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Abstract

In this note, we take up the study of weak convergence for stochastic differential equations driven
by a (Liouville) fractional Brownian motion B with Hurst parameter H € (1/3,1/2), initiated in
[3]. In the current paper, we approximate the d-dimensional fBm by the convolution of a rescaled
random walk with Liouville’s kernel. We then show that the corresponding differential equation
converges in law to a fractional SDE driven by B.

1 Introduction

The current article can be seen as a companion paper to [3[], to which we refer for a further
introduction. Indeed, in the latter reference, the following equation on the interval [0,1] was
considered (the generalization to [0, T] being a matter of trivial considerations):

dy,=o (y.)dB,+b(y,)dt, y,=a€eR" D

where o : R" — R™¢ b : R" — R" are two bounded and smooth enough functions, and B stands
for a d-dimensional fBm with Hurst parameter H > 1/3.
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Let us be more specific about the driving process for equation (I): we consider in the sequel the
so-called d-dimensional Liouville fBm B, with Hurst parameter H € (1/3,1/2). Namely, B can be
written as B = (B!,...,B%), where the B”s are d independent centered Gaussian processes of the
form

t
i -1 i
BFJ (t—r) 2dwy, @)
0

for a d-dimensional Wiener process W = (W1, ..., W%). This process is very close to the usual
fBm, in the sense that they only differ by a finite variation process (as pointed out in [1]]), and
we shall see that its simple expression (2) simplifies some of the computations throughout the
paper. In any case, B falls into the scope of application of the rough paths theory, which means
that equation can be solved thanks to the semi-pathwise techniques contained in [[9} [10} [13]].
The natural question raised in [3]] was then the following: is it possible to approximate equations
like in law by ordinary differential equations, thanks to a Wong-Zakai type approximation (see
[12,[16,[17] for further references on the topic)?

Some positive answer to this question had already been given in [8]], where some Gaussian se-
quences approximations were considered in a general context. In [3]], we focused on a natural
and easily implementable (non Gaussian) scheme for B, based on Kac-Stroock’s approximation
to white noise (see [[11} [15]]). However, another very natural way to approximate B relies on
Donsker’s type scheme (see [[14] for the case H > 1/2 and [4] for the Brownian case), involving a
rescaled random walk. We have thus decided to investigate weak approximations to based on
this process.

More precisely, as an approximating sequence of B, we shall choose (X¢),-, where X &l is defined
as follows for i = 1,...,d: consider a family of independent random variables {n;; k > 1,1 <i <
d}, satisfying the

Hypothesis 1.1. The random variables {m< ; k>1,1 < i < d} are independent and share the same

law as another random variable . Furthermore, 1 is assumed to satisfy E () = 0,E (nz) =1and
is almost surely bounded by a constant k,,.

We then define X! in the following way:

t
X"’E(t):f (t + &2 — r)H 200 (r)dr, 3)
0
where
91‘5()._14—200 iI r (4)
r):= ¢ N Lik—1,k) (ez) .

Notice that X? is really a process given by the convolution of the rescaled random walk 6° with
Liouville’s kernel.

Let us then consider the process y* solution to equation driven by X*, namely:
dyf:a(yf)de+b(yf)dt, Yo=a€R", te€[0,T]. 5)
Our main result is as follows:

Theorem 1.2. Let (y©),, be the family of processes defined by (5), and let 1/3 < y < H, where H
is the Hurst parameter of B. Then, as € — 0, y® converges in law to the process y obtained as the
solution to , where the convergence takes place in the Hélder space CY([0,1]; R™).
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Let us make a few comments about this theorem:

(i) We have presented our results for the Liouville fBm B because of some simplifications, apparent
in [3]], in the manipulations of some stochastic integrals. However, as mentioned in [[I], the usual
fractional Brownian motion B can be decomposed as B = B + V, where V is a finite variation
process and B is the Liouville fBm. By writing the Lévy area of B according to this decomposition,
it is certainly possible to extend our results to fBm, which is in a sense a more natural process for
its invariance properties. We did not explore this possibility for sake of conciseness.

(ii) We also have chosen the range (1/3,1/2) for the coefficient H. Indeed, the case H > 1/2 can
be deduced easily from [[5] since in this case, the solution y to is a continuous function of B.
The Brownian case H = 1/2 is proved easily following the methods in [6]]. We could also have
dealt with a coefficient H lying in (1/4,1/3] according to [8]], but this case is much harder for
two reasons: (1) The approximation of third order integrals is also required in this case. (2) The
assumption H > 1/3 is needed for the convergence of certain terms in [|3, Proof of Proposition
5.1] (see our term B, ; ; there).

(iii) Notice that if t € [Ne2, (N + 1)¢?) one has

N

Zn;'( [(t —(k — 2)82)H+1/2 —(t—(k— 1)62)H+1/2:|

X 0= 12 L=1

+ n}i\]+1 |:(t _ (N _ 1)82)H+1/2 _ 82H+1:|

Another possibility in order to approximate X' would have been to define a process X"¢ at any
point of the form Ne? by

. 1 N
o i,€ 2y - i _ _ H+1/2 _ _ H+1/2
XWNe) = ;nk [(N - (k—2) (N — (k—1))+1/2]
and then compute X"¢ at any other point by linear interpolation. This new approximation might
be closer to the spirit of Donsker type results, since the process X¢ is piecewise linear. In any
case, it should be easy (though technical) to show that X“¢ — X% vanishes when ¢ — 0, as L2-
random variables taking values in an appropriate rough path space (including the Lévy area of
both processes). Thus Theorem certainly holds true when X%¢ is replaced by X"¢. Here again,
we did not explore this possibility for sake of conciseness.

Here is how our paper is structured: as the reader shall see, many of the techniques introduced
in [3] are also useful in our context. In the end, as explained at Section most of the technical
differences between the two articles arise in the way to evaluate the moments of quantities like

1 .

fo f(r)0%¢(r)dr for a given Holder function f, and to compare them with the moments of Gaus-
sian random variable. This is thus where we shall concentrate our efforts, and this essential point
will be handled at Section[3]

2 Reduction of the problem

We shall recall here briefly some preliminary steps contained in [3]], which allow to reduce our
problem to the evaluation of the moments of a specific type of Wiener integrals.
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First of all, we need to recall the definition of some Holder spaces, in which our convergences take
place. We call for instance 6;([0, 1]; R?) the space of continuous functions from [0,1]7 to RY,
which will mainly be considered for j = 1 or 2 variables. The Holder norms on those spaces are
then defined in the following way: for f € 6,([0,1];R?) let

il

stefo.r] 1t —s

Ifll, = and  6,'([0,1];R?) = {f € €,([0,1];R); [If ||, < o0}

|+’

The usual Holder spaces <€1“ ([0,1]; R?) are then determined by setting ||g|| » = ll6gll, for a contin-
uous function g € 4;([0,1];R?), where 5g € 6,([0,1];R?) is defined by 6g,, = g, — &,. We then

w . d . . .. . . . . d
say that g € 6, ([0,1]; R?) iff |||, is finite. Note that ||-||, is only a semi-norm on %,([0, 1]; R?),
but we will work in general on spaces of the type

61, ([0,1;R) = {g: [0, T] - V; gy =, lIgll, < %0}, (6)

for a given a € V, on which ||g||, is a norm.

The second crucial point one has to recall is the natural definition of a Lévy area for Liouville’s
fBm. To this purpose, consider & the set of step-functions on [0, T] with values in R?. Let # be
the Hilbert space 5# defined as the closure of & with respect to the scalar product induced by

d
<(1[0,t1],"’; l[O,td]):(l[O,sl]”": 1[0’5d])>Jf = ZR(ti’si)J Si5 ti € [05 T]’ i= 1”":da
i=1

where R(t,s) :=E [BiBsi]. Then a natural representation of the inner product in S is given via the
operator ¢, defined from & to L2([0, T]), by:

1 1 T ,
Hp(t)=(T - )" 2() - (5 —H) f [p(r) = @(O](r — )2 dr,

and it can be checked that .# can be extended as an isometry between 5 and the Hilbert space
L?([0, T]; RY). Thus the inner product in 2 can be defined as:

(0, 9) 0= <%¢:%¢>L2([O,T];Rd)‘

The mapping (1;¢,7,---»> 1[o,,7) — Z?leii can also be extended into an isometry between ¢

and the first Gaussian chaos H,(B) associated with B = (B?,...,B%). We denote this isometry by
¢ — B(y), and B(y) is called the Wiener-It6 integral of ¢. It is shown in [[7, page 284] that
<€1Y (RY) ¢ # whenever y > 1/2 — H, which allows to define B(¢) for such kind of functions.

Proposition 2.1. Let B be a d-dimensional Liouville fBm, and suppose that its Hurst parameter
satisfies H € (1/3,1/2). Then

(1) B is almost surely a y-Hoélder path for any 1/3 <y < H.

(2) A Lévy area based on B can be defined by setting

t u t u
2 __ . 2o\ i ; ..
Bst—f dBu®J dB,, i e Bst(l’-’)_f dB;f dBl, 1i,je{l,...,d},
S S S S
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for 0 <s <t < T. Here, the stochastic integrals are defined as Wiener-Ité integrals when i # j, while,
when i = j, they are simply given by

N I R
JS dB;JS dB;zi(B;—B;)z.

(3) The process B2 is almost surely an element of ‘622 7([0,1]; RY*?), and satisfies the algebraic rela-
tion
Bszt - Bszu - Bit = (Bu _Bs) ® (Bt _Bu) )

foral0<s<u<t<1

These algebraic and analytic properties of the fBm path allow to invoke the rough path machinery
(see [9, 10} [13]) in order to solve equation (1)):

Theorem 2.2. Let B be a Liouville fBm with Hurst parameter 1/3 < H < 1/2, and o : R" — R™¢
be a C? function, which is bounded together with its derivatives. Then

(1) Equation admits a unique solution y € 6] (R") for any 1/3 <y < H, with the additional
structure of weakly controlled process introduced in [10]].

(2) The mapping (a,B,B?) — y is continuous from R" x € (RY) x €;"(R¥*?) to 6] (R").

One of the nice aspects of rough paths theory is precisely the second point in Theorem [2.2] which
allows to reduce immediately our weak convergence result for equation (1)), namely Theorem|[1.2]
to the following result on the approximation of (B, B):

Theorem 2.3. Recall that the random variables n;; satisfy Hypothesis and let X¢ be defined by

(@. For any & > 0, let X>* = (X%°(i, J))s,e20:1,j=1,..,a be the natural Lévy’s area associated to X*,
given by

t
2,60+ 2\ j, j, i,
X0 = J (0~ XM axy, @)
S

where the integral is understood in the usual Lebesgue-Stieltjes sense. Then, as € — 0,

Law

(X¢,X>¢) — (B,B?), 8)

where B? denotes the Lévy area defined in Proposition and where the convergence in law holds in
the spaces €)' (RY) x ;" (R¥*?), for any u < H.

The remainder of our work is thus devoted to the proof of Theorem [2.3]

As usual in the context of weak convergence of stochastic processes, we divide the proof into
weak convergence for finite-dimensional distributions and a tightness type result. Furthermore,
the tightness result in our case is easily deduced from the analogous result in [3]]:

Proposition 2.4. The sequence (X¢,X*%),., defined at Theoremis tight in <€1“ (R?)x ‘622 H(RI*D),

Proof. The proof follows exactly the steps of [|3, Proposition 4.3], the only difference being that
our Lemma has to be applied here in order to get the equivalent of inequality (28) in [3].
Details are left to the reader.

O
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With these preliminaries in hand, we can now turn to the finite dimensional distribution (f.d.d. in
the sequel) convergence, which can be stated as:

Proposition 2.5. Under the assumption let (X¢,X%*) be the approximation process defined by

@) and (7). Then
fd.d. - lim(X*,X**) = (B,B?), ©

where f.d.d. — lim stands for the convergence in law of the finite dimensional distributions. Otherwise
stated, for any k > 1 and any family {s;, t;; i <k,0<s; < t; < T}, we have

S1tq° Stk Syttt T Tsty 7t

z—yi%(xfl,xz’f ...,ka,x2=f =(B,,,B? B, ,B? 10)

Proof. The structure of the proof follows again closely the steps of [I3] Proposition 5.1], except
that other kind of estimates will be needed in order to handle the Donsker case.

To be more specific, it should be observed that the first series of simplifications in the proof of [3]
Proposition 5.1] can be repeated here. They allow to pass from a convergence of double iterated
integrals to the convergence of some Wiener type integrals with respect to X°. Namely, fori =1,2
and0<u<t<1,set

t
Yi(y, t)=J (Bl —B)(v —w)"2dv,

and for 0 <u <t <1 and (u,...,us) in a neighborhood of 0 in R®, set also
t
1
Z, = w+wBi+uVi(ut)+ u4j (v—w!2dw?
t w ¢
3 1 1
+ug J dwf w=—)""2(w-w:—(v-—u)z)dw?
u u
t u
3 1
+u6f dwf w—v)2(w—u)f2 dWVZ.
u 0

Consider the analogous processes Y€, Z¢ defined by the same formulae, except that they are based
on the approximations 6"¢ of white noise. We still need to recall a little more notation from [3]:
for f € L2([0,1]) and t € [0,1], we set

1 1
&,(f) = (/@) g~ f f SO D eyiwendxdy, A1)
0 Jo

and r |
o(f)=E (eifof(“)dwul) N SN

Then it is shown in [3} Proposition 5.1] that one is reduced to prove that lim,_,, v¢ = 0, where v¢
is given by

i [05,2 d . teg‘Z d
V: —F (q)g(ze)elwfo (w) u) -E (¢(Zé‘)elwf0 (w) u) )

i ¢ £2 .
for an arbitrary real parameter w in a neighborhood of 0. Furthermore, bounding e"" Jo 62 au iy,

ially by 1 and conditioning, it is easily shown that v{ is controlled by the difference E[|®.(Z?)) —
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®(Z%)|], for which Lemma [3.3] provides the bound

|®.(Z°)) — @(z°)|
1 1
<E {4\/;W3(¢§e)2 ||Z£||L2kf, exp(4w2kf’||Z€||%2) +w?e*|Z° || N1Z° || 2 exp(w?(|Z°12,)

8 1
4 = 2 2 21.2
+ EW (¢§£)2 ||Z€||L2k"1 exp(4W kn

for any a € (0, 1). In order to reach our aim, it is thus sufficient to check the following inequalities:

1
28+ w5 expln?z7I) .

€112 : £ \2)
supE (I1Z°13) <M, limE ((¢5.)%) =0
and for w < w, where w, is a small enough constant,
SUpE (ew2||Zfl|iz) < M.
€

However, these relations can be deduced, as (39), (40) and (41) in [|3], from Lemma (it should
be noticed however that a one-parameter version of [2] Lemma 5.1] is needed for the adaptation
of the latter result to our Donsker setting). The proof is thus finished once the lemmas below are

proven.
O

3 Moments estimates in the Donsker setting

In order to deal with our technical estimates, let us first introduce a new notation: set p; =
(1 -5"2)/2 and p, = (14 5%?)/2. Then the moments of any integral of a deterministic kernel f
with respect to 0% can be bounded as follows:

Lemma 3.1. Let m €N, f € L%([0,1]), i € {1,2} and &€ > 0. Recall that the random variable 7 is
assumed to be almost surely bounded by a constant k,,. Then we have

1 2m
E (J f(r)@i’s(r)dr) (12)
0

!
< (2m)
T 2Mmm!

(2m)! _ _ 1 _
ol G (R i

and

1 2m+1

. 2m +1)! 1

E U f(r)ew(r)dr) s%kf{“*l (3™ —p3m) (P9zlFIZR,  (3)
. !

where ¢¢ is the quantity defined at .

Proof. We focus first on inequality (12) and divide this proof into several steps.
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Step 1: Identification of some key iterated integrals. Notice that

1 2m
(J f(r)9i’€(r)dr)
0

< f LF Gl 1 (ram)IIE(O5 (ry) - 0 (rymDdry -+~ ATy
[O}l]Zm

Transforming the symmetric integral on [0, 1]?™ into an integral on the simplex, and using expres-
sion (@) for 6¢, we can write the latter expression as:

2m)! n(e) 13 kome?
eny f f £l 1 ()
( (

kpyoo kg =1 ¢ (Ri—1)e? ko —1)e?
ky > > ko

X ECny, -+ i, Wi 2ry22r,1d71 0 AT, (14)

where n(e) = [glz] + 1 and where we understand that f (x) = 0 whenever x > 1.

Let us study now the quantities E(n}(1 . --n}(l). If there exists [ such that k; # k; for all j # [
then E(n}<1 ---n}q) = 0. On the other hand, when ky_; = ky > kg, for any [, we clearly
have E(n};l ---n};l) = 1. Finally, in the general case, for all [ € N, |E(ni1~~-n};l)| < kil. Sepa-
rating the cases in this way for |E(n}(l ---n}%)l, we end up with a decomposition of the form
E[(f, f(r)6"(r)dr)*™] = T} + T2, where

m 82m
k _1 (k;—1)e? J (ky—1)e? (kp—1)e? J (k—1)e?

.....

FGEDI 1 Gan)| X T sy 17 -+ g

and where the term T? is defined by:

(2m)! k2™
2 __ n
= g2m Z Un,,..n;» (15)
ny,..., ng>2;se{l,...,m—1}
ny+---+n;=2m
with
n(e)
Un,\n, = J If (rol-- |f(r2m)|1{r1>r2> 2y 3Ty ATy, (16)
ki,..., k =1 YDigis
ky > >k

and where we have set Dy ., = ]—[j.zl [(k; — D)e?, k;e*]".

Let us observe at this point that we have split our sum into T;l and Tnz1 because Tnl1 represents
the dominant contribution to our moment estimate. This is simply due to the fact that Tr}l is
obtained by assuming some pairwise equalities among the random variables 7, , while T1721 is based
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on a higher number of constraints. In any case, both expressions will be analyzed through the
introduction of some iterated integrals of the form

4

1
K, (k;v,w) = — [ T O s sesr, sidry -+ dr,
€ [(k—1)e?,ke?]" j=1

defined forv,k>1and 0<v<w<1.

Step 2: Analysis of the integrals K,. Those iterated integrals are treated in a slightly different way
according to the parity of v. Indeed, for v = 2n, thanks to the elementary inequality 2ab < a®+b?,
we obtain a bound of the form:

n(e)

ZKZn(k; v,w) (17)
k=1
n(e) 4 ) + £ ()
= g2n 2 I{WZX12~~2x2nZv}dxl rdxy,
=1 € JI-1)e2 ke =1
n(e) 1
= Z on fz(xl) o 'fZ(Xn)I{Wlez---anZv}dxl T din

e n
k=1 [(k—1)e? ke?]>"

n(e)

= Zf fz(xl) .. -fZ(Xn)I{wlez...anzv}dxl e dxn
k=1 [(k—1)&2,ke?]"

S J fz(xl)' . 'f2(XH)I{X1_Xn<€2}I{WZX1Z"'EXnZv}dxl . dxn'
[o,1]

The case v = 2n+ 1 can be treated along the same lines, except for the fact that one has to cope
with some expressions of the form

n(e) n(e)

ZKB(k> v, W) < Z - J |f(x1)lf2(x2)1{w2x12x22v}dx1dx2
k=1 =1 € Jik-1)e2 ke2)2

IA

1
;J |f(xl)lf2(xz)l{xl—x2<82}1{w2x1ZXZZV}dxldXZ' (18)
(0,11

Combining and we can state the following general formula: let v > 1, and define a
couple (v¥,v) as: () v* =v/2, v =0if v iseven, (ii) v =(v+1)/2, v =1 if v is odd. With this
notation in hand, we have:

n(e)

1 A
D K, (kyv,w) < —J F Qo7 £200) + F200 Mgy <o)
k=1 € Jroa”

X Ty x> ezx,ezvpdXy o d Xy (19)

Step 3: Bound on Tnlq. It is readily checked that Tn11 can be decomposed into blocks of the form
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K,(k; w,v), for which one can apply (19). This yields

(2m)! n(e) kq €% k€2
ThS o 2, f J £ f 02z ydry o dry,
( (

Kyyeenskyy =1 (kg —1)€? kn—1)e?
@ )
< 2m
Step 4: Bound on Un1 ,,,,, n- Recall that U, . is defined by (16). We introduce now a recursion

procedure in order to control this term. Namely, integrating with respect to the last n, variables,
one obtains that

1 1 n(e) 2m—ny
82_mU"l1 ~~~~~ n, = g2m=n, Z f l_[ |f(rl)|I{r12r22"'2”2m—ns}
Dy,

kg1 =1

ki>- >k 4
X Ky (kg3 05 Topm_p )dry -+ dlgm_p

Plugging our bound (19) on K,, into this expression, we get

1 1 n(a) 2m—ny -
i Union, S o [T 1reol 1foE™
Dy kg ¥ [0,1]7%

k 17
kl: s 1= =1
c> ko1

2
<[ 1r Oy, —y,<ertl i 2,22 2y 202y, 3T AT o, Ay - d Yy
j=2

We can now proceed, and integrate with respect to the variables r; for 2m—n,—n,_; <l < 2m—n,.
In the end, since Y n; = 2m, the remaining singularity in ¢ is of the form | [ ¢~". However, each
of the singularity e~ comes with an integral that compensates the singularity ¢~ (recall that
fiy, < 1). Hence, iterating the integrations with respect to the variables r, we end up with a bound
of the form

mUnon < 2),||f||2(m o< o 2),I|f||2m 2(¢5):. (20)

Notice that when one of the terms nq, n,, ..., n, of the decomposition of 2m is even the last bound
is easily obtained. On the other hand, we will illustrate with an example how the bound can be
obtained when all the terms are odd. Let us consider the case m = n; = n, = 3. Following our
procedure we obtain that

1 1 ) )
<Uss = o) f Gl F2ya) - 1f (sl

g 2 ) o
X1ty —y,<eHiy,—y,<e iy, 2,2y, 25,341 d Yy

1 2+ 2(y3)
< S| P00 (f
€ Jroap
XI{}’l_}’2<82}I{Y3_)’4<52}I{Y3ZY4Z)’1Z}’2}dy1 o d-y4
<

1
¢;_2 f2(}’4)I{ogy3—y4<e2}dJ’3d}’4
€ Jroa2

= lIf 1245
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Step 5: Bound on Trfl. Owing to inequality , our bound on Trfl can be reduced now to an
estimate of the number of terms in the sum over ny, ..., n in formula (I5). This boils down to the
following question: given a natural number n, how can we write it as a sum of natural numbers
(larger than one)?

This is arguably a classical problem, and in order to recall its answer, let us take a simple example:
for n = 6, the possible decompositions can be written as {6;2+ 2+ 2; 2+ 4;4+ 2; 3+ 3}. Further-
more, notice that the decompositions of 6 can be obtained by adding 42 to the decompositions of
4 or adding 1 to the last number of the decompositions of 5. Extrapolating to a general integer n,
it is easily seen that the number of decompositions can be expressed as u,,_;, where (u,),>; stands
for the Fibonacci sequence. We have thus found a number of decompositions of the form

Nn — 5—1/2 (P;_l _ pgl—l) ,

where the quantities p,, p, appear in formula (12). Moreover, the number of terms in T, is given
by N,,, — 1, the —1 part corresponding to the term T;.

Putting together this expression with (20) and the result of Step 3, our claim (12)) is now easily
obtained.

Step 6: Proof of (13). The proof of follows the same arguments as for (12)). We briefly sketch
the main difference between these two proofs, lying in the analysis of the term U, , . Indeed,

since we are now dealing with an odd power 2m + 1, the equivalent of is an upper bound of
the form

1,1 m—1
1
;J f |f(J’1)|f2(J’z)1{|y1y2<82}dJ’1dJ’zf[ - l_[fz(xj)f{xlz»--zxm_l}dxl crdxyop. (21
0o Jo 0,1]m1 j=1
Furthermore, applying Holder’s inequality twice, we obtain
1 1 p1 1 1 1A(y,+e?)
_J J |f(J’1)|f2(J’2)I{|y1—y2\<82}dJ’1dJ’2 = _J fz(}’z)f If r)ldy1dy,
€ Jo Jo € Jo OV(y,—e?)
2

1 1 %
S(f J fz(yl)fz(yz)fﬂyly2|<32}dy1dy2) Iz = (9722 1f o=
0 JO

LZ

and thus we can bound by (mi—l)!(cﬁ ;)% Ilf [>™~1, which ends the proof.
[l

Our next technical lemma compares the moments of a Wiener type integral with respect to 8¢ and
with respect to the white noise.

Lemma 3.2. Let m €N, f € C*([0,1]), i € {1,2}, ¢ > 0 and for m > 1, set

1 ' i,e . 1 2 2
Jm = WE . f(r)@ > (r)dr — Yo" [O’Hmf (sl)f (Sm)dsl"'dsm .

Then
(1) We have J; < €(|f || j2|I f |l o-
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(2) For any m > 1, the following inequality holds true, where we recall that p,, p, have been defined

just before Lemma

Nl
k2m
\/_(m 2)|(

Proof. We divide again this proof into several steps.

1
m =

P2t — p2m ) (@ I+ —< IF IR P e

( 2)'

Step 1: Variance estimates. We prove here the first of our assertions: Notice that

n(e)
f f (s1)ds; = J J f (51)dsyds;.
(k—=1)e2 J (k—1)e?
On the other hand

1 ! . 2 1 ”(8)
-E (J f(r)9“€(r)dr) =— J f Frf (ry)drydry.
2 0 2¢? (k=1)e2 J (k=1)e2

We thus get

Ja

n(e)
2 2 f J Fr)U () = f(r))drydry
€ (k=1)e? J (k=1)e2

1
FJ@ L frI () = £(r1)) (Zl[k 1k)2( =, i))drzdrl

and hence this quantity can be bounded as follows:

>

1 1 1
Jl < FJ‘ f |f(r1)”(f(r2) _f(rl))|I{\r17r2|<62}dr2drl
0 0

1 1
1
< FJ. |f(r1)|”f“aJ. Ity = 11Ty, ) j<e23dTod Ty
€ Jo 0
< Y ll2llf lla

which is the first claim of our lemma.
Step 2: decomposition for higher moments: We can follow exactly the computations of Lemma (3.1}

Step 1, in order to get
2m
(2 TR U f(r)@”’"(r)dr) =T, +T2,

» can be bounded as in Lemma L and we

with TJ =
obtain

(2m)'

2m

IT2| < m(ﬁzm t—pim- 1)(¢f) ||f|zm 2, (22)
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Step 3: Study of T: We analyze T! in a slightly different way as in Lemma Namely, we first

write
1 n(s)
oy
m = omg2m f f f f (rl)”'f(er)
€ (ky—1)e2 J (k—1)e? (ky—1)e2 J (k,,—1)e2
codry,, (23)

kl, k _1
X I{{"l,rz}Z"‘z{rzm—l:rzm}}drl

where we have written {a, b} > {c,d} for a A b > ¢ v d. We will now compare this quantity with

another expression of the same type, called T;l and defined by

R f fHs1) - f2(sp)dsy -+ sy
(01"

m omm)

Let us thus write T} as

- f l_[f (5)) I, 5.35, 3 A5y -+~ dspy
[Ol]m

n(e) kq €2 kmsz m
Z J J l_[fz(sj)l{slz"'zsm} d51 '“dsm
( (

3~

- 2_m
ki,. o km —1 ki —1)&? kn—1)e? j=1
kl
1 n(e) 62 m
A J J l_[fz(si)l{slz--zs ydsy---ds,, + T2,
kl’ k —l (k;—1)e? (k,—1)e? j=

k,, such that there exist [

where Trfl represents the part of the sum taken over the indices k;,
satisfying k; = k;, ;. However, this latter term can be bounded as in (20)), yielding

. m—1 m— i
ol < 2),||f||2( %f_z(m 2),I|f||2( 2 ;. 24)

Step 4: Conclusion. Putting together the decompositions we have obtained so far, we end up with

n(e)
J‘(kl—l)a2 J(kl—l)::‘2 J;k —1)e? J;k —1)e?

k—l

.....

T SIT21+1T3 |+ S

..drzm

()= £ ram) = 20 2(r3) - F2(ramet) | Lozt 1 471
om J |f(r1)"‘f(’”2m) —fz(ﬁ)fz(’”s)‘"fz(er—1)|
[0,1]2m

<IT2+1T3+ 55
X A —ry<e2y  Ijry = ryl<e2p AT1 - ATy
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Invoking our estimates li and 1| on Tnzq and T;:’l, our bound on J,, easily reduced to check that

1
2Mm1g2m

f |f(’"1)"'f(’"2m) —fz(rl)fz(rs)‘"fz(r2m—1)|
[0’1]2771

X L, —ryl<e?y* iryy s —rpnl<e2ydT1 o Ao < mezaﬂfﬂaﬂfﬂi'f_l-

The latter inequality can now be obtained from the decomposition

|f(r1)"'f(r2m) —fz(rl)fz(r3)‘"fz(TZm—1)|
= |f GO ) = FEf ) (ra) -+ f (ram)

+f2(r1)f(r3)(f(r4) = f(ra))f (rs)f (re) -+ f (ram)
+. .

+£2(r)f2 (1) f 2 (ram-a)f (Fom—1)(f (ram) = f (ram—1))

>

the inequalities

IA

1 1
1
2_82J0 J() fz(rl)llrl—r2|<£2dr2drl ”f”%z;

1 (et
EJ f frDf ()l j<p2dradry
o Jo

IA

IFI1Z,

and from the estimate we have already obtained for J;. This finishes the proof.

Finally, the characteristic function of a Wiener type integral of the form fol F(r)6%(r)dr can be

compared to its expected limit f 01 f(r)d er in the following way:

Lemma 3.3. Let f € €%([0,1]) for a certain a € (0,1), k € {1,...,d} and € > 0. Forany u € R,
we have:

B [eiufolf(r)ek'g(r)dr] _E [eiufolf(r)dwr"]

< 4(1/5) (993 I l1:K2 exp(@uR2 £ 12) +w2e> [ F [l l1f 12 exp(a £ 112)
+8572u ()3 £ 12, k2 exp(4’k | 112.) + (1/2)u* § ¢ exp(u?f 12,):

Proof. Let us control first the imaginary part of the difference. Using lemma|3.1} and invoking the
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fact that the odd moments of a Gaussian random variable are null, we get

‘Im (E I:eill folf(r)ek,e(r)dr] —E I:eiu f()lf(r)dwrkjl )

00 |2m+1 1 2m+1
E k,e
2m+1)' (JO f(r)6 (r)dr)

00 (1/5)1/2|u|2m+1 " o e
D N e TR 1 (pam = p3m) (¢ IR

< 4(1/5) 28 ()3 1f sk Z( 5 (4ansiae) "
< 4(1/5) ()3 1K exp(4uR2 I 12).

In order to control the real part of the difference, we will use Lemma This yields:

[eiufolf(r)ek"(r)dr] _F [eiufolf(r)dwr"] ) |

<Z 2'“{ e el 11

+u4(¢f)z—||f||2 % Z R (arzefiz)"

2)'

+ u4¢f2( —55i 2||f||§z)’"‘2]

The latter quantity can be bounded by

2%\ f llallf Nl exp(®lIF117.) + 7u4(¢f) 2|If 12K exp(4uk2IIF1172)

1
+ su'e; exp(?llf 1),

which ends the proof.
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