Elect. Comm. in Probab. 12 (2007), 93-105 ELECTRONIC
COMMUNICATIONS
in PROBABILITY

MAXIMA OF THE CELLS OF AN EQUIPROBABLE
MULTINOMIAL

ARUP BOSE
Stat-Math Unit, Indian Statistical Institute, Kolkata 700108 INDIA

email: abose@isical.ac.in

AMITES DASGUPTA
Stat-Math Unit, Indian Statistical Institute, Kolkata 700108 INDIA

email: amites@isical.ac.in

KRISHANU MAULIK
Stat-Math Unit, Indian Statistical Institute, Kolkata 700108 INDIA

email: krishanu@isical.ac.in
Submitted September 27, 2006, accepted in final form April 4, 2007

AMS 2000 Subject classification: Primary 60G70, 60F05; Secondary 60F10
Keywords: Random sequences, triangular array, maxima, limit distribution

Abstract

Consider a sequence of multinomial random vectors with increasing number of equiprobable
cells. We show that if the number of trials increases fast enough, the sequence of maxima of
the cells after a suitable centering and scaling converges to the Gumbel distribution. While
results are available for maxima of triangular arrays of independent random variables with
certain types of distribution, such results in a dependent setup is new. We also prove that the
maxima of a triangular sequence of appropriate Binomial random variables have the same limit
distribution. An auxiliary large deviation result for multinomial distribution with increasing
number of equiprobable cells may also be of independent interest.

1 Introduction and main result

Let (Yin, ..., Ym,n)n>1 be a triangular sequence of random variables. Define the row maximum
as M, = max{Y1,,..., Y, »}. The question of convergence in distribution of M,, with linear
normalization has been addressed under a variety of conditions.

The classical case is when there is one sequence of i.i.d. random variables {Y;} and M, =
max{Y7,...,Y,}. In this case, necessary and sufficient conditions for the convergence are
known. See for example, [Fisher and Tippetti (192]), IGnedenkd (1943), de Haan (1970). In
particular, it follows from these results that if {Y;} are i.i.d. Poisson or i.i.d. binomial with
fixed parameters, then M,, cannot converge to any non degenerate distribution under any linear
normalization (cf. [Leadbetter et all, 1983, pp 24-27). On the other hand (cf. [Leadbetter et all,
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1983, Theorem 1.5.3), if ¥; are i.i.d. standard normal variables then

lim P[M, < a,x+ 8] =exp(—e™ %),

n—oo
where
1
oy = N (1.1)
and
5, = \/m _ loglogn + 10g(47r). (1.2)

2y/2logn
General triangular schemes under various suitable conditions have been considered by several
authors. The classical large deviation results due to Cramér (cf. Petrov, 1975, pg 218) play an
important role in the proofs of these results.
Consider, for example, the case where Y, , = (Zl<j<mn U; — mnu)/(gm}/Q) and U; are
ii.d. with mean p and standard deviation o. Assuming that U; has a finite moment generating
function in an open interval containing the origin and logn = o(misH)/ (R+3))
R > 0,|Anderson et all (1997) showed that

for some integer

lim P[M, < apz+ 3] = exp(—e™ ")

n—oo

for a, as in ([I]) and some suitable sequences ﬁr(lR).
They also consider the following case. Suppose m,, = n and for each n, Y,,, », are independent

O(A%R-i-l)/(R-i-S))

Poisson with mean A,, such that for some integer R > 0, logn = . Then again

lim P[M, < A\, + A28 + a,2)] = exp(—e ™),

n—oo

where o, and ﬁELR) are as before. In particular, in the above results, if R = 0 then we can
choose o, as in (CI) and 6,(10) = B, given by ().

Nadarajah and Mitoy (2002) consider the maximum of a triangular array of binomial, nega-
tive binomial and discrete uniform. The case of binomial triangular array is discussed with
increasing number of trials m,, and fixed probability of success, p. The idea of the proof in
this case is again similar to that of |[Anderson et all (1997) and uses a large deviation result for
binomial distribution.

In this paper we consider the following dependent situation. Suppose Y, = (Yin, -+, Yan)
follow multinomial (m,;1/n,...1/n) distribution and define M,, = maxi<i<n Yin to be the
maximum of the n cell variables. If m,, tends to infinity fast enough, then the sequence M,
after a suitable linear normalization, converges to the Gumbel distribution. We summarize
this result in the following theorem:

Theorem 1.1. Suppose that Y, is distributed as multinomial (my; %, ey %) and define as
before M, = maxi<i<n Yin. If
1
lim —2 =0 (1.3)

n—o00 My, /N

holds, then, for x € R,

Mnf(mn/n)*ﬂn\/mn/n —x
P < x| — exp(—e , 1.4
/M /0 N P .




Maxima of the cells of an equiprobable multinomial

95

where a, is as in [ and By, is the unique solution of
1 1
logz + =22 + = log(27) — 2B =)= logn (1.5)
2 2 My /M
in the region 3, ~ v/2logn, where

N
(2) ;(erl)(erQ) (1.6)
A similar result for the maximum of i.i.d. Binomial random variables is given below. Unlike
Theorem 3 of Nadarajah and Mitov (2002), we do not require the probability of success to be
constant.

Proposition 1.1. Let {Y;, : 1 <i<n,n > 1} be a triangular array of independent Binomial
random variables, with {Y;, : 1 < i <mn} having i.i.d. Binomial (my,;p,) distribution for each
n > 1. Define M, = maxij<i<n Yin. If we have

. logn
lim

=0 and lim p,(logn)" =0,

for all v > 0, then we have

M, — (mnpn) - ﬁn\/ MnpPn
Qi /M Pn

where a,, and By, are chosen as in Theorem [Tl

P

< x| — exp(—e™¥),

The large deviation results used by |[Anderson et all (1997) or [Nadarajah and Mitow (2002) are
not directly applicable in our case. For our case, even though the random variables in each row
of the array can be written as sum of independent variables, the distributions of the summands
depend on the row. Our proof of the theorem is based on the following large deviation result.
As we are unable to locate this particular large deviation result in the existing literature, we
provide a detailed derivation in the next section.

Theorem 1.2. Suppose Y ,, be distributed as multinomial (m.,; %, ceey %), such that the con-
dition (3
. logn
lim =
n—o00 My, /N

holds. For any positive integer k and any sequence

vp ~ /2logn, (1.7)

min1<i<\/kni_"/n /1 > vn] ~ [(1 — ®(vy,)) exp <UiB <\/nv177;—/n>>1 7 .

where B(z) is given by [LO) and ® is the univariate standard normal distribution function.

we have
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2 Proofs

For a real number z, denote

Yn = TQn\/ My /N4 Bp/ M /1 + (Mg /1). (2.1)
We prove Theorem [[1] using the following lemma.

Lemma 2.1. For each fized k, and real number x, we have
PO (Yin > ga}) = €. (2.2)
where yy, and x are related as in (Z).

Proof of Theorem [l For any fixed [, for sufficiently large n, using inclusion-exclusion prin-
ciple and the identical distribution of the marginals from the multinomial distribution, we
have,

20—-1

nn—=1)---(n—k+1
BN bl )Pt (Yin > ya})
SP(QL{Ym < yn}’)
21
<= Yy 2 R D b g s ), (2.3

k=1

Hence using Lemma Il we obtain from 32) and Z3), for each fixed I,

201 kx
k+1¢€ o n 4
1- ];(_1) Tk Slggloréfp(mi=1{ym <yn})
21 o—ha
<limsup (O {Yin S yn}) <13 (-1 —,
which gives the desired result () since [ is arbitrary. (]

Remark 2.1. As pointed out by the referee, it can be easily seen, using negative dependence,
that P(Y1, < y,)™ is another choice of the upper bound in ([Z3]) and, hence,

limsup P(Ni=1{Yin < yn}) < lim exp (—nP (Y1, > yn)) = exp(—e™ ).
n—00 =00
However, there appears to be no easy way to obtain an appropriate lower bound from the
existing literature.

Now we prove Lemma EJ] using Theorem

Proof of Lemma[Zdl Modifying Lemmas 1 and 2 of [Anderson et all (1997), we can find «,
and f3,, so that, for z,, = a,x + 3,, we have

L) —logn — z. (2.4)
n

1 1
log, + = log(27) + =22 — 22 B
2 2 e



Maxima of the cells of an equiprobable multinomial

Note that the referred lemmas require a polynomial instead of a power series in the defining
equation. However, the proofs work verbatim in our case due to the specific form of the
coefficients. Also using (16) and (17) of the same reference, we have a,, ~ 1/4/2logn and j,
is the unique solution of ([CH) satisfying 3, ~ v/2logn. Note that

Ty = w = apx + Bp ~ v/2logn.
Vmp/n

Thus, using (L), we have,

n*p [ﬂleYm > yn] =nkp

minj<j<x Yin — mn/n
— / > Ty

Vmg/n
(1—®(z,))exp <aan <\/Tn—/n>>1 .

1 — ®(t) ~ exp(—t?/2)/(tV2r) as t — oo, (2.5)
(cf. [Eellen, 196&, Lemma 2, Chapter VII), we have,

Nnk

Hence, using

7k[logzn+llog(27r)+la:2’7:v2B< In >7logn] -
nkp [ﬁLlYm > yn} ~e 2 2 T Vma/n — e ke,

The last step follows from (Z4). O

Now we prove the large deviation result given in Theorem

Proof of Theorem [LA Let us consider a random vector (Zy, Z1, ..., Zx), which has multino-
mial (1; "T_k, %, cee %) distribution. Denote by F,, the distribution of (Z; — %, N %)

Note that F,, has mean vector 0 and its covariance matrix is given by ((a;;)), a;; = 1/n—1/n?
aij = —1/n%i#4. Let UD = U, U) 1 <i <my, beiid. F,.

Iy
Define X,, = (X1, - , Xin) = Z;n”i US). We apply Esscher transform or exponential tilting

on the distribution of X,,. Let ¥,,(¢1,...,tx) be the cumulant generating function of F:

Uo(ty, ... t) =

t oot
7% " (2.6)

iy oL, e _ k
10g(1+e tote )

Let s, be the unique solution of

MU, (s,. .., 8) = vp/mn/n. (2.7)
Next we define the exponential tilting for the multivariate case as
AV (wr, ... wy) = e Yn(nosn)gsnlwitdwe)gp (o wy). (2.8)
Then, the m,-th convolution power of V,, is given by
AV (wy, ... wy) = e~ M Tn(snse) gsn (wideetwi) g pEma gy ),

Denote
Up = €7 — 1. (2.9)
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Note that V,, has mean vector u, 1 and covariance matrix ¥, = a, I — b, Ji, where 1j is the
k-vector with all coordinates 1, I is the k x k identity matrix, Ji is the k x k matrix with all
entries 1 and u,, a, and b, are given as follows:

1 esn
Un = 81\I/n(sn, .. .,Sn) = *E + m
 (n=k)e—=1)  (n—k)u,
Cn(n+k(esr — 1)) n(n+ku,)’ (2.10)

e25n

n k(e — 1)
= (M)Q (2.11)

n + ku,

esn(n—k+ (k—1)e’)
(n+ e —1))2
(I +up)(n—k+(k—=1)(1+up))

bn = 78182\1171(5", ey Sn) = (

2. — 92 _
Th = ap — by =07V (Sny ...y 8n) =

= 2.12
and we also denote
TYn = \Ijn(sna-“asn)' (21?’)
With notations as above, the required probability becomes
P —p miny<i<g Yin — mn/n -
Vmg/n
:P[Xln > Uny/ mn/nv--kan > Upy/ mn/n]
(oo} (o]
:/ / dF:L(mn(wla"'awk)
U/ My /T VM /N
(oo} (oo}
_ emn / - / e ) qUm ), (2.14)
Moy, b Mn n

Now we replace V,, by a k-variate normal with mean vector u,1l; and covariance matrix
721} (i.e., independent coordinates). The result of this change of distribution leads to the
approximation (for P,), given by

> Y — Mppt dy 1"
A, =™ / e sy ( = ") } 2.15
|: Mo fon ¢) Tny/Mn Tn/Mn ( )
00 k
—eMnTn [/ d)(z)e57L(mn#7L+Z7-n\/mn)dZ:|
0

:em7l(77L7kS7LM7l)pk(SnTn\/7n_n), (2.16)

where p(t) = [[° e ¢(2)dz = e (1 —®(t)) and ¢ and ® are the univariate standard normal
density.
Then the proof follows combining the two following propositions. O
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The first proposition shows that A, has the correct asymptotic behavior and the second one
shows that A, is a good approximation for P,.

Proposition 2.1. If v, satisfies (L), namely, v, ~ /2logn and m,, satisfies (L) given by
logn = o(my/n), then

As, ~ [(1 — ®(vy,)) exp <’U$LB <ﬁ>>1 . (2.17)

Proposition 2.2. If v, satisfies (L), namely, v, ~ v/2logn and m,, satisfies [L3)) given by
logn = o(my/n), then
Py ~ A, . (2.18)

The proofs of PropositionsZTl and 22 depend on the following lemma about the rate of growth
of u,, where u,, is defined in [Z3).

Lemma 2.2. If v, satisfies [LQ) given by v, ~ v/2logn and if m, satisfies [L3)) given by

logn = o(my/n), we have
Up, 1
Uy =~ <1+0<—>) —0. (2.19)
mp/n n

Proof. Note that the first partial of ¥, is

t1

1 e
alq/n(th”-’tk):_ﬁ—i_et1+...+etk+n7k'.

Hence, using (1), we have

Un (n—k)(es —1) _ (n—k)uy, (2.20)

/mn 1 n+ k(es» — 1) n—+ku, '

Solving, we get,
—1
u <1§)1 LA o
" n n—=Fk.\/m,/n Vmn/n

. U ~ 2logn

and, the result follows using T i — 0, from 3) and (D). O

The following corollary regarding the asymptotic behavior of pu,, b, and 72 then follows im-

mediately from ZI0)-ZT2).

Corollary 2.1. Assume that v, satisfies [LQ) given by v, ~ v/2logn and m,, satisfies ()
given by logn = o(my, /n). If the tilted distribution V,, has mean vector u,1ly and covariance
matric X, = anly — by Ji, then

U, 1 1

o~ — by~ =, d 2~ —. 2.21
% - 3 and Ty~ (2.21)

Now we prove Proposition 2] on the asymptotic behavior of A, .



100

Electronic Communications in Probability

for Ay, . Since v, = —£s,, +log(1 + £(e®»

Proof of Proposition 2. We first treat the exponent in the first factor of the expression ([ZI0)
it follows from expression ZI0) for uy,

1)) = —Elog(1 + uy) +log(1 + £uy,) using E5),

:%nlog (1 + Eun) _mn E(1 4+ up)log(l + uy,)
n n n

k
My

- (1 + ﬁu”> - [(n + kuy,) log <1 + Sun> — (k + kuy,) log(1 + un)]

mn B\ ' (=)t N
=k (14 B, 1- (= "
() Dt [G) e
r=2

2 n 2n n

9 00 i

RSV (5 [1 - (k)+] .
ks

2
Dnln | M0 By,) + B + BD,
2 n n
where, using (Z19),

(2.22)

= RN
and

(2.23)

1 k i+1
i+ 1)(i+2) (H) '
Thus, Er(Ll)

< 51+ 53, where

mnu%i 1 E - B\ - 1_Eu -1
n = r+1)r+2)n n " n "

logn

1 E\
I D T . )
n“§<r+1><r+2>{ <n> }“ ’
and

2 oo

(2.24)

n
N
I

mpt 1 k ‘ mpu2 e [ k ! k
n Bun) < 2N (Zun ) ~2logn-u, —0, (22
Ty ) (nu ) STa X <nu ) ogn-u —0 (2.25)
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since mpu? /n ~ v2 ~ 2logn, using ([ZI9) and (). Hence, we have
EM 0. (2.26)
Thus, using [Z22), ZZ3) and [ZZH), we have

2

MU
k—" B(un, 1
T kTR Bay) + o(1)

kmyu?
mn(’)’n - ksnﬂn) =———T"n

and hence, we have,

emn('Yn*kSn/J'n) ~ exp <——m Un =+ k—m unB(un)) . (227)
n n

Further, observe from @I3) that, m,u2/n —v2 = O(v2/n) = O(logn/n) — 0, using (7).
Also, B(uy) ~ upn/6 — 0 and

Un Un, Un 1 2
Blup) - B | —2— | =0 [up — —=2— | =0 | —22—= | = o(1/22),
w8 ) =0 - ) =0 s ) ot

using ([ZT9), (C3) and (). Hence, m,u2/n in @Z0) can be replaced by v, giving

k v
Mo (Yn—kSn fin) roy2 2 _n
e ~ ex v, + ku, B . 2.28
p( 2 <\/7’ln/n>> ( )

Using the asymptotic expression (ZZI) for 7,,, the fact u,, = e*» — 1 ~ s,, and [ZIJ), we have

TnSn/Mn ~ Un\/Mp /N = Uy,

The proof is then completed using 1), which gives

& 1
P (SnTny/Min) ~ m (2.29)

Next we prove Proposition

Proof of Proposition [ZA Let ®,, 4 denote the k-variate normal distribution function with
mean vector pu and covariance matrix A. Using [ZTd)) and ZIH), we easily see that

Pn - Asn _ * L. * e—sn(u1+~~~+uk)d(v*mn _ prm )(u ” )
o n pn Ly r20, )N s k)
M fhn M hn
Denote the distribution function of the signed measure V7" — ®*"" , by H,. Then, using
Hle,Tolk
Theorem Bl in Appendix and (ZIH), we have

|Pn — As, | < 2k”I_In||ooemn(%_ksnun) = QkAsnp_k(SnTn\/mn)”Hn”om (2.30)

where ||Hp|oo is the sup norm. Hence, using (Z2Z9) and the fact that z, = /m,/nu, ~ vy,

using (ZT9), we have
P,

A,

=140 (v} Hyll) - (2.31)

n
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So, to complete the proof, we need to study ||Hp|eo. We write H, as sum of two signed
measures by introducing the normal distribution with covariance matrix, ¥,,, same as that of
Vi

H, (@*m” — o*mn ) + (Vn*m" @*Mn ) (2.32)

Hnlg, Sy B Ly, 721 Hnlg, Sy

We estimate the first part directly and the second part by Berry-Esseen theorem.
Observe that

Hq);fznlnkaz @;Tfm sz”‘x’ - ”(I)O o 2Sn (I)OvlkH‘X”

which is estimated easily using normal comparison lemma, attributed to Slepian, Berman and
others (see, for example, [Leadbetter et all, 1983, Theorem 4.2.1). Observe that 7, 2%, =
e anfbn Ji, using ZII) and (IZ:[Z) Hence from normal comparison lemma and

asymptotic behavior of a,, and b,, in ZZI), we have

Hnlk,3n unlkﬂ'ﬁfkll‘x’ = ||(I>0 Tn 25 q)07[k||°°

o LME=D) by ~ O(m).

2 2 an(an — 2by)

|| *My, *Mp

Hence, corresponding to the first term of 32), we have, using ([0),

Moy s, = @iy g llee = O(vy; /) — 0. (2.33)
Next we study the second term of [{Z32). Suppose & ; are Li.d. Vi, with mean fi,, 1y, covariance
Yn. Then

Ve (ug, .., ug) — @ZT{"MZ" (ugy ..., ux))

Mn

— 1 — 1
Z dy) < MMkl wm(w)

and hence, by multivariate Berry-Esseen theorem, (see, e.g., Bhattacharya and Ranga Rad,
1976, Corollary 17.2; pg. 165)

*MMn *Mp
HV" q)ﬂnlxm

Pl 216 ) <) - B0, (w)

C3  kn

=sup
u

< NE (2.34)
where k,, = E||&, — in11]|3, (the norm being Euclidean one),
1
An = Gp — kby ~ —, (2.35)
n

by @II) and ZIZ), is the smallest eigenvalue of 3, = a,l — b,J, and Cs is a universal
constant. So, to complete the proof we need to estimate x,,. Using the definition of V,,, 3),
we have,

—m Sn(u ceetu 3
N =e 7//e< vhetun) (58 (1)) P dF (un, ).
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Recall that F, is the distribution of the last k coordinates of the centered multinomial (1; (n —
k)/n,1/n,...,1/n) distribution, which puts mass 1/n at each of the k vectors which have
all coordinates —1/n except the ith one being (n — 1)/n, for i = 1,...,k, and (n — k)/n at
(=1/n,...,—1/n). Thus,

3
—k _kew a1 3k (n-kyen 1 2 1 2]z
ey = e ’C( +un> +ﬁ€( 3 [(k’—l)(gwn) *(1‘5—%)] '

n n

Since, from (ZZI) we have p,, ~ ==, and by ([ZI9), we have s, = log(1 + upn) ~ u, — 0,

Ky ~ M 2
n
Thus, using [Z34) and Z33), we have,
£V e 236)
v ||V = @8 o [|se < kCy—p=e” ", 2.36
i Ver
Also, from (ZH), we get, for fixed k,
kmuy,s k(e —1
MnYn = Mn W (Sn, ..., 8,) = — ; " 4+ my,log [1 + %}
k k k
= %[—kzlog(l + up) +nlog(l + Eun)] ~ E%ui ~ EUEL — 00
using (ZT9). Hence, from (Z34), we have
Tim o[V — @iy e = 0. (2.37)
Combining [Z33) and Z37), we get,
lim || Hplloo = 0
and the result follows from (Z3T)). O

Finally we prove Proposition [l

Proof of Proposition [L1l If p, = 1/n, the condition p,(logn)" — 0 holds for all » > 0 and the
result follows from Z2) with k& = 1, since

—log(P[Y1n < yn])" ~ nPY1, > yn] — e ~.

For general p,,, the argument is exactly same as that for derivation of ([22). The extra condition
is required to prove the convergence in ([Z23)-(Z2H) and Z33). In 33), the bound is of the
order v¥p,, ~ (2logn)*/?p,, necessitating the extra condition. In ZZ3)-EZH), the bound for
E,(lo) in (ZZ3J) is of the highest order, which in this case becomes p,, logn. It is still negligible
under the assumption. O

Acknowledgements. We thank an anonymous referee for helpful suggestions leading to a
significantly clearer presentation and pointing out the interesting work of [Nadarajah and Mitov
(2009).
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3 Appendix

Here we prove the result on integration by parts, which was used in the proof of Proposition 22
ee (ZZ30). Let H be the distribution function of a finite signed measure on R*. For any subset
Tof {1,...,k} and a € R, define,

el

gl =1Y "0 fi<i<k
Yi, Z¢I

Hl(a;yla"'ayk):H(y{a"'aylg)

and

Hy(yizi € I)=H(y,. .., yx)
considered as a function in coordinates indexed by I only.

Theorem 3.1. For 1 <1<k and I C{l,...,l}, we have,

(o)
/ / e~ syt +yk)dH?‘J{11’ yi(yl’“"yk)
= Z / / DHlste=stFv) gl (q: . y)dyy - - dyr. (3.1)

Ic{1,..

The bound [Z3) then follows immediately by considering [ = k.

Proof. We prove 1)) by induction on I. For [ = 1, (B is the usual integration by parts
formula. Assume (B for I. Then

/ / s(yit- erlJrl)I{;[ll7 ,ll/:l}(dyl’ ey dyiyr)

s —s 1 l
— |I| / / l (y1+-+w) / e SYi+ Hy{{—,i_l?yé (dyl+1)dy1 N dyl

Ic{l

o0 o0
— Z (71)|I| / . / stesvit+tur) [eS“HIU{lH}(a;yh e Uk)

Ic{1,...,l}

o0
/ se” v HY (a; yl,---,yk)dym]dyl -dy

Z / / e~ st Fyign) 1y

Ic{1,..

|:(71)‘I‘+1HIU“+1}(0’; Yty .- 7yk) + (*1)|I|HI(‘1;ZJ1, ceey yk) dyl te dyl+1

where we use the induction hypothesis for the first step and the usual integration by parts
for the second step, and the final step is the required sum, since any subset of {1,...,1+ 1}
either contains [ + 1 or does not and the remainder is a subset of {1,...,1}. This completes
the inductive step and the proof of the theorem. O
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