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Abstract

We prove the existence of a solution for the Kolmogorov equation associated with a reflection
problem for 2-D stochastic Navier-Stokes equations with periodic spatial conditions and the corre-
sponding stream flow in a closed ball of a Sobolev space of the torus T2.

1 Introduction

We consider here the 2-D stochastic Navier-Stokes equation for an incompressible non-viscous
fluid
dX —vAXdt+ (X -V)Xdt=Vpdt+dW, o)
V:-X=0

This equation is considered on a 2-D torus, that we identify with the square T2 = [0, 27t] X [0, 27]
and with periodic boundary conditions.

Here v is the viscosity of the fluid, X is the velocity field, p is the pressure and W is a cylindrical
Wiener process.

If we denote by ¢ : T? — R the corresponding stream function, that is

X=Vtp, —-A¢p=curllX, ¢(E+2m)=¢(&) )
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A Reflection Problem for the Stochastic 2-D Navier-Stokes Equations 305

where V% = (=D,, D;), curl X = D,X; — D;X,, X = (X;,X,) we may rewrite (1) in terms of the
stream function ¢ (see [1], [2])

d(Vie) —vAViep dt + (Vig - V)Vig dt = Vpdt +dw, 3)
and formulate for (1) the corresponding reflection problem on the set
K={¢ eH “(T;R*): ¢l < £} €]

where H1™* is the Sobolev space of order 1 — a with a > %, with respect to the natural Gibbs
measure U given by enstrophy (see Section 2 below.)
More precisely, we shall prove that the Kolmogorov equation associated with (1), (2) and (4) has

at least one solution ¢: T2 — R. In terms of coordinates u; = i T2 et (E)dE this equation
has the form i
Ap—Lp=f inK
{ Z—w =0 on JK. )
n
where L is the Kolmogorov operator
L) 2
Lo@) = ) | | 53050 () — vRuDip(w) — B(w)Dyp () | 6)

kez?

defined on a space #C 13 of cylindrical smooth functions. (The function B, is defined in (10).)
The main result of this work, Theorem 1 below, amounts to saying that the Neumann problem (5)
has at least one weak solution ¢, but the uniqueness of this solution remains open. It should be
said that the uniqueness is still an open problem in the case K = H'~* and it is equivalent in the
later case with the unique extension of operator L from ZC 1% to an m-dissipative operator in L?(u)
see [3]. We mention, however, that L is essentially m-dissipative in L'(u) when the viscosity v is
sufficiently large (Stannat [11]). It should mention also that in this way the study of stochastic
process X = X, reduces to a linear infinite dimensional equation in the space H!™* associated to
the operator L.

There is a large number of works devoted to infinite dimensional stochastic reflection problems
but most of them are, except a few notable works, concerned with Wiener processes W with finite
covariance. So the existence theory for (13) is still open.

Here following the way developped in [5], [6], we will treat instead of (1) its associated Kol-
mogorov equation which as noted in Introduction will lead to an infinite dimensional Neumann
problem on the convex K. (The Kolmogorov equation [6] in the special case K = H'™* was
previously studied by Flandoli and Gozzi [9].)

Previous results on infinite dimensional reflection problems, starting from [10] are essentially
concerned with reversible systems. We believe that the present paper is the first attempt to study
non symmetric infinite dimensional Kolmogorov operators with Neumann boundary conditions.

2 The functional setting

Consider the Sobolev space of order p € R defined by

1 N _
HP ={y(&)= 7 Z et Z 72 Ju;|* < +o0

jezz jezz
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where j = (jy,jo) and Z2 = {j € Z*: j; > Oor j; = 0,j, > 0}. We set also Z7 = Z*\ {(0,0)},
j*=j?+j?and setu = {u;}jezz, uy = a_; for j € 72\ Z>. The space HP is a complex Hilbert
space with the scalar product

) _ 1 i
(Y1, Y2)p = Z sz(J’l)j(}Q)j, Yi= z—f y(E)eHEdE.
- T )2
JEZ
Consider the Gibbs measure y = u, given by the enstrophy, that is
du(u) = l_[ du'(u;),du/(z) = V—j4ex (—11/ '4|z|2) dxdy,z =x+i
u _]EZZ u j/)s u - o p 2 ] Y,z = 1y.

We recall (see [1], [3]) that for a > 0 we have

J ul?_, du(w) < oo,
H

and so the probability measure u is supported by H?, p < 1. For each g > 1 we denote the space

LI(A, u) by LI(w).
We denote by H?(H®, u) the completion of the space FC? in the norm

lol2=>" |j|25f |Dj«p|2du+f ol du.
H H

72
JEZ

Given a closed convex subset K ¢ H? with smooth boundary we denote by H;’Z(K, u) the space
{cp{K : ¢ € HY?(H®, u)} with the norm

ol = D 11 J ;> dp+ f [m
K K

jez?

There is a standard way (see [1], [2]) to reduce equation (1) to a differential equation in H'™*
we briefly present below. Namely applying the curl operator into (3) we get for 1) = curl X the
equation

dy —vAYp dt +curl [(V1¢ - VIViplde =d curl W,.

Now, we expand ¢ in Fourier series
1 .
- ) ij-€
P68 =72 D (0 %
JEZ
and take W to be the cylindrical Wiener process
1 .
_ =1l ,ij:€ .
W= 57 2, UM VO ®)
JEZG

where {W}}cz: are independent Brownian motions in a probability space {Q, F, P, {Z,}>0}. We
note that

1 o
curl W, = o Z lj| et 5Wj(t)
jeZ
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By (7) we have
1 ] . 1 ) .
Y(t,E) = %;Zz]z”’“)e IE AP(t,E) = _ﬂ;ZZ(JZ)Z u; (e e

and (see [2])
curl [(V4¢ - V)VEg] = D j2B;(u).

JEZE

Then (1) reduces to

du;(t) + vjzuj(t) dt —B;(u(t))dt = |j|_1de(t). 9
Here we have used the notation

1 1
Bj(w) = Z G Uy Ujps Anj = 5 [1'_2(]' R -h) - Ehl 'J'] , (10)
h#£0
hj

and ht = (=h,,h;), h = (hy,h,). Since the function ¢ is real valued one must have u; = ii_, and
this implies B, = B_,. for all k.

It turns out that if p < —1 then the vector field B = {B;} jezz is Li-integrable in the norm [+, with
respect to the Gibbs measure u for all ¢ > 1.

One also has (see [7])
> (J|Bj(u)|2q du) < an

jeZ?

Moreover, the measure y is infinitesimally invariant for B (see [1], [7].)
Equation (9) can be written in H!™ as

du+vQAudt —Budt = dW, (12)

where
Au= {k7(1+a)uk}kezg: W, = {jI7'Wi(O}jezz, Qv = (> “vidiezz.

We recall (see [1]) that A is a Hilbert-Schmidt operator on H? and |Aul, = |ul;_,.
Now, we associate with (12) the stochastic variational inequality

du+vQAudt —B(u)dt + ROIx(u)dt > dW, (13)

where Ry = {k‘zavk}kezg, K is a smooth closed and convex subset of H = H'™* and d1I: K — 21
is the normal cone to K. Formally (13) can be written as

du(t) +vQAu(t)dt — Bu(t)dt = dW, in {t | u(¢t) €K}
du(t) +vQAu(t)dt — Bu(t)dt + A(t)Rng(u(t))=dW, in {t|u(t) € 0K}
u(t)eK Ve=>0

where A(t) > 0 and ng(u) is the unit exterior normal to K.
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Coming back to equation (1) and taking into account (2) the variational inequality (13) can be
rewritten in terms of the velocity field X under the form

(14)

dX —vAXdt+ (X -V)Xdt+N,(X)dt > Vpdt +dw,
V- X=0,X=0ondo

where N, (X) is the normal cone to the closed convex set ;% of {X € (L2(0,27'c))2;v -X =
0,X(0) =X (2m)} defined by,

H =X (P, ) ppy}ezz €K, ¢ = (—A) "eurl X}

This is the reflection problem to the boundary of -# on the oblique normal direction N, (x). In
the special case of K given by (4) its meaning is that the stream value ¢ of the fluid is constrained
to the set ||¢|l;_, < £ and when ¢ reaches the boundary dK in the dynamic of fluid arises a
convective acceleration oriented toward interior of K along an oblique direction. Indeed we have
by definition of the normal cone N, (X),

21w p21
Ny (X) = {n € (LZ(O,Zn))Q;f J nE)X(E)—Y(E)dE=0 VY e x}
0 Jo

Recalling that by (2), (7), )
1 E : i

and setting

where {n;};, {v;}; € H'™® we see that

N 00 ={m Y 1ilPn; @ — 7)) 2 0,¥{w;}; € K }
JEZE

On the other hand, the normal cone Ni(u) to K in H'~* is given by

N(w) = {77 = {1} Z jA 7; (@ — v;) = 0, Vil = {u;}; GK}

‘72
JEZ

Hence ‘
N () = {3 (0, €79) ey = m; = 724053 {i}; € N ()}

and taking into account (13) and definition of ¢ this yields (14) as claimed.

3 The Kolmogorov equation

Consider the Kolmogorov operator L corresponding to (9) which is defined by (6) on the space
FC} of cylindrical C?-functions

ﬁ'Cf ={v=v;,u;,...,u; ):n=1, ji,u;, ...,u; € Zg, pe Cf(@")}.
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We recall (see e.g., [1], [2], [3]) that the measure u is invariant for operator L. As noticed earlier
the essential m-dissipativity of L in the space L2(u) is still an open problem.
Our aim here is to study the Neumann problem

Ap—Le=f ink
{ % =0 ondK=:% 1%
on )
considered in some generalized sense to be precised below.
Definition 1. The function ¢ : K — R is said to be weak solution to (15) if
J lI? dp < oo, ijf IDjl*dp < oo, (16)
K K

jEeZ2
and
1 s
A wwdu+521 DjpDjypdu
K jEZg K

-3 f B, () Dyt () ¢ (u) dpa(u) = f fodu (7)
K K

JEZ
for all real valued v € FC.

It is readily seen by (11) that (14) makes sense for all 1) € ZC 1?
Theorem 1 below is the main result.

Theorem 1. Assume that o > % and
K={ueH":|ul;_, <!} (18)

then for each real valued f € L*(K,u) problem (5) has at least one weak solution ¢ € Hi’lz(K,,u)
and the following estimates hold

1
AJ |<p|2du+—Zj‘2J IDjaplzdusc,’J IF > du (19)
K szZg K K
2 1 2
ol dusﬁ If1*du. (20)
K K

In (17) as well as in (16),(19) by Djp we mean of course the distributional derivative D; of
function ¢ which belongs to L%(w).

Remark 1. If ¢ is a smooth solution to elliptic problem (15) then it is easily seen via integration
by parts that ¢ is also weak solution in the sense of Definition 1.
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4 Proof of Theorem 1
To prove Theorem 1 we consider the approximating equation
l(ps_L(ps-i_Zj_“ﬁ;Djws:f: 21
jez?
where L is given by (6) and
14
Iull—a

(Here Iy is the projection on K.) We introduce also the measure

1 u
prw=-(u-Thaw)=—(1-——), ueH.
£ £

7k4d12((u)
dp)=] Je = du(w)

k

and note that
*d2w

I . _
Dj(e 2 ) =—]4[3’j€(u)e c
It should be mentioned that equation (21) in spite of its apparent simplicity is still unsolvable for
all f € L?(u) and the reason is that as mentioned earlier we dont know whether the operator L is
essentially m-dissipative. In order to circumvent this we shall define just a weak solution concept
for (21) and prove the existence of such a solution.

Definition 2. The function p,: H = H'=% — R is said to be weak solution to equation (21) if the
following conditions hold, ¢, € Hi’lz(,u), that is

f 0 du, <oo, Y k7 f D, [*du, < o0 (22)
kez?
and

A J oo du,+ Y k7 f Dy, Dy dps,+
H

kez?

+ Z JBk(u)Dkw Pe d»u's Zwad‘ug (23)
kez?

for all real valued cylindrical functions y) € #C If

We note that Definition 2 is in the spirit of Definition 1 and that if ¢, is a smooth solution to (21)
then we see by (21) via integration by parts that ¢, satisfies also (23). We note that

> ka(u)Dk%wdug =

kez?

- f B (W) Dy o, dut, — Y f ¢, [DyBi(u) + k* B (w) B dus, =

kez? kez

- ka(u) . Dypdy, (24)

kez?
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because by enstrophy invariance we have (see e.g., [1], [2])

D K B(u)=0, DyB(w)=0, VkeZl (25)
kez?

and

u
Brw =+ (1- ), vkez (26)

|u|1—a

Proposition 1. For each f € L%(u), A > 0 equation (19) has at least one weak solution ¢, which
satisfies the estimates

J. lpe*du, < = J IfI>du,, Ve>0, 27)

J D> dp, < CJ IfI*du,, Ve>o. (28)

keZ2

Proof. We shall use the Galerkin scheme for equation (21). Namely, we introduce the finite di-
mensional approximation B of By (see [1])

Bpw =y [0k k)= 2k Dlueu;g
k,j—kel,
and I, ={meZ2:0<|m|<n}.
Then B" = {B(u)}e;,, like B, has the properties (25) and the operator
Lup = ) [3:D%0 v j%u; D],

JEI,

defined on the space of smooth functions ¢ = ¢(uy,u,,...,u,) has the invariant measure yu" =

l—[|j|§n M-

Then we consider the equation

APl =L@l + Y Br Dl + D k(B Dyl = £, in H, (29)
keI, keI,

where (B]1)° = %(1 - Iu\ Juyand H, = {u; : j €1,}.
By standard existence theory for Kolmogorov equations associated with stochastic differential
equations, the equation (29) has a unique solution ¢ which is precisely the function

sﬂg(uo):EJ e M FXI(t,u))dt,
0
and X[ = {u;.‘ : j € 1,,} is the solution to stochastic equation (see [3])

duf +v jusde — Bi(u®)dt = Ul.ldwj, jel,,
u?(O) = u?, jel,.

We may assume therefore that ¢, is smooth and so multiplying (29) by ¢ and integrating with

respect to the measure
k2 d2

K
n_l | _2K
e € ¢ U,

kel,
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we obtain that

lJ P dp, + 1 k‘zf IDxpp | due+

keI,

kel,
On the other hand, taking into account that by (25) we have
D k'Bli =0, DBI=0, VkeZZ
keI,
and it follows as in (24) that
D | B Dpler P dp, =0

keI,

and so by (30) we have that

lf o1 dp, + 3 Zk‘zf IDkp;* du, =

keI,

[ rorane= (| wran)’ ([ 1o an)’

Hence, on a subsequence, again denoted by {n} we have for n — oo
or - 0. weakly in L*(u,)

{DkSog} - {Dkgoe} Weakly in Lz(‘us)
and letting n tend to infinity into the weak form of (29), that is

Afwzwduﬁ;Zk—ZJDkap:Dkwg

keI,

kel,

%ZJBZ(u)DklcpZIZdMEfocpf;dug- (30)

(31)

(32)

(33)

-y f B}(u) Dytp 7 dut, = f fpdp, G4

and recalling that {B}'} is strongly convergent to {B;} in L?(u) (see Lemma 1.3.2 in [7]) we infer
that ¢, is solution to (21) as claimed. Estimates (27), (28) follows by (31), (32), (33). This

complete the proof of Proposition 1.

O

Proof of Theorem 1 (continued). Let ¢, be a solution to (19). By estimates (27), (28) we have for

e—0
Soe - QP Weakly in LZ(K) ALL)’

{Dyp.} — {Drp}  weakly in L*(K, u; H).

Then, letting ¢ tend to zero into (23) we see that ¢ satisfies (17) for all ¢ € gcg. Estimates (19),

(20) follow by (27), (28). This completes the proof. O
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Remark 2. Letting € tend to zero into (29) it follows via integration by parts formula by a similar
argument as in [5] that ¢ — ", D;¢o7 — D;¢" in L?(H,,u) where " is the solution to Neumann
boundary value problem

A" —v A" +B"(u,)-De"=f inK,
g¢" _

o 0 onJK,.

where K,, = K U H,,. Moreover, by elliptic regularity, ¢" € H>(K,,).

On the other hand, it is clear by the above energetic estimates in H!™* that for n — oo {("} is
convergent to a weak solution ¢ to (15). However, this solution is not necessarily that given by
approximating process ¢,.
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