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Abstract

We investigate the asymptotic behavior of weighted sums of independent standardized random
variables with uniformly bounded third moments. The sequence of weights is given by a family
of rectangular matrices with uniformly small entries and approximately orthogonal rows. We
prove that the empirical CDF of the resulting partial sums converges to the normal CDF with
probability one. This result implies almost sure convergence of empirical periodograms, almost
sure convergence of spectral distribution of circulant and reverse circulant matrices, and almost
sure convergence of the CDF generated from independent random variables by independent
random orthogonal matrices. In the special case of trigonometric weights, the speed of the
almost sure convergence is described by a normal approximation as well as a large deviation
principle.

1 Introduction

Let (X,) be a sequence of independent and identically distributed random variables with
E[X,] =0 and E[X?2] = 1 and denote

1 n
S7 = —= Xt-
s

IRESEARCH PARTIALLY SUPPORTED BY NSF GRANT #DMS-0504198.

184



Empirical measures of weighted sums

185

The almost sure central limit theorem (ASCLT) states that, for any = € R,

n

1
Z gl{stgx} = ®(x)

t=1

lim
n—oo logn
with probability one, where ® stands for the standard normal distribution [3], [, [T4], [21].

One can observe that the ASCLT does not hold for the Césaro averaging. Assume now that
(X,,) has all moments finite and consider the weighted sum

2 & wkt
S’n,k = \/; tzlet COSs (T) . (11)

It was recently established by Massey, Miller and Sinsheimer [T7] that, for any = € R,

RS
nler;o - ; Iys, n<az) = ©(2) (1.2)

with probability one together with the uniform convergence. This result is closely related to the
limiting spectral distribution of random symmetric circulant matrices [6] since the eigenvalues
of theses matrices are exactly given by ([CIl). The goal of this paper is to answer to several
natural questions.

(a) Is it possible to remove the assumption of identical distribution?
(b) Can the moment condition be relaxed?

(¢) Can the trigonometric coefficients be replaced by other numbers?
(d) Can the multivariate version of convergence ([CZ) be established?
(e) Is it possible to prove a CLT or a LDP associated with (C2)?

We shall propose positive answers to these questions extending [I7, Theorem 5.1] in various
directions. First of all, we shall show that it is possible to deal with a sequence (X,,) of inde-
pendent random variables defined on a common probability space (2, .4, P) without assuming
that they share the same distribution. In addition, we shall only require that the third mo-
ments of (X,,) are uniformly bounded. Next, we shall allow more general weights and we will
prove the multivariate version of convergence ((CZ). Finally, we shall provide a CLT as well as
a LDP.

2 Main results

Let (UM™) be a family of real rectangular r,, x n matrices where (r,,) is an increasing sequence
of integers which goes to infinity with 1 < 7, < n. We shall assume that there exist some
constants C,§ > 0 which do not depend on n such that

C
A )~
( 1) lgkglaé)ligtgn |uk7t| — (10g(1 + ’I"n))l—’_é’

C
e i og (1 r )

<
1<k, 1<ry,

n
Z Ugﬂ)“z(ﬁ) — Ok,
t=1
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For application to periodograms, we will also need to consider pairs (U(”),V(”)) of such
matrices and we shall assume that

C

(A3) max W

1<k, <1y

(n), (n)
Zuknt z?

These assumptions are not really restrictive and they are fulfilled in many situations. For
example, consider the sequence of real rectangular r,, x n matrices (U™, V(™)) with r,, < L”T*IJ
given, for all 1 < k <r, and 1 <t <n, by

2 2nkt 2 2rkt
ufgnt) = \/;cos <7TT) , ,i"t) = \/;sin <7TT) . (2.1)

Then (A;) holds trivially while (As) and (Ag) follow from 2r, < n and the following well
known trigonometric identities where 1 < k <[ < n.

- 2kt 2mlt 0 if k+l#n,
;cos (T) oS (T) = { n2 it k+l=n (2.2)
n
. 2wkt . 27lt _ 0 if k+1#n,
;sm (T) sin (T) = { “nJ2 i k+l=n (2.3)
In addition,
- 2 2
Zcos (ﬂ-—kt) sin (th) =0, (2.4)
n n
t=1
n
2mkt 2mkt n/2 if 2k#n
2 o _ )
;cos (—) = Zsm (—) —{ 0 if % —m (2.5)

In order to avoid cumbersome notation, we only state our first result in the univariate and
bivariate cases. The d-variate extension requires introducing d sequences of matrices that
satisfy assumptions (A1) and (Az) with each pair from the n-th level satisfying condition (As)
and the proof follows essentially the same lines.

Theorem 1 (ASCLT). Assume that (X,,) is a sequence of independent random variables such
that E[X,] = 0, E[X2] = 1 and sup E[| X,,|°] < co. Let (Sy. 1) be the sequence of weighted sums

Sk = Zu(”’ (2.6)

with k = 1,2,...,7r, where (U™) is a family of real rectangular r, x n matrices satisfying
(A1) and (A3). Then, we have the almost sure uniform convergence

Tn

lim sup Zl{sw w<az} — P(x)| = (2.7)

n—00 4cR | T'n

In addition, let (Ty) be the sequence of weighted sums

n k= Z’U](g )Xt (28)
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with k = 1,2,...,r, where (V) is a family of real rectangular v, x n matrices such that
(A1) and (A3) hold with ’U](Cnt) in place of u,(cnt) Assume that the sequence of pairs (U™ V()
satisfies (As). Then there is a measurable set A C of probability one such that for all
z,y€R, we have the almost sure convergence on A

Tn

. 1
S > 1S, <o Tansyy = P(2)2(y). (2.9)
" k=1

For the univariate case with trigonometric coefficients given by (1), we also have the com-
panion weak limit theorem and the large deviation principle under the restrictions on the rate
of growth of the sequence (r,,). The most attractive case

rn=[(n—1)/2]

which corresponds to the spectral measures of random circulant matrices, is unfortunately not
covered by our result. Some LDP for spectra of other random matrices can be found in [T}
Chapter 5].

Theorem 2 (CLT). Assume that (X,,) is a sequence of independent random variables such
that E[X,] = 0, E[X2] = 1 and satisfying for some constant T > 0,

SliIiE[|Xn|SeXp(|Xn|/T)] < T (2.10)
nz

Consider the sequence of weighted sums (Sp ) given by @8), where (U™) corresponds to the
trigonometric weights given by @). If (1) is such that

1 2
(ogn)” 5 g, (2.11)
n
then for all x € R,
1 & D
7= 2 (susn = 20), F N 0001 - #(0). (2.12)
In addition, we also have
1 & D
\/ﬁsg% — > s, <oy — O() e (2.13)

where L stands for the Kolmogorov-Smirnov distribution.

Remark 1. The conclusions ZIA), I3) also hold if conditions @I0) and II) are re-
placed by the assumption that there is p > 0 such that

sup E[|X,|?*P] < o0 as soon as rin TP/ 24P ),
n>1

This follows from our proof, using [20, Section 5, Corollary 5] instead of Lemma [l For
example, if p =1, it is necessary to assume that 9 = o(n).
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Remark 2. The Kolmogorov-Smirnov distribution is the distribution of the supremum of the
absolute value of the Brownian bridge.

The large deviation principle was motivated by the LDP from the Brosamler-Schatte almost
sure CLT, see [16, Theorem 1]. To formulate the result, we need to introduce additional
notation. Let M;(R) denote the Polish space of probability measures on the Borel sets of R
with the topology of weak convergence. For the sequence of weighted sums (S, ;) given by
&1), consider the empirical measures

1 Tn
o = - ;asm (2.14)

The rate function I : M;(R) — [0,00] in our LDP is the relative entropy with respect to
the standard normal law. More precisely, if ¢(z) denotes the standard normal density and
v € M;(R), we have

f(x)
I(v) = / log f(z)dx
R o(x)
if v is absolutely continuous with respect to the Lebesgue measure of R with density f and
the integral exists and I(v) = +oo otherwise. It is well known that the level sets I71[0, a] are
compact for a < co. The conclusion of our next result is the LDP for the empirical measures
1y with speed r,, and good rate function 1.

Theorem 3 (LDP). Assume that (X,,) shares the same assumptions as in Theorem[d. Con-
sider the sequence of weighted sums (Sn1) given by E8), where (U™) corresponds to the
trigonometric weights given by ). If (1) is such that

logn

— 0 and — 0,

S |5

Tn
then for all closed sets F' and open sets G in M1(R),

1
limsup — log P(u, € F) < — inf I(v)

n—oo I'm veF

and .
liminf — log P(y1,, € G) > — inf I(v).

n—oo T, veG

All technical proofs are postponed to section Bl We shall now provide several applications of
our results.

3 Applications

3.1 Application to periodograms

The empirical periodogram associated with the sequence (X,,) is defined, for all A in the torus

T = [77(; ’/T[a by
2

In()‘) = %

n
E e*’LtAXt
t=1
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The empirical distribution of the periodogram is the random CDF given, for all x > 0, by

1 &
— > ruenk/n<a)

" k=1

F,(z)=

where 7, = [251]. Theorem [ strengthens the conclusion of [I3, Proposition 4.1] to almost

sure convergence at the expense of the assumption that third moments are finite.

Corollary 4. Assume that (X,) is a sequence of independent random variables such that
E[X,] = 0, E[X2] = 1 and supE[|X,|?] < oco. Then, we have the almost sure uniform
convergence

lim sup|F,(x) — (1 —exp(—z))| = 0.

Proof. Following [13, (2.1)], we can rewrite F;, as the CDF of the empirical measure
Tn

—1 )
Hn = T %(Si,k+Tv2L,k)
k=1

where (Sy,.1, Tp.x) are defined by @8) and (ZF) and (U™, V(™) are the trigonometric weights
given by ZI]). Consequently, Corollary Bl immediately follows from Theorem [[l As a matter
of fact, let h : E — F be a continuous mapping of Polish spaces. If a sequence of discrete
measure (v,) converges weakly to some probability measure v on the Borel sigma-field of E,
then (v, o h™!) converge weakly to the probability measure voh™!, see e.g. [, Theorem 29.2].
We apply it to

Tn
1
Vo= — Y (Sl r)
Tn ’
k=1

and to the continuous mapping k : R> — R given by
1
hiw,y) = (@ +y7).

On the one hand, we clearly have p, = v, o h~!. On the other hand, as v is the product of
two independent standard normal distributions, the limiting distribution p = voh ™! is simply
the standard exponential distribution. Hence, for all > 0, F(x) = 1 — exp(—x). Finally, as
this limit is a continuous CDF, it is well known, see A Exercise 14.8], that the convergence is
uniform. O

3.2 Application to symmetric circulant and reverse circulant matri-
ces

Corollary 5. The weak convergence in [3, Theorem 5] and in [6] holds with probability one.

Proof. One can find in [5, Theorem 5] and [6] the analysis of the limiting spectral distribution
of the n X n symmetric random matrices with typical eigenvalues of the form

£\ (ST +T00)/2

where (U™, V(")) are the trigonometric weights given by @) and r,, = | 252 | see [6, Lemma

1]. After omitting at most two eigenvalues which do not modify the convergence of the spectral
measure, Theorem [ implies that the convergence holds with probability one by the same

arguments as in the proof of Corollary El O
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Assume now that (A,) is a family of symmetric random circulant matrix formed from the
sequence of independent random variables (X,,) by taking as the first row

[An]l,t = Xt

witht=1,2,...,[(n+1)/2] and [A,]1,t = [An]1,n—¢ for the other indices. The next corollary
strengthens [6] Remark 2] to almost sure convergence and removes the assumption of inte-
grability and identical distribution in [I7, Theorem 1.5]. To justify the later claim, we note
that a “palindromic matrix” analyzed in [T7] differs from A,, by the last row and column only.
Thus their ranks differ by at most one and asymptotically “palindromic matrices” and random
circulant matrices have the same spectrum, see [I, Lemma 2.2].

Corollary 6. Assume that (X,,) is a sequence of independent random variables with common

mean m = E[X,] = 0, common variance o> = Var(X,) > 0 and uniformly bounded third
moments sup E[| X,,|3] < co. Then, the spectral distribution of the random matrix
1
A,

ovn
converges weakly with probability one to the standard normal distribution.

Proof. Subtracting the rank 1 matrix does not change the asymptotic of the spectral distri-
bution. Consequently, without loss of generality, we may assume that m = 0. Rescaling the
random variables by ¢ > 0 we can also assume that 02 = 1. With the exception of at most
two eigenvalues, the remaining eigenvalues of A,,/y/n are of multiplicity two and are given
by 28) with the trigonometric weights given by (2I), see |6, Remark 2]. Finally, the weak
convergence with probability one of the spectral distribution of A,,/+/n to N'(0,1) follows from
Theorem [ O

3.3 Application to random orthogonal matrices

A well known result of Poincaré says that if U™ is a random orthogonal matrix uniformly dis-
tributed on O(n) and z,, € R™ is a sequence of vectors of norm /n then the first k coordinates
of UM g, are asymptotically normal and independent, see e.g. M, Exercise 29.9].

Corollary 7. Assume that (X,,) is a sequence of independent random wvariables such that
E[X,] =0, E[X2] =1 and supE[|X,,|?] < co. Consider the sequence of weighted sums (Sy k)
given by E8) where (U™) is a family of random orthogonal matrices uniformly distributed
on O(n) and independent of (X,,). Then, we have the almost sure uniform convergence

) 1
lim sup |—
n=0 geR (T

> (s, .<ay — ()| = 0. (3.1)
k=1

Remark 3. This result has a direct elementary proof, which we learned from Jack Silverstein.
His proof shows that the result holds also for i.i.d. random variables with finite second moments.
Here we derive it as a corollary to Theorem [l

Proof. Orthogonal matrices satisfy (Ag) with r, = n. By [IZ, Theorem 1], (A1) holds with
probability 1. Therefore, redefining U™ and (X¢) on the product probability space Qy x Qx,
by [12, Theorem 1], there is a subset Ay of probability 1 such that for each wy € Ay, by
Theorem [ one can find a measurable subset Qx ,,, C Qx of probability one such that BII)
holds. By Fubini’s Theorem, the set of all pairs (w1, ws) for which (BI) holds has probability
one. O
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4 Proofs

4.1 Proof of Theorem [

In order to use the well known method of the characteristic function, let s,¢ € R and consider
the random variable

D, (s,t) Zexp (isSnk + itTh k).
" k=1

Lemma 1. For all s,t € R, one can find some constant C(s,t) > 0 which does not depend on
n such that for n large enough

C(s,t)

E||®,(s,t) — (s, t)|} el

(4.1)

Proof. For all s,t € R, denote by Ly, (s, t) the left hand side of [1]). We have the decomposition

Tn Tn

= 2221 (s,t,k,0)

n k=11=1
where
In(s,t,k, 1) =E[(exp(isSnk + itTh 1) — P(s,t)) (exp(—isSn,; — itTh 1) — ®(s,1))].

In addition, if
on(t) = Elexp(itX,,)],

we clearly have
In(s, t, k1) = an(s,t,k, 1) — bn(s,t,k,1) (4.2)

where
an(s,t,k,1) = Elexp(isSn + itTpx — i5Sn — itTh )] — ®*(s,1)

= TTes (stufl) =ulZ) + 10 = o)) = 02(s, 1),

j=1

<.

bn(s,t, k1) = ®(s,t) (Elexp(isSn,i + itTy )] + Elexp(—isSn, — itTy )] — 2P (s, 1))

H oy sukj + tv )+ H @;( sul] — tv(n)) —28(s,t)

We shall now proceed to bound I, (s, t, k,[) for all 1 < k,I < r,. First of all, we clearly have
In(s,t, k, k) < 2. Moreover, we will show how to bound ay(s,t, k, 1) inasmuch as the bound for
bn(s,t,k, 1) can be handled similarly. We obviously have

fggf|an(5,t,k,l)| < An(s,t) + Bn(s, t), (4.3)
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where
An(st) = rg;f‘ H% ul™h = u™) + (o — o))
—Hw (s} = uff) + 40y = vf)?)
and
B, ( max Hexp uknj) —ul(?)—i—t(v,(cn]) ’Ul(r;))) ) — ®%(s,t)].

It follows from (A;) that for n large enough

(n) (n) (n) (n)
0< r]n]?)f‘s(ukj up ;) (v — v )‘ <1 (4.4)

Moreover, by use of the well known inequality (27.13) of H], we deduce from (As) and 3
that

An(s,t) < amaxZ‘ ufgnj) ul(T;) +t(v,(§nj) vl(?))‘

a(s,t) (m))2 (m))2
= (loa(1 + 1) 1+a(maXZ% +max2% ’)

A(s, t)
(log(1 +7p)) 1+

In order to bound B, (s,t), set

(4.5)

n
NUNER)! :Z ufgnj) ul(T;) +t(v,(€"]) ful(?))) —2(s® + 7).
=1

Assumptions (As) and (As) imply that

n

n
|dn (K, 1, 8,1)| < 8° Z u;n]) UY;) — 2| 4 t? Z (n) UI(Z)) )—2

Zuk]uu + 212 ka]’ulj

n n) (n n) (n D(S,t)
+2 Stzum% = ol el -l < (Tog (14 r))1Fe -

By the elementary fact that for all a,b > 0, |exp(—a) — exp(—b)| < |a — b|, we obtain that

B(s,t)

Bnlo:8) = Togli 4 ry

(4.6)
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Consequently, we deduce from [E3)), (H) and EH) that

C(s,t)
(log(1 + 7))t +o”

Iilg;clan(s,tk,l)l <3

One can verify that the same inequality holds for b, (s,t,k,1). Finally, we obtain from EZ)
that

2 2C (s, t)
Ln ;t S —_ ’
T T SR

which completes the proof of Lemma [I O
To prove almost sure convergence, we will use the following lemma.

Lemma 2 ([I5, Theorem 1]). Assume that (Yy 1) is a sequence of uniformly bounded C-valued
and possibly dependent random variables. Let (r,) be an increasing sequence of integers which
goes to infinity. If

Tn

1
Zn = Yn,k
"=

and for some constant C > 0,

c
E[|Z,)?] <

= Togld + 7 0

then (Zy) converges to zero almost surely.

Proof of Theorem[. In order to prove the second part of Theorem [, we apply Lemma B to
uniformly bounded random variables

Yo i = exp(isSnk + itTh k) — ®(s, 1)

with ®(s,t) = exp(—(s? +t2)/2). It follows from Lemma [l that the condition @) of Lemma
is satisfied. Therefore, (Z,,) converges to zero almost surely. Since Z, = ®,,(s,t) — ®(s, 1),
this shows that ®,(s,t) — ®(s,t) almost surely as n — oo, and we immediately deduce Z3)
from [I8, Theorem 2.6]. The proof of the first part of Theorem [ is similar, and essentially
consists of taking t = 0 in the above calculations. Once we establish the weak convergence on
a set A of probability 1, due to continuity of ®(x), the convergence is uniform in z for every
w € A, see [l Exercise 14.8]. O

4.2 Proof of Theorems [2 and

The proofs rely on strong approximation of the partial sum processes indexed by the Lipschitz
functions f(x) = cos(27kz), compare [I0, Theorems 2.1, 2.2]. We derive suitable approxima-
tion directly from the following result.

Lemma 3 (Sakhanenko [I9, Theorem 1]). Consider a sequence (X,) which satisfies the as-
sumptions of Theorem @ Then, it exists some constant ¢ > 0 such that for every n > 1 one
can realize X1, Xa,...,Xpn on a probability space on which there are i.i.d. N(0,1) random
variables )?1, )22, . ,)?n such that the partial sums

Si=> X and S, = Z)Z’
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satisfy

1<t<n

E [exp <£ max |Sy — §t|>} <1+ g , (4.8)

where T is given by ZI0).

We use this keystone Lemma B as follows. For every n > 1, we redefine X, Xo,..., X, onto
a new probability space (0, A,,P,) on which we have the i.i.d. standard normal random
variables X 1, )~(2, e ,)~(n which satisfy ). Then, we define the sequence of weighted sums
(Snk) by 8) and we also denote

~ 2 e ~ 2rkt
Sn,k = \/;;Xt COS (T) (49)

with £k = 1,2,...,7r,. The assumptions and the conclusions of Theorems Pl and B are not
affected by such a change. One can observe from the trigonometric identities (22 to EZX) that
for every fixed n, the random variables §n71,§n72, e gnr are i.i.d with standard N(0,1)
distribution. Therefore, for all z,y € R, if z, = x +y/,/rn, we have the CLT

Tn

2 (s~ ) B N 000101 0. (4.0

n—-+o0o

This is just the normal approximation for the binomial random variable B(r,, p,) where the
probability of success p, = ®(x,,) converges to p = ®(x). In addition, we also have from the
Kolmogorov-Smirnov Theorem

1 & D
N sup |~ > L5, <0 — @) 2 L. (4.11)
z k=1

where £ stands for the Kolmogorov-Smirnov distribution. Furthermore, consider the corre-
sponding empirical measure

_ 1 Tn
fin=—_ 0, - (4.12)

Tn
k=1
By Sanov’s Theorem, see e.g. [§], we have for all closed sets F' and for all open sets G in
MI(R)a
1 ~
limsup — logP(fin, € F) < — inf I(v)

n—oo TI'n vEF
and )
liminf — log P(z,, € G) > — inf I(v).

n—oo T, veG

Our goal is to deduce Theorems [l and Bl from these results.

Proof of Theorem . For all z € R, denote

Tn

1 & 1
Zn(z) = \/—T_n ; 1{Sn,k§l‘} and Fo(z) = E s 1{Sn,k§1'}'
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Let Z,(x) and F,(x) be the corresponding sums associated with S, 5 given by (@H) from

Lemmal Fix e > 0, and let €, = e+/27/r,,. If

An:{ max |Snk n,k|>5n}

1<k<r,

and R,, = /rn 14, we clearly have

Zn(x —ep) — Ry < Zn(x) < Zn

—~

x+en)+ Ry
x)| < en/v2m that

{Zn(w) —Vm®(z) = Zn( en) = V@@ —en) — — Ry,
Zp(x) — /rn®(x) < Zp(x+ep) — \/ﬁ@(:c+en )+e+ Ry

—~

Hence, it follows from the trivial bound |®(x £¢,) — ®

In addition, we also have

{ \/E(Fn(x) - ®(x)) > \/E(Fn(x —&n) — ®(r —&,)) —€— Ry,

Vin(Fa(@) = @(@)) < \/im(Fu(e+en) = ®(x +2,)) + 2+ Ra,
which gives

S€+Rn

Vimsup|Fy(x) = 8(@)] = Virsup |F (@) - 0(a)]

We now claim that (R,,) goes to zero in probability. As a matter of fact, we have

25 1S = Sual = o
=1
n—1
2 ~ 2 2 1 2
< Z g S50 50 (con (22) — o (Mm e
n k | n n n

Since the cosine is a Lipschitz function, we obtain that

21k
1£r]1€22x | Sl — n7k| < \/7maXZ|St St \/7|S

2 ~
< 4/= -5,
: ﬁﬂ”m)@;{n'& 5

n

2kt
Z Xt cos (W—)‘
n

N

S, — S,l.

(4.13)

(4.14)

(4.15)

From Lemma Bltogether with Markov inequality, we obtain for large enough n so that 7, /y/n <

e/,

P(A,) <P < max |S; — ev2mn )

1<t<n Sil 2 V(14 27ry)
ceV2mn =
< . veT _
=P < T/ (1 + 2777“")) E [exp <C/T e 15 St|>}

V2
< exp (log(l + g) _ cev22mn

T/Tn(1+ 271y,

>Ho.
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Consequently R,, — 0 in probability. Finally, as ¢ > 0 is arbitrary, we deduce (ZI2) from (EI0)
and ([@I3) while ZI3) follows from EII) and EId), which achieves the proof of Theorem
O

Our proof of Theorem Blis based on the following approximation lemma.

Lemma 4 ([2, Theorem 4.9]). Suppose that the sequence of random variables (S, ) and (Sp, k)
are such that, for every 6 > 0,

Tn

1 ~
lim sup — logE{exp(G Z [Sne — Snkl)| < 1. (4.16)

n—oo T'n 1

If the sequence of empirical measures (fin,) given by @IA) satisfies a LDP in M1(R) with
speed T, and good rate function I, then the sequence of empirical measures () given by
&I satisfies a LDP in M1 (R) with the same speed ry, and the same rate function I.

Proof of Theorem[d. The large deviation principle for the sequence (fi,) follows from Sanov’s
Theorem. In order to complete the proof, we only need to verify assumption ([IH) of Lemma
A Inequality @IH) implies that for n large enough, there is some constant C' > 0 such that,
for every 6 > 0,

E{exp(ﬁzn 1Sy — §n,k|)} < E[exp(ﬂrn max [Syp — §n,k|)}
k=1 ==

< IE{eXp(C’r%n_l/2 max [S: — §t|)} .

Since 7} = o(n), we infer from () that for n large enough,
1 i ~ log(1 +n/7
L 1og E[exp(8 3 [ — o) < “ELEIT),
k=1
which completes the proof of Theorem Bl as log(n) = o(r,,). O
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