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Abstract

We show that the Bernoulli conjecture holds for sets with small one-dimensional projections,
i.e. any bounded Bernoulli process indexed by such set may be represented as a sum of a
uniformly bounded process and a process dominated by a bounded Gaussian process.

1 Introduction

Let I be a countable set and (g;);c; be a Bernoulli sequence i.e. a sequence of indepen-
dent symmetric variables taking values +1. For T C [?(I) we consider the Bernoulli process
(> ier€iti)ter- The problem we treat in this paper concerns the conditions we need to impose
on the set T' to guarantee that the Bernoulli process is almost surely bounded. By the con-
centration property of Bernoulli processes (cf. Theorem 2] below) it is enough to consider the
boundedness of the mean.

For a nonempty set T' C [?(I) we define

b(T) := Esup €it;.
(T)=Esup),

(More precisely, to avoid measurability problems one defines b(7T') := supp Esup,cp ) €iti,
where the supremum is taken over all finite subsets of T'.) In a similar way we put

g(T) := Esup Z giti,
T Ger

where (g;)ier is a sequence of i.i.d. Gaussian N(0,1) r.v.’s. The fundamental majorizing
measure theorem of Fernique [1] and Talagrand [4] states that g(T') < oo if and only if v (T') <
oo — for precise definition of v, cf. [7, Definition 1.2.5].

It is easy to see that g(T') > E|g1|b(T) = \/Zb(T). Moreover, obviously b(T') < sup;er > [t
and b(T1 + TQ) < b(Tl) + b(Tg)
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The Bernoulli conjecture (cf. [3, Problem 12] or [7} Conjecture 4.1.3]) states that for any set
T with b(T) < oo we may find a decomposition T" C Ty + T5 with sup,cp, >, |ti| < oo and
9(Tz) < 0.

The aim of this note is to show that the Bernoulli conjecture holds under some additional
restrictions on the set T' — namely, that all one dimensional projections of T (i.e. the sets
{t;: t € T'}) are small. In particular, we answer the question posed by M. Talagrand [7, p. 144]
— concerning the case when t; may take only two values 0 and 27" (see Example 1 in section
4).

In the paper we use letter L to denote universal positive constants that may change from line
to line, and L; to denote positive universal constants that are the same at each occurence.

2 Partitioning Scheme

In this section we slightly modify some of Talagrand’s results concerning partitioning scheme
for a family of distances (gathered in sections 2.6 and 5.1 of [7]) to get the statement expressed
in the language that will be suitable for our purposes. The only new point of our approach is
Definition 1 below.

Let r = 2V for some integer v > 2. Suppose that T C [2(I) and we have a family of metrics
(dj)jez on I2(I) and nonnegative functions F; defined on all subsets of 7' such that for all
s,teT,0#ACTand j€Z,

dJJrl(Sﬂt) 2 T_ldj(s=t)7 (1>
Fj1(4) < Fj(A), (2)
F;(A) > F;(B) for ) # B C A, (3)
Jjoez djo—1(s,t) <r790F1/2 for all s,t € T, (4)
Jos0 d?(s, t) > 62 Zmin {r=%,(si —t;)*} forall s,t € T, j € Z. (5)

icl
We define for t € T, a > 0 ~
Bj(t,a) :={se€T:d;(s,t) <a}

and as in [7] we set N,, :=22", n=0,1,....
Definition 1. Let I' > 0 and ny € Z;. We say that functionals F; are (I, ng)- decomposable
on T if the following holds. Suppose that C C T, t € T, j € Z and n > nyq satisfy

0 #£C C Bj_1(t, 2n/27,7j+1). (6)

Then we can split C' into m disjoint nonempty sets C1, ..., Cy, with m < N, such that for all
1 < m either

C; C Bj(t;,2"?r™7) for some t; € C (1)

or )
Vice, Fj1(Ci0 By (6,272 71712)) < Fy(C) — 12" (8)
Conditions (1)-(4) are just reformulations of Talagrand’s assumptions for a family of distances
from [7, Section 5.1]. Condition (5) gives a connection between distances d; and "cut” ls-
distances induced by the Bernoulli process. A minor change with respect to [7] is present in
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Definition 1 — Talagrand’s approach yielded the splitting of C' with only one set C; satisfying

(8).

Theorem 1. If0 € T, conditions (1)-(5) hold and functionals F; are (I',ng) decomposable on
T, then we may find decomposition T' C Ty + Ty with

Yo(Ty) < LO (T Fjy41(T) + 2m0p—d0)

and
1 < LO2r(TFjy11(T) + 2™0r~90) 4+ 200" sug Is|l2 fort € Ts.
se

Proof. First we will follow the proof of [7, Theorem 5.1.2] with F,, ; := T'F}, ¢; = r2jd?
(notice that r = 27~% for x := v+ 4 > 6). We have ¢;1 > ¢; by (1) and the condition (5.7)
is obviously implied by (4). Let B;(t,c) := {s € T: p;(s,t) < ¢} as in [7], then B;(t,2") =
Bj (t, Qn/27"7j).

We will not prove the growth conditon in the sense of [7, Definition 5.1.1], but instead we will
show that the place, where it was used can be obtained by our assumptions on decomposability.
The main point in the proof of Theorem 5.1.2 was the inductive construction of the partitions
A, and numbers j(C), ¢(C),bo(C), b1(C), b2(C) for C € A, satistying (5.11)-(5.17) given on
p.147 of [7]. Let us take C € A,, and put j = j(C). Then, by (5.11) the condition (6) holds,
so we may split C' into m < N,, disjoint sets C, ..., C,, satisfying (7) or (8). Let A = C; for
some i. If (8) holds, then for all t € A,

Foi141 (AN B (6,27%)) = TFj 1 (AN By (8,27242p7771/2)) <TF;(C) — 2777
= Fn’](C) - 2”7‘_j

(compare with the estimate at the top of page 149 in [7]). So we may put j(A) = j(C),q(A) =
q(C) + 1,bg(A) = bo(C),b1(A) = b1(C) and ba(A) = by(C) — 2"r~J and check all conditions
as on pp.148-149 of [7].

If (7) holds for C; = A then A C Bj(t;,2") and we can follow the definitions and arguments
for the case A = D;_1 N B,(t;,2"™) given on pp. 149-150 of [7].

Hence following the proof of Theorem 5.1.2 we construct an increasing sequence (Ay)p>o of
partitions of T with Ay = {T'}, #A, < N,, and for each A € A,, an integer j(A) satisfying
the following conditions (for the sake of convienience from now on our j(A) is j(A) — 1 from
[7], we also put A, := {T'} for n < ng): j(T) = jo — 1,

AcA,, BEA, 1, ACB = j(B)<j(A)<j(B)+1, 9)
Vier Y 2" AO) < Lp(TFj 41 (T) + 27070 770) (10)
n>0
and
Vaea, Irayer A C Bjay(t(A),r—ID2n/2), (11)

where A, (t) denotes the unique set in A,, such that t € A, (¢).

Now we apply Theorem 2.6.3 of [7] with the constructed partition and numbers j(A). Let
V=7, §(A) := 07127/2+1p=3(4) and u be a counting measure on Q = I. Conditions (2.98)
and (2.99) are implied by and (9) respectively. f AC B, A€ A,,B€ A,,n <nandif
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additionally j(A) = j(B) then 6(B) < §(A) so (2.100) holds. To verify the assumption (2.101)
take s,t € A, then by and (11),

(Z min {(s; — t;)2, r= %) })

el
< (Zmin {(s; — t(A)i)27r*2j(A)})l/2 N (Zmin ((t — t(A)i)Q,T&j(A)})
i€l el
< 07 (dja) (5, H(A)) + djay (t,1(A))) < 5(A).

Thus all assumptions of Theorem 2.6.3 are satisfied and hence we may find a decomposition
T C Ty + Tz + T3 satisfying (2.102)-(2.105). By (2.102) and (10) we have

Y2(T1) < Lsup » 2"25(An(t)) < LO™ sup > _ 2"/ An) < Lo~ (T Fj 11 (T) + 2"0r77°).
teT 7>0 teT 7>0

Using (2.104) with p = 1 and the definition of 6 we get by (10) for any t € T5,

1/2

1/2

It < L2 sup >~ 2 A ) < L2 (D Fjy 1 (T) 4 2700 ).
teT >0

Finally since 0 € T and T € Ay we get by (11) for any s € T,
, 1/2
( Z min {s?,r_%(T) })
iel
. 1/2 .
< (X min {(si (D)o, r 72 ) g (3 min (1), D))

el el
< 07N dj(ry(s,t(T)) + djer) (0, 4(T))) < 20—,

1/2

In particular #{i: |s;| > r—7(T)/2} < 160~2 and by (2.105) for any ¢t € T3 we can find s € T
such that

N
It < 52 |86 {25 5r—smry < 20071 [|5]|2.
i=1
Thus we may take T5 4+ T5 from |7, Theorem 2.6.3] for T3 in the statement of our theorem. O

3 Estimates for Bernoulli processes

We begin this section with recalling several well known estimates for suprema of Bernoulli
processes and deriving their simple consequences. First result is the concentration property of
Bernoulli processes (cf. [5] or [2, Corollary 4.10]).

Theorem 2. Let (a;): € T be a sequence of real numbers indexed by a set T and S :=
supgeq(as + ;o tici) be such that |S| < oo a.s. Then

2
P(|S — Med(S)| > u) < 4exp ( - 127) foru >0,

where o = sup,cr ||t||2. In particular E|S| < oo, |[ES —Med(S)| < Lo and

2

P(|S ~ E(S)| = u) < Lexp (-

m) for u > 0. (12)
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Corollary 1. Let (Y[/)ier, 1 < k < m be i.i.d. Bernoulli processes and o := sup,cp ||Y, ||z
Then for any process (Z;)ier independent of (Y¥: t € T,k < m) we have

E max sup(Y) + Z;) < Esup(Y;! + Z;) + Lio\/logm. (13)
1<k<m ¢eT teT

Proof. By the Fubini Theorem it is enough to consider the case when P(V; Z; = z;) = 1 for
some deterministic sequence (z¢):er. By (12]) we have for all u > 0, k < N,

2
P (s 20 2 B +204) < sy~ 2)
(o)

teT teT
Thus
k 1 . u?
P(maxsup(Yt +2zt) > Esup(Y; + z¢) + u) < min {1,mLexp ( — —2>}
k<m e teT Lo
and (13) follows by integration by parts. O

In the same way (using b(T — s) = b(T")) we show

Corollary 2. Ifty € I*(I) and T = U], T, C 1>(1), then
b(T) < max b(Tx) + L1io+/logm,

where 0 := sup,er ||t — tol|2.

Theorem 3 ([7, Theorem 4.2.4]). Suppose that vectors ti,. ..ty € [*(I) and numbers a,b > 0
satisfy
Vl;,gl/ ||tl —tyl|l2 > a and ¥, Htl”oo <b. (14)

Then
2

1
E sup Z tigi > I, min {am’ %}
el

<m’;
%

Corollary 3 ([7, Proposition 4.2.2]). Consider vectors ty, ..., ty, € I2(I) and numbers a,b > 0
such that (14) holds. Then for any o >0 and any sets H; C By (py(ti,0),

2
b(lgnHl) > L% min {a\/@, %} — Lsoy/logm + min b(H)).

Before stating the last result, which is the main new observation of this section, let us introduce
some additional notation. For § # J C I, t € I>(I), T C I1*(I) we define t; := (t;)ics € 1*(J)
and

by(T) := Esu g;it;.
A7) =Brup),

We also set
dy(t,s) = [ty —syll2, t,s€l*(1)

and
By(t,a) :={s € *(I): dy(s,t) < a}, t€l*(I),a>0.
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Proposition 1. Suppose that m is a positive integer, numbers b,o > 0 satisfy by/logm < o
and T C I2(I) is such that for constants c,¢ > 0,

Viser di(t,s) <ec, dj(t,s) <é& |t —s|le <. (15)

Then there exist ti,...,tm € T such that either T C J,«,, Br(ti,o) or

by (T\ U Bf(tlya)) < by (T) - (L%a - 2Llé)m+ Lse. (16)

I<m

Proof. Since b;(T) = b;(T—t) for any t € [?(I), we may and will assume that 0 € T'. Moreover
to show it is enough to consider the case m > 2, ¢ < min(c,0/4) and N(T,dr,0) > m
(where N(T,d,a) denotes the minimal number of balls in metric d with radius a that cover
T).

We set

a=_ irtl,fneTbJ<T\ U B[(tl,a)).

I<m
Let 6Ek), ieJ, k=1,...,4m be independent Bernoulli r.v.’s, independent of (&;);cr. Let
Y(k Zt &; , Zt = Z tl‘Ei
i€J i€INJ

and
Sp={teT: Y;(k) > o — Lé}.

First we will show that if L is sufficiently large then

=P(v( U suarg)zm)= g )

1<4m

[t

Suppose that p < 1/4 and put

S = {tET:dl(t,s) %forsomese U Sl},

1<4m—1

P(N(S,d,,a)>m)gP(N( U Sl,dl,%)>m)§p§i.

1<4m—1

then

Let us fix (e gk))k<4m 1 such that N(S,d], o) < m, then by (T \ S) > «. Denote by Py, the
probability with respect to variables (e (4m ) We have

7

P4m(S4m - S ( t;e (4m) <a-— LE)
tET\S 1€J
~ 1
P sup S tiel™ < by (T 8) - Le) <
teT\S ;cg 4

for sufficiently large L by Theorem [2. Hence

i i 1 i 1—
P(Sum € §) < P(N(S,d1,0) > m) + ;P(N(S,dr,0) <m) <p + P~

N |
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i.e.

P(Jies,, di(t. | S)=3)=1/2

By the symmetry we have for any 1 < k < 4m,

P(es, ai(t. U s)=3)=1/2

1<4m,l#k

Define
A= card{k <4dm: Jies, dl(t7 U S’l> > g},
1<dm, Ik
then EA > 2m and thus (since 0 < A < 4m) P(A > m) > 1/4. However if A > m, then
N(U<am S1:dr,0/2) > m, so (17) holds.
Let us fix (5<k))k§4m such that N(U,<4, Si:dr,0/2) > m. Then there exist t; € T and

1 <k <4m, 1l =1,...,m such that ¢, € Sk, and dr(t;,t;) > o/2 for i # j. We have
d]\t](ti,tj) > d[(ti,tj) - d](ti,tj) > (7/2 —c 2> 0’/4 for 4 75 j Let E]\J (PI\J) denote the

integration (resp. probability) with respect to (£;);er\ s, then by Theorem (3

() > (l) > _
E,; Vl?]ﬁﬁmigg(y + Zy) EI\J max (Y +2Z;) >« Lc+E1r<nla>7(nZtl

2
>a—Lc+L—2mln{4\/log 16b} Lc+wTa logm

Since 0 € T', we have sup;cr ||t sl2 < ¢ by (15)), hence by (12) (recall that ¢ < ¢ and according
to our convention L may differ at each occurence),

(k) > )
PI\J<1<15€1§§m§g$(Y + Zy) at s 0 logm

N \

therefore

OO\H

(k) S )>1 >
P(lggimigg(if + Zy) > a+16 oy/logm — Lc 2 5p2

This implies (using again (12))

E max bup(Y( ) 4 Zy) > a+ 70\/10g — Lsc.
1<k<dm ge

Corollary 1 yields

E max bup(Y( ) 4+ Zy) < br(T) + Liéy/logdm < by (T) + \/§L16\/logm,

1<k<dm ¢ec

hence

aSbI(T)—(mL \lec)\/log + Lsc,

which yields provided Lj > 16Ls. O
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4 Thin sets

Definition 2. We say that a set A C R is 0-thin for some 6 > 0 if there exists a sequence of
functions (fxi)kez,icr, satistying the following conditions

i) frg: R— [=275,27%, f1,,(0) = 0,

i) > p [fea(@) = fra(y)] < |z —yl for all z,y € R,

i) Ypsien [fri(@) = fray)? > 02 min{27%, |z — y[*} for all j € Z, z,y € A.

Example 1. T = {0, a} is 1/2-thin.

Indeed let I, = {1} and fi1(z) = fe(x) := min{(Jz| — 27%);,27%}. Suppose that 27% <
la| < 277, then for j > 4, 35, [fi(a) = f(0)]* = 22,5, 272 = 2°7%7/3 and for j < 4,
2>y [ fr(a) — f(0)]* = kit 272 4 (la] = 2792 =27%/3 + (o] = 277)* > a® /4.

Example 2. T = {2*: k € Z} U {0} is 1/4-thin.
Let Iy, = Z and f(x) := min{(z—2'"1—27%) (2!=1—27F), 27F} Thenifz =21 >y = 2%,

min {2_2j, |2i1_1 \2}

| =

S fea(@) = fra@)? =D [ frin (27) = fri (207 >

k>j,l k>j
1 . —9;
> g min {27, o —y[*},

where the first inequality follows by the monotonicity of fi ;, and the second one by the same
calculation as in Example 1.

Example 3. Suppose that T is a "Cantor-like set” such that 0 € T" and for some a > 0,
vsyteT}S<t 3§,t~6[s,t],§<t~ (57 {) NnNT = @ and f— s Z Oé(t — S)

Then T is «/2-thin.

Let R\ T = J"_,(an,b,), N < 0o. We put I, := {1,...,N} and
frea(x) :=min {(z — a; — 270 (b —ag —27%) 4, 27k} if by >a; >0,
fkyl(:r) = min {(bl —x — 27’6)4’_, (bl —a; — 27]6)_;,_, 27]6} if a; < b; <0.

Ife,yeT, x <y, then x < a, < b, <y for some n < N with (b, —a,) > a(y — z) and

Z |f/€,l(m) - fk:,l(y)|2 > Z ‘fk,n(bn) - fk:,n(an)‘2 > 4_1 min {2_2j, |bn — an|2}

k>4, k>j
> (9)2 min {27%, |z — y[*},
—\2

where the first inequality follows by the monotonicity of fj ,, and the second one by the same
calculation as in Example 1.

Example 4. If T contains some nonempty open interval (a,b) then T is not #-thin for any
6> 0.
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Suppose on the contrary that T is 6-thin and functions (f i)kez,c1, satisfy conditions i)-iii)
of Definition 2. By condition ii) the functions fy; are a.e. differentiable and ), ;[f; ,(2)| <1
for a.e. z € R. Hence there exists jg such that

/ S f(2)ldz < (b — a).

k>jo,l

Thus for any n € Z; we can find z,y € (a,b) with y — 2 = (b — a)/n such that

D ki) = fra(@)] < Z |fra(2)ldz < O(y — ).

k=>jo,l T k>jo,l

Hence

> ki) = fra(@)? < 07|y — 2 = 6> min {2720, |y — 2}

k>jo,l
if n is sufficiently large, and this contradicts condition iii).
In a similar way one can show that a #-thin set cannot have positive Lebesgue measure.

Lemma 1. Suppose that A is a 0-thin subset of R and r = 2" for some positive integer v.
Then there exist functions (fi1)rez e, Such that

i) fras R — [=r7%, 078, fri(0) =0

i) > op g | fra(@) = fra(y)| < 2|z —yl for all z,y € R,

i) (2, ) = Sogaci, Wia(@) — Fra @I = 02 mingr=, |z — yl} for all j € Z, 2,y € A
w) pj+1(z,y) > 1" tpj(z,y) for all z,y € A.

Proof. Let (fii)kez,ic1, be as in Definition 2. Let us put

I o= {(l1,12,03): 0 <1y v — 1,15 > 0,13 € Ly(h—1p)41,

Fetonts) 7= T2 Futhmtn)4i, s for (I, la, 1) € .
Notice that i
ko (Ind20a) oo S 7772277 =7 <r
”f o 172,3)|| <r ! 2 (k=l2)=h *k2711 < =k

)

S ettt @) = Frtutat @< D72 D 1 fra(@) = fraly)] < 1|ﬂf—y|
K, (I1,l2,13) €T, 12>0 keI,
< 2|z —y|.

We also have for z,y € A,
> | Frestts tot) (@) = Frtntat) P = D 1 fra(z) = fra@)
k>j,(l1,02,l3) €L k>vjlely
> 0°min {272, |z — y|*} = 0°min {r~ ¥ |z — y|*}.
Moreover,

> | Pt t20) (@) = Fien.0.00) (W)

k>j+1,(11,l2,l3) €

>r? Z | Fres(ts 1) (@) = Fry(ta i) W)

k>j,(l1,l2,l3) €T},

since fii1,(ytot10s) = (s aty) f0r k € Z, (11, 12,13) € I O
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5 Main Result

In this section we prove the main result of this note, which is the following theorem.

Theorem 4. Suppose that T C I?(I) is such that 0 € T, b(T) < oo and all one dimensional
projections of T, ({t;: t € T})ser are O-thin. Then T C Ty + Ty with sup,crp, [[t]n < LOT2b(T)
and g(Ty) < LO~'H(T).

To prove the theorem we will first construct distances d; and functionals F; satisfying (1)-(5).
Let r = 2¥ with v > 2 to be chosen later.
By Lemma 1| there exist functions f; x; such that

fia: R = [=r7F 0¥ fi1(0) = 0, (18)
Vierayer > | fiki(®) = firi()| < 2z —y| (19)
ol

and a decreasing family of metrics (d;);ez on (?(I) defined by

dj(s,t) = ( > fikalts) — fi,k,l(si)|2)1/2

k27,

satisfies (1) and (5).
For ) # A C T let
Fi(A):=Esup Y fira(t:)einrs,

RN

where (g; 1,1) is a multiindexed Bernoulli sequence. Obviously Fj satisfies (2) and (3). Moreover
(19) and the comparison theorem for Bernoulli processes [6, Theorem 2.1] (cf. the proof of [7,
Proposition 4.3.7]) implies

Viez Fy(T) < 2b(T). (20)

Notice that by (19),
sup d;(t,s) <2 sup ||t — s|l2 < 8b(T),
s,te€T t,s€T
hence the condition (4) holds if 177 > 16b(T).
In the next few lemmas we are going to show that functional F; are (I', ng)-decomposable for
large r and sufficiently chosen I" and ny.

Lemma 2. If C is a nonempty subset of T, then there exist vectors t1,...,t;—1 € C such

that the set D := C'\ U:i_ll Bji1(ti,a) is empty or for allt € D,

~ 1 .
F;11(DNBjyi(t,0)) < Fj11(C) — . min {av/logm,a*r’ "'} 4+ 2L30+/log m.

Proof. We follow the standard greedy algorithm based on Corollary [3] We may obviously
assume that m > 2 and N(C,dj41,a) > m. Let us take any 0 < § < Lzo+/logm, we will
inductively choose vectors ¢;. Let D; = C and t; € C be such that

Fi1(CN Bjpa(ti,0)) > sup Fi41(CN Bjpa(t,0) - 6.
te
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If ty,...,tk, 1 <k <m —1 are already chosen, we set D11 := C'\ Ule Bji1(ti,a) and take
tk+1 € Dita such that

Fj1(Diy1 N By (thg,0)) > sup Fj1(Diy1 N Bjya(t,0)) — 6.
t€Dp+1

Let t = t,, be an arbitrary point in D = D, = C'\ U:’;l Bj+1(ti,a) and let H; := D; N
Bjti(t,0), 1 <1 <m. Then dji1(tg,t;) > aforall 1 <k #1<mand H C Bjii(t;,0), so
we may apply Corollary 3 with b = r—7~! and get

Fj+1(0) Z Fj+1( U HZ) Z L72 min{a\/ logm,a2rj+1} — Lga'\/ logm + ITliiIle+1(H¢).
i=1

But the construction of ¢; yields
min Fji1(H;) > Fja(D N Bjs1(t,0)) =6 > Fi1(D N Bjya(t, 0)) — Laoy/logm.
O

Lemma 3. If() # C C T then we may decompose C = J;~, D; into m < N,_; disjoint sets
such that for i <m —1, D; C Bj11(t;, L2/ 2r=1=1/2) for some t; € C and

Vien,, Fir1(Dm N B (6,272 2 I712)) < Fyq(C) — 2np 3712,

Proof. We use Lemmal[2/with m := N,,_1, 0 := 2%/2t2p=3-1/2 and q := Lg2"/2r=3~1/2 Then
1 . L . )
I min {av/logm, a7t} — 2L30+/logm = (fﬁ - 8L3)2n_1/27“_]_1/2 > onymIm1/2
2 2

if Lg > Ly(2Y/2 + 8L3). O
Lemma 4. Ifr > L7 and 2°/2 > Lgr, then functionals Fj are (rl/z,no)—decomposable.

Proof. Let us take C' C Bj_1(to, 2"/?r=7+1) C Bj(t, 2"/?r~7+1) for some ty € T and n > ng.
We apply Lemma [3 to C' and get a decomposition C' = |J,,,, Di, m < Np_1. The set Dy,

satisfies the condition (8) (with C; = D,, and I' = 71/2) and (N,,_1 — 1)(N,_2 + 1) +1 < N,
so it is enough to show that each of the sets D;, [ < m — 1, may be decomposed into at most
Np—o + 1 sets C; satisfying (7) or (8). Let us fix ] <m — 1, then
Dy C Bj(to, 2727t 0 By (t, Le2™ 2r—771/2)
for some tg,t; € T'. Thus
dj(t,s) < 2n/2Hlp=itl g (¢, s) < Le2™/* =371/ 2 for all t, s € Dy,

Hence we may apply Proposition [1] with ¢ = 27/2+1p=i+1 & = [on/241p=i=1/2 p = 2p—J
m = N,_s and 0 = 2"/2r=7 and get that D; = U?:{l C; with C; satisfying (7) for i < m and

1 ~
Fj+1(Cm+1) < FJ(DZ) — (EU — 2L16) vV logm + L5C.
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Notice that

1 . 1 .
(L—a — 2L16) V9ogm — Lsc = onyp—i=1/2 (ﬁrl/z —2L1Lg — 2L5r3/22_”/2> D e
4 4

if Ly and Lg are large enough, so C,, 1 satisfies (8). O

Proof of Theorem [4. Let us choose r = 2 € [L7,2L7) and ng > 1 such that 2m0/2 ¢
[Lgr, 2'/2 Lgr), then by Lemma 4] functionals Fj are (T',ng) decomposable with I' = 71/2. Let
Jjo € Z be such that r=70 < 16b(T') < r1=90. Then all assumptions of Theorem [1] are satisfied.
Notice that 8 < 1, sup,cp ||s]l2 < 4b(T),

TFj, 1 (T) + 2mor=90 < 27Y/2p(T) 4 32L2r2b(T) < Lb(T).
Hence by Theorem [Tl we get T C Ty + To with
g(T1) < Lyo(Ty) < L6~ '(T)

and
sup ||t]}1 < LO2rb(T) + LO~b(T) < LO~2b(T).
teTy

O
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