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Abstract

We are going to study the limiting spectral measure of fixed dimensional Hermitian block-
matrices with large dimensional Wigner blocks. We are going also to identify the limiting
spectral measure when the Hermitian block-structure is Circulant. Using the limiting spectral
measure of a Hermitian Circulant block-matrix we will show that the spectral measure of a
Wigner matrix with k—weakly dependent entries need not to be the semicircle law in the limit.

1 Preliminaries and main results

Let M,,(C) be the space of all n x n matrices with complex-valued entries. Define the nor-
malized trace of a matrix A = (4;;)"._, € M,(C) to be tr,(A) =1 3" A

i,j=1 3

Definition 1. The spectral measure of a Hermitian n X n matrix A is the probability measure
ua given by

1 n
Ha = n Z 5>\,-
j=1

where Ay < Ay < --- < )\, are the eigenvalues of A and J, is the point mass at x.

The weak limit of the spectral measures pa, of a sequence of matrices {A,} is called the
limiting spectral measure. We will denote the weak convergence of a probability measure p,,
to u by

D
M — [t @S T — O0.

Definition 2. A finite symmetric block-structure By (a, b, c,...) (or shortly By) over a finite
alphabet K = {a,b,c,...} is a k X k symmetric matrix whose entries are elements in K.
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If By, is a k X k symmetric block-structure and A, B, C, ... are n x n Hermitian matrices, then
Br(A,B,C,...) is an nk x nk Hermitian matrix. One of the interesting block structures is
the k x k symmetric Circulant over {a1,as,...,ax} that is defined as

ai as as ... Qg

1 ag a; az ... Q-1
Cilar,az,...,ap) = —= | -1 Gk 41 ... (k-2 (1)
vk

ag as Qa4 ... a1
where aj = Qk—j42 for ] = 2737 ey k.
A random matrix A is a matrix whose entries are random variables. If B, is a block-structure
and A,B,C,... are random matrices, then B;(A,B,C,...) is a random block-matrix.

Definition 3. We call an n x n Hermitian random matrix A = ﬁ(Xij)?,j:l a Wigner matrix

if {X,;;1 < i < j}is a family of independent and identically distributed complex random
variables such that E(Xi2) = 0 and E(]X12|?) = ¢%. In addition, {X;;i > 1} is a family
of independent and identically distributed real random variables that is independent of the
upper-diagonal entries. We will denote all such Wigner matrices of order n by Wigner(n, o2).

If {A,} is a sequence of Wigner(n, 0?) matrices, then by Wigner’s Theorem (cf. [2]),
D
KA, — V0,02 &SN — 00 a.s.

where 7, ,2 is the semicircle law centered at o and of variance o2 which is given as

1
VYa,o2 (dl‘) V do? — (x - O‘)Q 1[a72o,a+20] (x)da:

T 27102

Now we are ready to state the main result of this paper.

Theorem 1 (Existence Theorem). Consider a family of independent Wigner(n, 1) ma-
trices ({Ag{)} i=1,.. .,h) for which E(|Ag12)\4) < oo and E(Agil))2 < oo for every i. For a
fixed k x k symmetric block-structure By, define

(1) A

n noyee

Xn,k; = Bk(A

Then there exists a unique non-random symmetric probability measure pp, with a compact
support in R which depends only on the block-structure By such that

D
UX, , — UB, GST — OO a.s.

In [5], Far et al. introduced a method to find the limiting spectral measure of random block-
matrices with Gaussian blocks and showed how that is applicable to wireless communications.
Since our Theorem[I/implies that the law up, does not depend on the distribution of the entries
of the blocks A, the results in [5] have wider applicability than stated there. In particular,
they hold for matrices with real Gaussian or non-Gaussian entries. The proof of Theorem 1]
relies on free probability theory and will be given in Section
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Consider the symmetric Circulant block-matrix Cy, defined in (1). If AY, AP ...,
k
A%L"‘JH) are independent Wigner(n, 1) for every n, then Theorem [1insures the existence of

a non-random probability measure vy such that

D
o (15|41, — Vk a8 M — 00 a.s.
)

Co(AW AP A2

However, Theorem [1]doesn’t specify v, but we will identify it in the following proposition.

k
Proposition 1. If A(l) NS ...,A%LZHI) are independent Wigner(n, 1) for every n, then
D
uck(AS),Ag?),...,AELL‘%JH)) Vg G5 — X0 a.s.

where
k—1 1 . . .
o 707% + % ")/O’Qkk—l’ ’Lfk 18 Odd,
Vi =
k 70 2+k’)/02k 2, if k is even.

Proof. Since AY = AFTD for Jj = 2,3,...,k; then [4, Theorem 3.2.2.] implies that
k .
(Ck(AsLl),Ag), ... ,Angl)) has the same eigenvalues as {Bsf); j=1,...,k} where

(k+1)/2 :
, r(e—1)(j -1
ng) = \/E[A(l) +2 Z cos( %)A%)} (2)
=2
if k£ is odd, and
k/2 (f—l)('—l) k
BY) .= ﬁ[A(1 + QZcos %)A%) +cos((j — 1)W)A£L§H)] (3)
=2
if k£ is even. Hence,
1 E
Mck(AEP,Aﬁf’ 11111 AlB) T Z Fp@-

sm((NJr )x) + 1)

sin £

Using the well known trigonometric sum Zé\[:o cos(lx) = %( , one can check

that
N .
Zcosz(éx):%(NJr;Jrsm((QN—le)x)). (4)

2 sinx

Consider the case when k is odd. In Equation (2), for j # 1, BY is a Wigner(n, %) where

the variance of the off-diagonal entries of BY is given by T[1+4 Zéi‘;l)ﬂ cosz(%)]

which turns out to be % by Equation (4). For j = 1, lel) is simply a Wigner(n, %T_l)

Hence, Wigner’s theorem for B%l) and the rest kK —1 Wigner matrices Bgf ), j=2,...,k finishes
the proof of the odd case.

The case when k is even follows from a similar argument by showing that for j = 1,% + 1;

BY) is a Wigner(n, 2’“—2) and for j # 1, g +1; BY is a Wigner(n, %)

O
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In |2, p.626], Bai raised the question of whether Wigner’s theorem is still holding true when
the independence condition in the Wigner matrix is weakened. Schenker and Schulz-Baldes
[11] provided an affirmative answer under some dependency assumptions in which the number
of correlated entries doesn’t grow too fast and the number of dependent rows is finite. After
the first draft of the underlying paper was completed, we have learnt that Anderson and
Zeitouni [1] showed that it doesn’t hold in general and they gave an example in which the
limiting spectral distribution is the free multiplicative convolution of the semicircle law and
shifted arcsine law. In the rest of this section, we are going to use the following corollary of
Proposition [1] to give another example.

Let W(ai1,a12, .- ., any) be the Wigner symmetric block-structure, i.e.,
ail a2 e A1n,
a2 azz2 ... Qa2n
W(all, A12y .y a,m) =
Ainp  A2n e Ann

Consider the family of k x k random matrices {A;; : 4,5 > 1} such that A;; = Aj; and
A;; = Cy(aij, bij,cij, - ..) where {a;;,bij,¢i5,... 4,7 > 1} are independent and identically
distributed random variables with variance one. Then K,, ; := W(A11,A12,...,A,,) is an
kn x kn symmetric matrix.

Corollary 1. Fiz k € N. The limiting spectral measure of K,, i is given by

D
MK, , — Vk GS T — 00 a.s.

In order to prove this corollary we need the following definitions. Let A and B be n x m and
k x £ matrices, respectively. By ® we mean here the Kronecker product for which A ® B =
(AijB)i=1,... nyj=1,..,m is an nk x m¢ matrix. The (p, ¢)-commutation matrix P, , is a pg x pq

matrix defined as
q
P 5 9
i=1 j=1

where E;; is the p x ¢ matrix whose entries are zero’s except the (i, j)—entry is 1. It is known
that P, L =PI =P, , and P, (A © B)Py,, = B® A (cf. [7)).
Proof. Since K, , = szzl ]T]ij ® A;; where Eij is the n x n matrix whose entries are zero’s
except the (i, j)—entry is 1. Hence

Pr KpiPrip = Z?J 1A ® Eij B
Zz =1 Ck(a137 blwcl]’ .. ) ®~Eij
= Z” 1(Ck(a”El],b Eljvcij]?jjw”) _
Cr(X7 oy aiiBijy 30—y big B, Yo7 B, )
Cr(A,,B,,C,, .. 0)

where A, = (ai;)}'j—1, Bn = (bi)}'j=1, Cn = (cij)}'j=1, --. are independent Wigner(n, 1)
matrices. Therefore, K,  and Ci(A,,B,,C,,...) are similar to each other and so have the

same eigenvalues. Thus the result follows. O
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Now, we define the distance on N? by d ((, 5), (i', j")) = maz{|i—i’|,|j —j'|} and for S, T C N?;
d(S,T) =min{d((3,5),,5") : (¢,5) € S, (', j') € T}. We say the random field {X;; : (¢,7) €
N2} is (k — 1)-dependent if the o-fields Fg = o({X;; : (i,5) € S}) and Fr = o({Xi; : (i,5) €
T}) are independent for all S, C N2 such that d (S,T) > k — 1.

The matrix K, = W(A11,Als,...,A,,), defined in Corollary [T, is an kn x kn matrix
with (k — 1)-dependent entries, up to symmetry. That is, if we write K,, = (Xij)?g:la then
{Xi;: (i,j) € N2} is a (k—1)-dependent random field. However, the limiting spectral measure
of K,, 1 is not the semicircle law but rather a mixture of two semicircle laws due to Corollary/T.
Our example violates the conditions imposed on the Wigner matrix by Schenker and Schulz-
Baldes in [11] in both the number of correlated entries and the number of dependent rows grow
as O(n?) and not o(n?).

Unfortunately, {X;; : (¢,7) € N2}, in our example, is not strictly stationary as the distributions
remain the same only when shifts are made by multiple of .

2 Proofs

In order to prove Theorem[Ilwe need to introduce some definitions from free probability theory.
A noncommutative probability space (A, 7) is a pair of a unital algebra A with a unit element
I and a linear functional 7, called the state, for which 7(I) = 1. We call an element a € A a
noncommutative random variable and call 7(a™) its n'* moment. We say that A is a *-algebra
if the involution * is defined on A. In addition, we assume that 7(a*) = 7(a) and 7(a*a) > 0.
Henceforth, we will consider only *-algebras. We say that a € A is selfadjoint if a* = a.

Fix a noncommutative probability space (A, 7). For each selfadjoint a € A there exists a

probability measure u, on R such that

ra) = [ a"a(da)

for all n > 1, see [9, p.2]. The probability measure p, is unique if |7(a™)| < M™ for some
M > 0 and for all n > 1.

Definition 4 ([8]). A family of subalgebras (Aj;;j € J) of A, which contain I, is said to be
free with respect to 7 if for every k > 1 and j1 #jo # ... #jr € J CN

T(ajaz---ap) =0
for all a;, € A;, whenever 7(a;) = 0 for every 1 <i <k.

Random variables in a noncommutative probability space (A, 7) are said to be free if the
subalgebras generated by them and I are free.

Definition 5. We say that a family of sequences of random matrices ({Agf)};l =1,...,m)
is almost surely asymptotically free (cf. [8|) if for every noncommutative polynomial p in m
variables

tr, (p(Ag),...,ASLm))) mT(p(al,...,am)) a.s.

where (aj,...,a,,) is a family of free noncommutative random variables in some noncommu-
tative probability space (A, 7).
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In [3], Capitaine and Donati-Martin showed the asymptotic freeness for independent Wigner
matrices when the distribution of the entries is symmetric and satisfies Poincaré inequality.
Recently, Guionnet [6] gave a proof where she assumes that all the moments of the entries
exist. Szarek [12] showed us a proof for symmetric and non-symmetric matrices with uniformly
bounded entries. Szarek’s proof, in brief, is based on concentration inequalities and some tools
of operator theory. In this paper, we give a combinatorial proof of the almost sure asymptotic
freeness for Wigner matrices under the assumption of finite variance and fourth moment of
the entries.

Theorem 2. If ({Ag)};l =1,...,m) is a family of independent Wigner(n,1) matrices for
which E(|A§2\4) < 00 and E(Agll))2 < 00, then ({Ag)};l =1,...,m) is almost surely asymp-
totically free.

2.1 Proof of Theorem [2

The Schatten p-norm of a matrix A is defined as ||A||, = (trn|A\p)% whenever 1 < p < oo,
where |A| = (ATA)2z. The operator norm is defined as ||A| := max;<j<n |Ai| where A;;
i=1,2,...,n are the eigenvalues of A. The following three inequalities hold true;

1. Domination inequality [8, p.154]
[trn (A)] < [JA[lx < [JA]l, < [|A]] (5)

2. Holder’s inequality [8, p.154]
[AB], < [|All,[IBll (6)

whenever % = % + % for p,g>1and r > 1.
3. Generalized Holder’s inequality

||A(1)A(2) . ..A(m)H1 < ||A(1)||p1HA(2)||p2 .. ||A(m)

P (7)

where AW A®) . A are n x n matrices and > ;" 1% = 1. This inequality follows
from (6) by induction.

Let A = ﬁ(Xij)?,j:l be a Wigner(n, 1) matrix. We define A(c) = ﬁ(iij(c)):‘szl to be
the matrix whose off-diagonal entries are those of A truncated by ¢/1/n and standardized. We

will also assume that the diagonal entries of A(c) are equal to zero. In other words,

v oy ae Kulxgico — B(Xiyl(x,<o)], fori <
0, fori=7j

where 1(|x,;|<c) is equal to one if | Xj| < ¢ and zero otherwise; and
o*(0) = B | Xij1l(x, <o) — B(Xij1(x,0<0) [P< 1.

We would choose sufficiently large ¢ so that o(¢) > 0 and )?ij (¢) would be well defined. Note
that 02(c) — 1 as ¢ — 0o and Var(X121(|x,,(>¢) < 1 —02(c).

The proof of Theorem [2 resembles the proof of Wigner’s theorem given in [2]. We will split it
into a number of lemmas.
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Lemma 1. Let ({Ag)} l=1,... ,m) be a family of independent sequences of Wigner(n, 1)
matrices for which E(\A512)|4) < oo and E(Agll))2 < oo for every l. Then, for any € > 0 there
exists M € (0,00) such that for every ¢ > M:

lim sup |ty (A;DA;?) . Agn)) — oo (AD (AP () - A ()] < e

n—oo

with probability one.

Proof. First, we can write the difference between products of matrices as a telescopic sum,
i.e.,

m j—1 m
ADAD - AP~ ADEAD () AP () = - T AP @AY - K0 ] AP
j=1k=1 I=j+1

with the convention that [])_, AP (o) = | AP =1,. But,

o (THZA ALY (@) (AF = A9 () TI 1, AY) | =

m 7j—1
=ltra [ T AV [TAP(0) (AT = AP (e) | |
l=7+1 k=1
<| H AY HA(k) l2- A — AP ()2
=541
< H 1A 21 - HIIA ) agm-1) - |AF = AP (c)|l2

_JJ,»l

for all 1 < j < m with the convention that ngl ||;&$Lk)(c)||p = HAS)HZ, = 1. The last
two inequalities are due to the generalized Holder’s inequality (7).
It is known that if E(|X |4) < oo and E(X x! )) < oo for every [, then

lim [[AD] =2
almost surely (c¢f. [2, Theorem 2.12]). Similarly, we can see that

lim AL (e)] =2

n—oo

almost surely for each [. By the domination inequality (5)
AL o) < AL and AL () apn-1) < |AL (O]

Therefore,

lim sup H Al ||2(m 1) H |A () (©ll2m-1) <27
n—oo = 11
Now, let A (c) := AY) — Uj(C)Ag)(C) or X (c) i= X — ()X (c) for every r and s,
Thus, -
IAD — AD ()2 < [AD (0|2 + 1 — o;(0)] AL (€)]l2-
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By definition,

1AG) (0|2 = %izﬂ: X0 (c Z|Xu> Z|X(])

r#S
Note that " "
] .
X’ﬁqs)(c) _ Xrl 1(|X£JS)|> ) — B(Xrs 1(|X£_2)|>c)), for r < s;
XT?“ ) for r = s.

Since E(Xg))2 < 00 then limy, o 75 Z:f:l(Xﬁ))Q = 0 almost surely due to the Strong Law
of Large Numbers (SLLN). Once more the SLLN implies that

nl;rrgcn;p(U :Var(Xlz(j)l(‘Xi_;>‘>c)) 0.5,

Hence, lim,,_, ||A (c)||3 = Var(X; 1 almost surely. It is also evident that lim,,_, o ||1~ng)(c)|\2 =

1 almost surely. Therefore,

(I1XP|>e )

limsup |AY) — AW (¢)2 < 1—0%(c) +[1—0;(c)|

n—oo

almost surely. Consequently, for all ¢ > 0

lim sup [try (AS)A? a A%’”)) — tra (A (AP () --- AT (0)]

-1 Z(\/sz(c)—k |1 —0oj;(c))

with probability one. But since oj(c) — 1 as ¢ — oo, then for any ¢; > 0, there exists
M € (0,00) such that /1 — o7 2(c) + |1 — 0;(c)| < € for every ¢ > M and for all j. Hence,

tim sup [t (AL AD -+ AL — b5, (AD (AL () - AL (0))

<m2m e =€

with probability one. O

Lemma 2 ([10]). If ({Kﬁf)};l =1,... m) is a family of independent sequences of Wigner(n, 1)

matrices whose entries are bounded, then

lim E (trn (KS)K;Q) : -lﬁ{”))) =7 (ajay - ay) (8)

n— oo

where a;’s are some free noncommutative random variables in (A,7) such that a; has the
semicircle law yp,1 for all 3.

We say that a partition 7 = {B1,...,Bp} of a set of integers is non-crossing if a < b < ec < d
is impossible for a,c € B; and b,d € B; when i # j. We denote the family of all non-crossing
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partitions of {1,...,k} by NC(k). Also let NCq(k) be the family of all non-crossing pair
partitions which is empty unless & is even. The Catalan number

1 [2k
Cr =1 ( k )
is equal to the size of NC(k) and also the size of NCz(2k).

If (a5 =1,...m) is a family of free semicircular random variables which have mean zero and
variance one, then (c¢f. [10, Equation (8)])

B ZﬂeNCQ(k) H{p aren Lip=ig, 1f K is even;
7 (@, ) = { 0, otherwise. (9)
for any iy,...,ir € {1,...,m}.
Lemma 3. If ({A%)};z =1,. ..m) is a family of independent sequences of Wigner(n, 1)
matrices whose entries are bounded, then

i\/ar (trn (ﬁ 1151“)) < 00
n=1 i=1

for allly, ..., > 1 with possible repetitions among them.

Proof. Tt is enough to show that

ar (trn (ﬁ ;&g’)>> =0(n?).

We will denote the number of distinct integers among (i1, ...,%m,) by (i1,...,%m). Let Z be
the complex conjugate of z.

First,
i=1 i=1
0 1T T ) T30
- nm+2 Z H iy Grg1 Hst Jst1 | E H iy Grg1 H Js Js+1
s=1 r=1 s=1
where the sums are running over (i1,...,%4y,) and (j1,...,Jm) in {1,...,n}™ and such that

im+1 = %1 and Jy,+1 = J1- The term under summation is zero unless:

1. Each one of the unordered pairs ({i1,42},..., {im,?1},{J1,J2}s---,{Jm,J1}) appears at
least twice.

2. At least one of the unordered pairs ({i1,i2},...,{im,1}) is identical to one of the un-
ordered paiI‘S ({jl)j2}a LR {j?najl})'

The first condition implies that ((i1,...,4m,j1,---,Jm)) < m+2. Adding the second condition
forces at least two more integers to be replications which implies that ((i1, ..., 0m, 51, -, Jm)) <

m. Since \X'Z(l])| are bounded for every i, j and [, then
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T~ C
Var (trn (H A%”)) <.
n
i=1

Concusion of the proof of Theorem[2. Any noncommutative polynomial p can be written as a
linear combination of noncommutative monomials, i.e.,

O

p (AS% o ,AS“’) = uy s APALD AR

n n n

where the sum runs over i1,...,4; € {1,...,m} for k > 1 and u;, .. ; € C are constants. Note
that p has a finite number of terms. Therefore,

trp (AL, AL ALY —trup(AD (), AP (0), ..., AL (0))
<3 il T (A AL - ALY b, (AU (AL (0) - RS9 ()
Hence, given € > 0

n

timsup tr.p (AL, AP, ALY~ tr,p(AD (), AP ()., A (o))

<e Z |ui17-~~7ik ‘
almost surely, for sufficiently large c.
Due to Lemma [2
lim B (tr (A (AL () AlD(0)) = 7 (anai, - ay,) (11)
n—oo
for all 41,...,4 € {1,...,m} and k > 1 where a;’s are some free noncommutative random

variables in some noncommutative probability space (A, 7) such that a; has the semicircle law
vo,1 for all i. Lemma [3 implies that the limit in (II) is holding true in the almost sure sense
due to Borel-Cantelli lemma. Consequently, for every ¢ > 0

lim tr,p(AD (), AP (c),..., Al () = 7 (p(ar, 8z, - .. ,am)) (12)

almost surely, since 7 is a linear functional.
Equation(10) implies that

limsup [trop (AL, AP, .., ALY) = 7 (p(ar, 2, ) |

n—oo

< limsup [tr,p (AS), Ag), . ,A;m)) — trnp(gg)(c), Ag) (€)y. ., :Aglm) ()]

Flimsup e, p(AD (€), AR (o), ..., AT(0)) — 7 (plar, 2o, .. )|
<e€

almost surely, for sufficiently large ¢ > 0 and arbitrary e; > 0.
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2.2 Proof of Theorem 1

Fix k£ > 1 and a symmetric block-structure Bg. Let us introduce the noncommutative proba-
bility space (A& My (C), T Q) try), where @ stands for the tensor product. A typical element
in AQ My(C) is a k x k matrix whose entries are noncommutative random variables in A.
For example, By (ay, .. ah) € AQ My (C) for any ay,...,a; € A. The state 7 ) try is de-
fined by 7 @ try(A) = ¢ ZZ 1 7(Aj;) for any A € A(X)Mk( ). The involution is given by
the *-transpose, i.e., for any A = (a;;); j=1,...x € AQ Mj(C) the involution of A is given by

(au),zrj 1,.
The proof of Theoreml is based on the method of moments. First, we are going to show that

for every s € N, the limit of tr, (IB%k (Ag), ceey Afzh)) ) exists as n — oo, almost surely.
Fix s > 1. We can see that the trace for the s-power of X, , = By, (Asll), . ,Aﬁf”) is the

trace of some noncommutative polynomials in the matrices A( ) e A$ﬁ ). Tn other words,

o 030 = b ()

for some noncommutative polynomial p; and 1 <4 < k. Theorem [2/implies that for each i
try, (pi (AS)7 . ,A;h))> — 7 (pi(a,...,an)) asn — oo a.s.

where {a; : I = 1,...,m} is a family of free noncommutative random variables that have the
semicircle law with variance equals to one. Therefore

k
s 1
tr, (]B%k (AS),...,A;}L)) ) — ET (sz (a1, ... ,ah)) as n — oo a.s.
i=1

Thus,
tror (X5 1) —>T®trk (B (a1,...,a,)°) asn —o0  a.s.

Since By, (ay, ..., ap) is self-adjoint, then there exists a probability measure pp, such that

T®trk (B (a1, ...,an)’) :/Rxsmgk(dx).

Note that if s is an odd integer then 7 @) try (B (a1, ...,a;)") is zero by Equation (9). This
implies that pp, is a symmetric probability measure.
To complete the proof, we need to prove that pp, is unique and has a compact support in R.

Both follows by showing that there exist M > 0 and C' > 0 such that 7 ) try, (IB%k (ag,..., ah)2s) <

C M?s for all s > 1. But for a fixed s > 1
T®trk (Bk (al, . ,ah)QS) = Z 7-(Bj1j2Bj2ja T BjZSjl)
J(2s,k)
where B;; € {ay,...,a5} and J(m, k) = {(j1,...,Jm) : 1 < j1,...,Jm < k}. But again by
Equation (9),

Z (leszJZJS Bj2sj1) < kQSCS = (2k)28
J(2s,k)



476

Electronic Communications in Probability

where the Catalan number C is at most 4°.
Therefore, there exists a unique non-random symmetric probability measure pp, with a com-
pact support in R that has the moments 7@ try (Bx (ay,...,an)?), for every s > 1, such
that »

PX, . — HB, aS M — 00 a.s.
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