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Abstract

Let Z, be a R%-valued jump diffusion controlled by v with initial condition Z;(¢) = z. The
aim of this paper is to characterize the set V(¢) of initial conditions z such that Zy, can
be driven into a given target at a given time by proving that the function u(,z) =1 — V0
satisfies, in the viscosity sense, the equation () below. As an application, we study the problem
of hedging in a financial market with a large investor.

1 Introduction and statement of the results

Let ZY, be a R-valued process controlled by v with initial condition Zy ,(t) = z. Given an
horizon time 7' > 0, an initial time ¢ > 0 and a target C C R%, the general stochastic target
problem consists in finding the set V'(¢) of initial condition z such that there exists a control
process v, belonging to a well-defined set of admissible controls, for which Z¢ L(T) € C. The
study of the set V() is usually carried out by proving that the characteristic function u(., 2)
of its complement, i.e u(t, z) = 1 — 1y (4)(2), satisfies a partial differential equation (only in the
viscosity sense since u is not even continuous).

Motivated by applications in finance, namely the super-replication problem, stochastic target
problems were first considered by H.M. Soner and N. Touzi [13], [I4] assuming the controlled
process Z; , follows a diffusion. Their proof relies on a direct dynamic programming principle
(see theorem Bl below) that enables them to derive an equation for u similar to equation ()
below. Their result was then extended to the jump diffusion case by B. Bouchard [6] assuming
the target is the epigraph of some function. The purpose of this paper is to extend both results
to the jump diffusion case with an arbitrary target. Our proof follows the line of [I3] by using
tricks introduced by Bouchard to deal with jump process. The result obtained is then applied
to a financial market with a large trader i.e. a financial market where the price of the risky
asset depends on the strategy of some trader, a case that cannot be covered by Bouchard’
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result and that seems difficult to handle by forward-backward SDE or duality tecnics as was
done up to now (see Cvitanic-Ma [IJ] or Bank-Baum [2]).

We now describe the model. Let T > 0 be a finite time horizon, C C R? a borel subset
of R? (the "target”), ¥ a compact measurable space, called the mark space, and v(dt, do)
(U1 (dt,do),. .. ,vd(dt, da)) be a vector of d independant integer-valued ¥-marked right conti-
nuous point processes defined on a complete probability space (2, F, P) (see Bremaud [7] for a
detailed account on point-process). Let W = (W;) be a R?-valued standard Brownian motion
defined on (€2, F, P) such that W and v are independant. We denote by F = (F;)o<i<r the P-
completed filtration generated by W and v(., do). We further assume that Fy is trivial and that
v(dt,do) has a predictable (P, F)-intensity kernel of the form A(do)dt satisfying [;, A(do) < oo
(this assumption could probably be weaken by assuming that A(do) is a o-finite measure such
that [,(1 A |o|*)A(do) < oo, see [§]). We then denote by o(dt, do) = v(dt,do) — \(do)dt the
associated compensated measure. Since P[v(][0,7] x (¥ — supp X)) > 0] = 0, we can also
assume that supp A = . Eventually, we let U be a compact subset of R? and denote by U/ the
set of all F-predictable process v = (v4)o<i<r valued in U; U is the set of admissible control.
Given a control process v € U and initial condition (¢, 2) € [0, T] x R%, we define the controlled
process Z} . as the solution on [t,T] of the following stochastic differential equation:

{dZ(s) =1 (s, Z(s),vs)ds +a(s,Z(s),vs) dWs + [ B (s, Z(s7),vs,0) v(ds,do) 1)

Z(t)==z

where 41 : [0,T] x RE x U — R4, a: [0,T] x R x U — My(R) (where My(R) is the set d x d
real matrices) and 3:[0,7] x R¢ x U x ¥ — R? are assumed to be continuous with respect to
(s,v,0), lipschitz in ¢, lipschitz and linearly growing in z uniformly in (s, v, o) and bounded
with respect to o. This guarantees existence and uniqueness of a strong solution Zy, for each
control process v € U (see Protter [12]).

Let £¥ be the Dynkin operator associated to the controlled diffusion part of ({):

LYo(t,2) = 0sp(t, z) +' Vo(t, z).ult, z,v) + %tr (*at, z, v).V2¢(t, 2).alt, 2, v)),

where V¢ and V2¢ are respectively the gradient and the hessian of ¢ with respect to z. Let
also V (t) be the reachability set defined by

V(t) = {z € R? such that Jv € U, Zy (T) € C P-ps}.
We denote by u(t, z) the characteristic function of the complement of V' (¢):
u(t,z) = 1CV(t) =1- 1V(t) (Z)

The choice of using the characteristic function of the complement of V() and not the one of
V(¢) itself is only tecnical.

The main purpose of the paper is to prove that u satisfies in the viscosity sense the following
equation

sup min {E”u(t,z); inf g”’”u(t,z)} =0, (2)
veN (t,z,Vu(t,z)) ey

where
G 7u(t,z) = u(t,z + B(t, 2,v,0)) — u(t, 2)
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is the jump of u at (¢, z), and
N (t,z,p) = {v € U such that ‘p.a(t, z,v) = 0}, (t,2,p) € [0,T] x R¢ x R4,

The set N appears naturally when one wants to control the brownian part of the diffusion.
We make the two following assumptions on N:

(H1) for all (t,2,p) € [0,T] x R% x RY, N(t, z,p) # (), and

(H2) (existence of a continuous selection) for any (¢, z0,p0)
vo € N(to,20,p0), there exists a continuous function & : [0,
lipschitz on {(¢,z,p),p # 0} satisfying ©(¢o, 2z0,p0) = vo and
(t,z,p) € [0,T] x R% x RY,

€ [0,7T] x R x R and any
T] x R? x R? — U locally
v(t,z,p) € N(t,z,p) for all

Our result is the following:

Theorem 1. If N satisfies (H1) and (H2), then wu satisfies [@) in the viscosity sense in
(0,T)x R%, i.e. the upper- and lower-semicontinuous envelopes u* and u. of u are respectively
sub- and supersolution of (@) in the viscosity sense in (0,T) x R.

We refer to Crandall-Ishii-Lions [9] or Barles 3] for the notion of viscosity solutions.

We now turn our attention to the terminal conditions satisfied by u. According to the definition
of V(T), we obviously have u(T, z) = lcc(2). However, u may be discontinuous at time 7" and
we are thus led to introduce the functions G, G : R? — {0,1} defined by

G(2) = liminf u(t, %) and G(z) = limsup u(t, 3).
t1T, Z2—z 1T, z2—z

Given ¢ : [0,T] x R? — R9, let M, be defined by

My(t, z) = sup inf —GV7(t, z).
veN (t,z,V(t,z)) oex

The result is then the following:
Theorem 2. G is a viscosity supersolution of

min {¢ — 1.z, My(T, 2)} =0, (3)
G is a viscosity subsolution of

min {¢ — 1z5, My(T, 2)} = 0. (4)
Remark 1.1. 1.z = (1e¢)s and 1oz = (1ec)*.

The following section gives an application of these theorems to the hedging problem in a
financial market with a large investor. Sections 2 and 3 are devoted to the proof of theorem [
and B respectively.

2 Application to a large investor problem

In this section, we apply theorems[ and Bl to a large investor problem. We consider a financial
market consisting of one bank account and one risky asset and assume the existence of a large
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investor i.e. a trader whose trading strategy v(¢) influences significatively the evolution of the
price process S(t) of the risky asset (but not the price of the bank account). We indeed assume
that S(t) follows a diffusion with jump whose coefficients not only depend on (¢, S(¢)) but also
on the strategy v(t) of the large investor:

ds(t)

S = (S VOt olt SEL V)W) + Bt S(E), i@, )
where p, o, and [ are as in equation ([l). We moreover assume that 8 > —1, which implies, in
view of the properties of the exponential (see Protter [I2]), that S(¢) > 0 as soon as S(0) > 0.
Up to discounting, we can assume that the price of the bank account is constant equal to 1.
The dynamic of the wealth process X (t) of the large investor is then given by

dX(t) . dS(t)
X0 v( )Wv (6)

where v(t) € [—1,ul, [,u > 0, denotes the proportion of his wealth the large investor invests in
the risky asset. We assume, as in the previous section, that the process (v(t)) is predictable
with respect to the augmented filtration generated by (W (¢))o<i<r and v(dt, do). We denote
by Sy and X/ . the solution of () and (@) respectively such that Sy () = s and X{; . (t) = =.

t,s,r t,s,x

Given a contingent claim whose maturity price may depend on S(¢) and thus on the behaviour
of the large investor, the problem for him is to find the set V() of initial values (s,t) such
that he is able to hedge or super-replicate the claim at the maturity date. Such problems of
hedging and super-replication in financial market with a large investor were investigated by
Cvitanic-Ma [I0] in the case of a diffusion by the study of forward-backward SDE, and by
Bank-Baum [2] in the general case by means of duality technics. We refer more generally to
Platen-Schweizer [T1] for the study of the feedback effects of hedging strategy over the price
of the underlying asset.

We apply here the results stated above to solve these problems. Given a target C C R? (e.g.
the epigraph of a function g : R — R) and a horizon time T' > 0 (e.g. the maturity date of
some claim of price g(Sy ((T)) the large investor wants to hedge), we consider the reachability
set V(t) defined by

V(t) = {(s,z) e R* s.t. (57 (T), X}

t,s,x

(T)) € C for some strategy v},
and the function u(t, (s,7)) =1 — 1y (4)(s,z). We also define as previously
G"%u(t, (s,x)) = u(t,s + sp(t,s,v,0),x + avib(t,s,v,0)) —u(t, (s,z)),
N(t, (s,z),p) = {v € [1,u] s.t. (sps + xvps)a(t, (s,x),v) =0}, p = (ps, ps) € R?,
and for ¢ € C? ([0,T] x R?),
LY(t, (s,2)) = 0Opp+ (s0s¢ + xv0:p)pt

1

5022026+ V02,0 + 250002, 0)) (1, (5, ), v).
Concerning the definition of £V, just remark that the brownian motion appearing in (@) and

are identic and thus are correlated. According to theorem [ u is then a viscosity solution

identi d th lated. According to th M w is th i ity soluti

of
i
e

sup min {—E”u(t, (s,2)); inf =GV 7u(t, (s, x))} =0 (1)
(t:(5,2))) >

veN (t,(s,z),Vu
satisfying the terminal conditions given by theorem &1



110

Electronic Communications in Probability

3 Proof of theorem [l

The proof of theorem [ relies mainly on the following direct dynamic programming principle
proved by Soner-Touzi [I3, proposition 6.1]:

Theorem 3. Lett € [0,T]. Then for any stopping time 0 valued in [t,T],
V(t) = {z € R such that Jv € U, Zy.(0) e V(0) a.s.}.

We also quote two lemmas which will be used in the proof of theorem [l Their proofs rely on
standard technics and can be found in Bouchard [6l, lemmas 15, 16]. The first one is

Lemma 3.1. Fiz initial condition (t,z) € [0,T] x R? and a sequence (v,) C U of admissible

controls. Then, for any sequence (tnstn,2n) C [0,T] x [0,T] x R? such that t, < t,and
(tnatnazn) - (tataz)’ we have

sup  |Z{", (s) —z| = 0 in L2
tn<s<tn

The second one states as follow:
Lemma 3.2. Let v : [0,7] x R? x U x ¥ — R be locally lipschitz in (t,z) uniformly in
(v,0) € U x X. Then for any sequence (ty, zn, hn) — (to, 20,0) and (v,) CU,

1 tnthn

h_ / "‘b(& Z;/:,tn (5)7 l/n(S), U) - w(tO; 20, Vn(5)7 U)| )\(dO’)dS —0

n Jt, b

a.s. up to a subsequence.

3.1 Proof of the viscosity supersolution property

We need to prove that the lower-semicontinuous envelope u, of w is a viscosity supersolution
of @). We thus fix a function ¢ € C*°([0,7],R?) and a point (o, z9) € (0,T) x R% such that

[O,Iil;l]i;l]Rd(u* - (b) = (u* - (b)(th ZO) = 07

and are going to prove that

sup min {—£V¢(to,zo); inf —QV’J¢(t0,ZO)} > 0. (8)
VEN (to,20,V b(t0,20)) o€

Let us first assume that w.(tg, 20) = 1. Then ¢(tg, 20) = 1. Since ¢ < u, < 1 on [0,7] x RY,
we deduce that ¢ has a maximum at (to, z0) and thus that 9o (to, z0) = Vé(to, z0) = 0 and
V24(to, 20) < 0. Therefore —LY¢(tg, 20) > 0 for any v € U. On the other hand, v € U and
o € X being given, one has

—G"7¢(to, 20) = P(to, 20) — P(to, 20 + B(to, 20, v, 0))
=1— ¢(to, 20 + B(to, 20,v,0))
> 0.

Thus inf,ex —G"7 ¢(to, 20) > 0 for any v € U. This proves ). We are thus left with the case
ux(to, 20) = 0. We split the proof of this case into several steps.
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Step 1. Let (tn,2n) C (0,T) x R? be such that (t,,2,) — (to,20) and u(t,, z,) = 0 for any n
ie. z, € V(t,). Let also 6, be a [t,, T]-valued stopping time that we shall specify later. The
dynamic programming principle (cf theorem B) gives the existence for any n of an admissible
control v, € U such that Z,(0,) € V(0,,) i.e. u(0n, Z,(0n)) = 0 for any n. We let Z,, = Z;
and B, = ¢(tn, zn). 1td’s lemma gives

(2% (2%
0<—fh— / £ (s, Zon(s))da — / (3, Z(5)) (5, Zn(5), va(s)) AW
(9)
(2%
*/ / G194 (s, Zy(s7)) v(ds, do).
tn >

We now specify 6,,. Let € (0,7 —1o) and 7 be the largest jump of Z,, in the ball B, ..)(n) C
Ré+1.

v = sup |B(t, z,v,0)|.
(t,2,1,0)€B (1, 2) (M XUXZ

The assumptions made on S implies that v is finite. Let 7,, be the first exit time of (s, Z,(s))
of the ball By, .,)(1n + 27):

Tn = inf {5 > t,, such that (s, Z,(5)) € Bt,20)(n +27)} .
Then 7, > t,, by definition of v and lemma Bl gives

liminf(7,, —t,) > 0 ps. (10)

n—-+oo

We define a sequence of positive real h,, — 0 such that ﬁ—” — 0 by:

(i) if the set {n € N; 8, = 0} is finite then, up to a subsequence we can assume that 3, # 0

for any n and we let hy, = /|Gxl;
(ii) if not, we can assume, up to a subsequence, that 8, = 0 for any n and we then define

h, =1/n.
Let 6,, = 7, A (tn, + hy). Thanks to (@), 6,, = ¢, + hy, for n large enough.

Step 2. We now define a family of equivalent probability measures (Qﬁ)nzo, x>1 which will be
used in the next step. For (v,0) € U x X, let

X(V,0) = 1{_gvo(to,z0) <0}

Given integers n > 0 and k > 1, we define as in Bouchard [6] a probability measure Q¥ on
(Q, F) equivalent to P by Q% = MF(T)P where

tAO,
MEE) = E(k / CG(5, Zn(5), ()05, Zan(s), v (5)) W,

+ / (kx(vn(s),0) + k™1 — 1)(ds, do)),

and &€ denotes the Doleans-Dade exponential (see Protter [I2]). Girsanov theorem (cf Bremaud
[7]) then asserts that, under Q¥ v(dt x do) has (kx(vn(t), o) +k~1)A(do)dt as intensity kernel,
and that

A0y
/t dWs — K" ¢(8, Zn(5), vn(8)).a(s, Zn(s), vn(s))ds

n
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is a stopped brownian motion. Moreover (see Bouchard [6]),

lim MF(T) — 1in L?(P) (11)

n—-+o0o

for any k. We denote by EX the F; -conditionnal expectation operator under Q.

Etape 3. Applying EF to @) yields

n (2%
0<—B,—E / L7045, Zn(s))dar — KEE / V(5. Zn(5))-0(5, Zo(5), va(s))Pds
t

tn n

0

0,
_ EF v, (s). o 1y gvn()9 4 s~ o)ds.
E/ /Z(m 2 (8),0) + k1) G O17(s, Z,(s7)) Aldo)d

Dividing the inequality by h,, and passing to the limit n — +oo using ([II), the dominated
convergence theorem and the right-continuity of the filtration, we get (see Soner-Touzi [I3] for
details),

971,
0 < liminf{—h," L ¢(s, Zn(s))dx — kh,

n—-+oo t
L n

0 !
—ht vn(s),0 1) grn(s)o p(s s~ o)ds}t.
h / [ oxtw().0)+ 571 G705, Zu(57)) Adr)ds)

0n
"V (s, Zn(8)).a(s, Zn(8), vn(s))|*ds

We deduce from this inequality and lemma that

0 <liminfh,! [M Hi(to, 20, vn(s))ds, (12)
where
Hy(to, z0,v) = — LY ¢(to, 20) — k|'Vo(to, 20).a(to, 20, V)|
— /2 (kx(v,0) + k™) GV ¢(to, 20)Mdo).
Therefore

sup Hy(to, zo,v) > 0.
velU

According to the compacity of U and the continuity of Hy in v, this sup is attained for each
k by some vy, € U:

0 < sup Hy(to, z0,v) = Hy(to, 20, Vk).
velU

We can moreover assume that, up to a subsequence, v, — © € U. Passing to the limit in the
previous inequality then gives
—L"¢(to, 20) > 0,

thf)(to, Zo).a(to, 20, 17) =0iere N(to, 20, V(b(to, Zo)), and
—G"7¢(to, 20) > 0 A(do) — ps.
The function o — —¢(to, 20 + B(to, 20, 7, 0)) being continuous and ¥ = supp A, this proves ([&).
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3.2 Proof of the viscosity subsolution property

Let ¢ € C°(R4H1) and (to, 20) € (0,T) x R be such that (¢, 29) is a strict maximum point
of u* — ¢ with (u* — ¢)(to, 2z0) = 0. We need to prove that

sup min{—£”¢(t0,zo); inf —g”"’qb(to,zo)} <0. (13)
VEN (t0,20, Vb (t0,20)) 7

Let us first assume that u*(¢g,20) = 0. Then u = 0 in a neighborhood V of (tg, 29) and thus
¢ > 0in V. Since ¢(to, z0) = u*(to, z0) = 0, (to, 20) is a local minimum point of ¢ and therefore
¢ 9(to, z0) = V(to, z0) = 0 and V2¢(to, z0) > 0. Hence —L"d(tg, 29) < 0 for any v € U. This
proves ([[3).

We now assume that u*(tg, z0) = 1 and V¢(to, 20) # 0, and prove (@) by contradiction. We
thus suppose that there exists vy € N (to, 20, V§(to, z0)) such that

—L"¢(to,z0) > 0, and
;Ielg fg”‘“’d)(to, Zo) > 0.

Since V¢(t, z) # 0 in a neighborhood of (¢, z9) and according to assumption (H2), the function
v(t, z) :=0(t, 2, Vo(t, z)), where  is given by (H2), is continuous in a neighborhood of (g, 2o).
There thus exists § > 0 such that

Vo(t, 2) 0,
— L7 (L, 2) > 0, and (14)
: _ nv(t,z),0
inf =G o(t,z) >0 (15)

in Us := B,,(d) X [to,to + J]. Independently, since u* — ¢ has a strict maximum at (to, z9), we
can also assume that there exists § > 0 such that

U*(t, Z) < ¢(ta Z) - 6 (16)

on the parabolic boundary 0,Us := (0B, () x [to,to + &) U (B, (0) x {to + d}) of Us. Let
(tn,zn) € [0,T] x R? be such that (t,,z,) — (to,z0) and u(t,,z,) — u*(to,z0). Since
V(t,z) # 0 in a neighborhood of (tg, z0), 7 is lipschitz in this neighborhood. Therefore,
there exists a process Z,, solution of

{dZn(s) = (8, Zn(s),vn(s))ds + a (s, Zn(s),vn(s)) dWs + fz: B(s,Zn(8),vn(s),0)v(ds,do)
Zn(tn) = 2zn
for |s — t,,| small, and where v,,(s) := 7(s, Z,(s)). We define stopping times 6/ and 7,, by
69 =T Ninf {s > t,,, AZ,(s) # 0},
o =T ANinf {s > t,, (s, Zn(s)) &€ Us}, and
O, = 09 ATy,

i.e. 9% are T, respectively the first jump time and exit time of U;s of Z,,. Let J, = {Tn < 9%}
and denote by Z¢ the continuous part of Z,,. On J,,, Z,, = Z¢ is continuous on [t,,, 7] = [tn, On]
and thus (0., Z,,(0,)) € 0,Us. According to ([[H), we get
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On the other hand, on 7, , we have by It6’s lemma

03~
o0, Zo(60)) = Bt z) + / L7 3(5, Zo(s))ds
t

n

63~
+/t (s, Zn(s)).as, Zn(s),vn(s))dW,

n

Jr/gun(e 19 (03, Zn(057)) v({62}, do).
P

Since 0, < 7, (8, Zn(8)) € U5 for any ¢, < s < 6/~ and thus, by ([@), ([[H) and recalling that
Un(8) € N(s,Zn(s),Vo(s, Zn(s))), there exists € > 0 such that

G007, Zn(0],)) < ¢(tn, 2n) — € on “Tp. (18)
We deduce from () and [I¥) the existence of n > 0 such that for any n,

Wb, Zn(0n)) < 0(0n, Zn(0n)) < d(tn, 2n) — 0 ace.

Since ¢(tn, zn) = P(to, 20) + 0(1) = 1 4+ o(1), we get for n large enough that w(6,, Z,(0,)) =0
i.e. u(tn,zn) = 0 according to the dynamic programming principle. Hence

1=u*(to,20) = lm w(tp,z,) =0
n—-+o0o

which is the desired contradiction.
We eventually assume that u*(tp,z0) = 1 and V¢(to,20) = 0. This time, © being not a
priori locally lipschitz, the process Z,, defined above may not exist and the previous method
doesn’t work. We treat this case following Soner-Touzi [I3] by proving that if (3] is false,
then V2¢(to, 20) has a negative eigenvalue which allows us to construct a perturbation ¢. of
¢ for which the previous case applies. Passing then to the limit gives the conclusion. We only
sketch the proof of the existence of a negative eigenvalue for V2¢(to, 29) and refer the reader
to Soner-Touzi [I3] for more details.
Assuming ([[3)) false, we get vy € N (to, 20, Vo (to, 20)) = N (o, 20,0) such that

— L ¢(to, 2z0) > 0, and (19)
inf, =G $(to, 20) > 0.

According to (H2), there exists a continuous map 7 : [0,7] x R? x R — U such that

A= pult, 20t 2p) — gtr (ot 20t 2.9) Bt 2.0 2,) >0, (20)
v(t,z,p),o
;relfz -G o(t,z) >0 (21)

for (d,t,z,p, B) in a neighborhood of (—d;¢(to, 20), to, 20,0, V2¢(to, 20)). Let us assume by
contradiction that, in some orthonormal basis of R",

V20(to, 20) = diag( M1, ..., A\n), With \; >0V i:1...n. (22)
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Choose for each i a real m; > X;/2 and consider the function

U(z) = Zmz(zl — 202, 2= (,...,2") € R™.

Given § > 0, we define Bs = {z € R" s.t. ¥(2) < §} and denote by Bj; the closure of Bs. We
are going to prove that u = 0 in Q = (¢to,t0 + J) X (Bs — Be). Since € > 0 is arbitrary, this
will imply u* (¢, 20) = 0, which is a contradiction. We thus fix (¢, 2) € Q such that ¥(Z) > 4e,
and consider 7(t,z) = 0(t, 2, VU(t, 2)), (t,2) € Q. Since V¥(z) # 0 in Bs — B, ¥ is locally

lipshitz in @ and there thus exists Z = Z7_ solution of ({ll) with initial conditions Z(#) = Z.
We can assume that Z exists on [t,to + 6]. Let 7, 6/ and 6 be the stopping times defined by

7 = inf {t >1s.t. (t,Z(t) & Q},

¢/ = inf {t > 1 s.t. AZ(t) # O} and

0=1AN6.

The same proof as in Soner-Touzi [[3] gives that u*(6, Z(#)) = 0 a.e. on {r < #7} for e > 0
small enough. In that case, Z (1) belongs to the parabolic boundary of ). The result then
follows by using two estimates. The first one is based on the remark that ([ and £2) imply
the existence of b > 0 such that d:¢(to, z0) < —b. Taylor’ formula then gives

B(t,2) < Pt,z) =1 —b(t —ty) + ¥(2)

on (to,to 4 6] x Bs with some small § > 0. The other estimate is a minoration of 1/W(Z(t)).
On the other hand, on {§/ < 7}, Itd’s lemma yields

u (07, 2(67)) < 45(9]}2(9”)‘
¢(£,2)+[9 LY (t, Z(t))dt

o(677),0 i~ Z(097Y)) v({67). do).
+ [0 (07, 207)) (07} d0)

For t € [t,677] C [t,7), (t, Z(t)) € Q. Therefore, according to ) and (), and up to reduce
0, there exists some 1 > 0 such that

w07, 2(67)) < (7, 5) — 1.
Since q{(ﬂ Z) — 1 as e — 0 and 7 is independent of €, we deduce that, for € small enough,
u*(07,Z(67)) = 0 a.e. on {¢? < 7}. Hence, for small €, u*(0, Z(#)) = 0 a.e., and thus, by the

dynamic programmming principle, u*(Z, ) = 0. As explained above, this ends the proof of the
subsolution property.

4 Proof of theorem

4.1 Terminal conditions for G

We first prove that G > 1.z7. Let 2y € R< be such that G(z9) = 0. Consider a sequence
(tn,2zn) — (T, zo) satisfying, for any n, u(t,, z,) = 0 i.e. z, € V(¢,). There thus exists v, € U
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such that Z;» . (T') € C a.e. for any n. We can show as in the proof of lemme [I1] that

lim Z'. (T) =z

n—+oo tnyZn

a.e. up to a subsequence. Hence zg € C i.e. 1.5(20) = 0.
Let ¢ € C%(R?) and 29 € R? be such that

(G~ @)(=0) = min(G — §)() = 0.

We extend ¢ to [0,T] x R? by ¢(t,2) = ¢(2). Let (sn,&,) be a sequence in (0,7) x R? such
that
(Snagn) - (Ta ZO) and U*(3n7§n) - Q(20)7

and ¢* be the function defined on (s,,T] x R? for n € N, k > 0, by

S (1,2) = 0(z) — oz — 2 + kot

Since (3 is bounded in ¢ and continuous in (¢, z,v) with U compact, we see that, for a given
constant C' > 0,

n:=sup {|B(t,z,v,0)|, c€X, veU, [t—ty+]|z— 20 <C} < 0.
Let B := B.,(C + 1) and B denote the closure of B. We have

lim lim sup sup |k (t,2) — ¢(2)] = 0, and (23)
k=0 n—+oo (t,2)€[sn,T|x B

lim lim sup sup |Vok(t,2) — Vé(2)| = 0. (24)

k=0 n—too (t,2)€ls,,T]x B

Let (tk, 2F) be a minimum point of u, — ¢* on [s,,T] x B. We can prove as in Bouchard [f]

that
for all k > 0, (t%,2%) — (T, 20), (25)
for all k > 0, t* < T for sufficiently large n, (26)
lim limsup u. (%, 28) — G(x0). (27)

k=0 n—4oo

Thanks to ([ZH), we can assume that ¥ € B for all n, k. By (Z8), theorem [0 then gives
M (t, z1) > 0. (28)
For ¢ € C([0,T] x R?), define

Fi(t,z,v) = nelfz —GV(t, 2), (t,z,v) €[0,T] x R: x U.
By Berge maximum theorem (see Berge [, Aubin-Ekeland [I] or Border []), F1 is continuous
on [0,T] x RY x U. Fix € > 0. By ([E5), there exists v¥(¢) € N(tF, 25 V¢k (tF, 2F)) C U such
that
Fol(th 2F vk(e)) > —e. (29)

nr»“n’ n
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Since U is compact, we can assume that

v(e):=lim lim v%(e) € U. (30)

k—0 n—+oo

Moreover, by @) and 23),
v(e) € N(T, 20, Vo(T, 20))- (31)

We eventually have according to (Z3)) that, for a given 6 > 0, there exist ko small and ng large
such that for k < kg and n > ny,

|.7-"¢Z(t,z, v) — Fo(t, z, V)‘ <é (32)

for any v € U and (t, 2) € [s,,T] x B. Since (t&,2%) € [s,,, T] x B, we deduce from (Z5), )
- (B2) and the continuity of F¢ that

M¢(Ta ZO) > fd)(Ta ZO’I/(G)) > —€

for any € > 0. Therefore
M¢(Ta ZO) >0,

what we wanted to prove.

4.2 Terminal conditions for GG

Let ¢ € C%(R?) and 29 € R? be such that

(G = ¢)(20) = max(G — ¢)(z) = 0.

z€R4

Suppose that @) does not hold i.e. that there exists € > 0 satisfying

sup inf —G"7¢(z0) > €, and (33)
VEN (T, z0,V(20)) 7€
G(z0) = #(20) > leg(20)- (34)

Consider the map 1) : R x R — R defined for > 0 by
Pn(t,2) = d(2) + n|z — 20> + VT — t.
Then limyy7 041y (¢, ) = —oo uniformly in 1 and z. Let C > 0. By continuity of «, p and ¢,

}51%1[: Py(t,z) = —00

uniformly in v € U, 2z € B,,(C) and n > 0 in a bounded subset of (0, +0cc). There thus exists
7n > 0 such that
— LYy (t,2) > 0 (35)

for any t € (T —n,T), v € U, and 2z € B,,(C). Consider a sequence (s,,&,) € (T —
n,T) x B.,(C) satisfying (s,, &) — (T, 20) and u*(sy,,&,) — G(20), and denote by (t,, 2,) €
[$n, T x B,y (C) a maximum point on [s,,T] x B,,(C) of u* — ,,. Using @), we can show
as in Bouchard [6] that, up to a subsequence,

(tn,zn) — (T, 20), tn <T et u*(tn,zn) — G(20). (36)
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Theorem [ gives for any n that

sup min {—E”wn(tn,zn); inf —Q”"’wn(tn,zn)} <0.
VEN (b2, Vi (tns2n)) oex

Then, by (B3),

sup inf —G" 7y (tn,zn) <0 (37)
VEN (tn,2n,Vibn (tn,2n)) TES

for all n. Consider the function ® : [0, 7] x RY — R defined by

D(t,z) = sup inf —G"7,(t, 2).
VEN (t,2, V1, (t,2)) 7€

Then
O(T,2) = sup inf {—G"7¢(20) — n|B(T, 20,v,0)|* }
VEN (T'20,V(20)) 7€

inf su T, zo,v,0)|%.
e (B 0y SR VT 20-.)]

> €—n
Since ( is bounded in o, we can thus assume, up to reduce 7, that

(T, z) > =. (38)

NN e

Independently, U being compact and « being continuous in (t,z,p), the correspondance
(t,z,p) — N(t,z,p) is continuous. Since Vi, is continuous, the correspondance (t,z) —
N (t, z, Vi, (t, z)) is in particular lower semicontinuous. We then deduce from the continuity
of the map (t,z,v) — infyex —G¥7¢,(t, 2) and [ that ® is lower semicontinuous. Therefore,

by E3),

D(t,z) = sup inf —G"%y(t,2) >
VEN (t,2, Vi, (t,2)) O€E

=1

for all (¢,2) close enough to (T, z). For n large enough, this contradicts (B).
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