ domain Dy(E) coincides with F. except the special
cases. In order to consider this, we introduce a little bit stronger condition as follows: there
exists a positive function 7i(x) defined on R? — {0} satisfying the condition in Example 1 (3)
so that for some constants ¢; > 0 (i = 1,2),

an(z—y)<n(@y) <cn(z-y), z#y. (©)

Proposition 1 Suppose that (C) holds. Moreover, we assume the Dirichlet form (&, F) is
recurrent. Then any element in Do, (R?) (hence, in Dy(£)) can be approximated from the test
functions with respect to €. That is, Dy(E) = Fe.

Proof: First note that a similar argument developed in the proof of Theorem 2 gives us that
¢ - u € Dy(&) provided that u € Dy(€) and ¢ € C§°(R?). Take the test function p defined in
the proof of Theorem 1. And also consider the function p; /,, for each n. Then considering the
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convolution u, of u and p,,,, we have the following estimate:

Eunn) = //;é (un(z) — un ()% (2, y)dady

- //#y (/Rd(ga(:cz)u(fcz) - </>(yz)u(yZ))pn(Z)dZ)Qj(w,y)dxdy

< /R d ( / / | (ple—ute—2) - so(yz)u(yz))%(x,y)d:cdy) pu(2)dz
= L[] (etomto) = ctmuts)*ita-+ 2.5+ 2yiody )
< of (J] (et - ctwum)* o vydody ) o
< o~ ff (0~ ) sty
+lullt~ [ _ (nlo) - wn<y>)2j<x,y>dxdy)
< (ol u) + Ul (o).

In the first inequality, we used the Schwarz inequality, and the second follows from (C). Ac-
cordingly, we see that the sequence {u,} is £-bounded. Since ||u, — pul|2 converges to 0, a
subsequence of u,, converges to pu almost everywhere. So we can find the Casaro mean {,, }
of some subsequence from {u,}, so that &(u,, — u, Uy, — u) converges to 0 and @,, — Qu
a.e. This means that there exists a sequence from test functions which conveges to ¢ u with
respect to £ and with respect to almost everywhere convergence.

On the other hand, the Dirichlet form (€, F) is recurrent, we can construct a sequence {pr} C
C§°(R?) satisfying

0<ypr—1 ae, llokllLe <1 and E(pk,pr) — 0.

Note that ¢y - u € D(E) N L2(R?) for each k because ¢ € C§°(RY). Similarly, noting the
following estimates and the property of ¢y, we can see that the cesaro means @,, u of some
subsequence of {pru} converges to u with respect to € and with respect to almost everywhere
convergence:

E(pru, pru) < 2E(u,u) + 2 [[ul| L E(Pr, k).
Now for each k, take fi € C5°(R?) so that &(@n,u — fi, Pn,u — fr) < 1/k, Then we see
E(fi = Puutts fr = Gn ) + (P — v, Gpu —w)' /2
1/k + g(sbnku —u, @nku - U)1/2.

E(fr —u, fro —u)/? <
<

So, taking k — oo, we see that fi converges to u with respect to the quasi-norm £. This
concludes the proof.
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