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1 Introduction

Suppose that B = {B(t),t > 0} is a fractional Brownian motion with Hurst parameter
H = {. Let |z] denote the greatest integer less than or equal to z. In [6], Nualart and
Ortiz-Latorre proved that the sequence of sums,

[nt)
Wa(t) =Y (B(j/n) — B((j — 1)/n))*, (1.1)

Jj=1

converges in law to a Brownian motion W = {W (¢),¢ > 0}, with variance x>t given by

W= 25 (bt 115 o 13— 2fm] ),
me7Z

The process W is related to the signed cubic variation of B. A detailed analysis of this

process has been recently developed by Swanson in [8], considering this variation as a

class of sequences of processes.

In [1], Burdzy, Nualart and Swanson studied the convergence in distribution of the
sequence of two-dimensional processes {(W,, (), W;_ (t))}, where {a,,}22, and {b,}32,
are two strictly increasing sequences of natural numbers converging to infinity. A basic
assumption for the results of [1] and also for the results of this paper is that L, —
L € [0,00|, where L,, = b,/a,. By [1, Corollary 3.6], if L € {0,00}, then W, and W,
converge to independent Brownian motions. We will therefore assume that L € (0, co).

The function fr(z) = ), ,cz fm.r(x), where

fmp@) =z —m+1"2 4|l —m—L"3 — |z —m|'3 — |z —m+1-L|'/3)3, (1.2
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Correlations within the cubic variation of fBm II

plays a fundamental role in the analysis of the convergence of {(W,, ,W;, )}. Under
some conditions, the limit in distribution of this sequence is a two-dimensional Gaussian
process X”, independent of B, whose components are Brownian motions with variance

x2t, and with covariance fo s)ds for some function p. In terms of the function p €
C[0,00), the process X can be expressed as

t
XP(t) = / o(s) dW (s), (1.3)
0
where ¢ is given by
- -2
o(t) = i ( 1- IIB p0* w 1/?(t)) , (1.4)

and W = (W' W?) is a standard, 2-dimensional Brownian motion. More specifically,
the main result of [1] is the following theorem, which is obtained using the central limit
theorem for multiple stochastic integrals proved by Peccati and Tudor in [7] (see also

[3D.

Theorem 1.1. Let] = {n: L, = L} and c¢,, = ged(ay, by,). Then (B,W,, , W, ) = (B, X?)
in the Skorohod space Dr:|0,00) as n — oo, in the following cases:

(i) The set I¢ is finite (which implies L € Q). In this case, if L = p/q, where p,q € IN
are relatively prime, then for allt > 0,

_3
ap

q
Z (J/a)-
(ii) There exists k € IN such that b,, = k mod a,, for all n. In this case, forallt > 0,

(1) = > (k).

(iii) The set I is finite and ¢,, — oo. In this case, for allt > 0,

3 1
:E/o fr(z)dx

This type of result was motivated by the relationship between higher signed varia-
tions of fractional Brownian motions and the change of variable formulas in distribution
for stochastic integrals with respect to these processes that have appeared recently in
the literature (see [2, 4, 5]).

Theorem 1.1 covers many simple and interesting pairs of sequences, and helps to
tell a surprising story about the asymptotic correlation between the sequences, {W, }
and {W;, }, both of which are converging to a Brownian motion. For example, by The-
orem 1.1(i), we may conclude that the asymptotic correlation of W, (¢) and W, () is
a constant that does not depend on ¢, and whose numerical value is approximately
0.201. Likewise, Theorem 1.1(iii) shows that the asymptotic correlation of W,,2(¢t) and
Wn(nﬂ)(t) is not dependent on ¢ and is approximately 0.102. Perhaps more surpris-
ingly, Theorem 1.1(ii) shows that the asymptotic correlation of W, () and W,,14(t) does
depend on ¢. Numerical calculations suggest that the correlation varies greatly with ¢,
converging to 1 as ¢ | 0, and being as low as about 0.075 for t = 0.8.

Nonetheless, there are many simple and interesting pairs of sequences that are not
covered by Theorem 1.1. For example, the sequences a,, = n? and b,, = (n + 1)? are not
covered; nor are the sequences a,, = 2n and b,, = 3n + 1. Additionally, many sequences
whose ratios converge to an irrational number are not covered by this theorem.
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The purpose of this paper is to provide a complete description of the asymptotic
behavior of W, (t) and W, (t) for all sequences {a,} and {b,}. We will show that the
asymptotic correlation depends only on L = lim L,, when L is irrational; and when L is
rational, it depends also on lima,|L,, — L|. In the next section we state and prove this
result and provide some remarks and examples.

We should remark that, as discussed at the end of the introduction to the previous
paper [1], it is natural to consider generalizations of (1.1), such as

Lnt]
Woa(t) = % S S0 (B /) = B = 0/),

where f : R — R is square integrable with respect to the standard normal distribu-
tion and has an expansion into a series of Hermite polynomials of the form f(x) =
Ziiq arHy(x), with ¢ > 1, and B is fractional Brownian motion with Hurst parameter
H < 1/(2q). In this case, the computation of the asymptotic correlations,

lim E[W,, (&)W, (1)),

n— oo

appears to be rather involved and requires methods and ideas beyond those developed
in this and the previous paper, even in the particular case H = 1/(2k) and f(x) = z* for
odd k. It seems plausible that our results have natural extensions to the more general
setting, but the study of asymptotic correlations with more general H and f will be
reserved for future papers.

2 Main result

Let X” the two-dimensional process defined in (1.3). Recall that f;, = ZmEZ fm, L
where f,, 1, is the function defined in (1.2). By [1, Lemma 2.6], the series defining f7,
converges uniformly on [0, 1]. Also note that f, is periodic with period 1. We first need
the following technical result.

Lemma 2.1. Let L = p/q, where p,q € IN are relatively prime numbers. Then, for any
x€Randn=1,...,q we have fr(nL — z) = fr(NL + =), where ] =q—n+ 1.

Proof. For any m € Z set m = —m + 1 + p. Then

1/3 1/3
fuanL—2) = (|2~ —m+1 +\"p vem- P
, p p p
1/3 1/3 3
_ |1 ‘ _ | L1_P
q q q
np 1/3 np p1/3
I S
np 1/3 1 N 3

Notice that 7L = p + % - %. Therefore,

fmr(L —z) = (7L + 2 — i — LIY3 + [fL + x — m + 1|1/3
— AL 4z — i — L+ 1|3 — [GL + z — m|/?)°
= fam,(ML + ).
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As a consequence,

JrL=2) =" fur(L—2)= > far@L+2) =Y far(L+2) = fL(iL + ),

mEZ mEZ MEZ
which completes the proof. O

The next result is the main theorem of this paper. Together with the cases L = 0 and
L = oo, covered in [1, Corollary 3.6], this theorem gives a complete description of all
subsequential limits of (W, ,W,, ) for any pair of subsequences of {W,,}.

Theorem 2.2. Let {a,}°, and {b,}>°, be strictly increasing sequences in N. Let L,, =
by /a, and suppose L,, — L € (0,00). Let é,, = L,, — L. Then, (B,W,, ,Ws )= (B,X") in
Dgs[0,00) as n — oo, in the following cases:

(i) L € Q and a,|6,| — k € [0,00). In this case, if we write L = p/q, where p,q € N are
relatively prime, then, for allt > 0,

3 < j
pt)=—S"f (—l—kt).
(t) 4p;L .
(ii)) L € Q and a,|6,| — oo, or L ¢ Q. In this case, forallt > 0,

1
o) = 55 [ fulo)de

Note that between the two parts of this theorem, there is, at least formally, a sort of
continuity in k. For fixed ¢, we have

[l (oo [ f ]

as k — oo. In fact, since f, is periodic with period 1, forany j =1,...,¢q,
t - 1 kt -
/fL(]Jrks) ds:f/ fL(j+:c) dx
0 q k Jo q
1 kt— | kt] . kt 1 1
= 7/ fr <] +a:> o+ X[ yae st [ fu)de,
k Jo q kJo 0
as k — oo.

To elaborate on the conditions in the two parts of this theorem and their connections
to Theorem 1.1, first note that if L is rational and L,, # L, then

bananp 1 (2 1)
q7

since the numerator is a nonzero integer. It follows that when L € Q, we have a,|d,| — 0
if and only if L,, = L for all but finitely many n. Therefore, Theorem 2.2(i) with £ = 0 is
equivalent to Theorem 1.1(i).

Next, if L € Q, L,, # L for all but finitely many n, and ¢, = ged(ay,b,) — oo, then
(2.1) shows that for n sufficiently large, a,|0,| > ¢,/q — co. Hence, Theorem 1.1(iii) is
a special case of Theorem 2.2(ii).

Lastly, to see that Theorem 1.1(ii) is a special case of Theorem 2.2(i), suppose there
exists k € IN such that b, = £k mod a,, for all n. Then b,, = v,a, + k for some integers
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Vp. Thus, L, = v, + k/a,. Letting n — oo we see that the sequence v, must converge
to L. Taking in to account that the v,,’s are integers, this implies that L € N and v,, = L
n| = |bn — anL| = k, for large enough
n. In this case, using p = L and ¢ = 1 and the fact that f;, is periodic with period 1, we
find that the function p in Theorem 2.2(i) agrees with the function p in Theorem 1.1(ii).

Before giving the formal proof of Theorem 2.2 we would like to explain the main
ideas in comparison with the proof of Theorem 1.1. We denote by {z} = = — |z] the
fractional part of z (not to be confused with the set whose unique element is ). In [1],
it is shown that the covariance between the components of the limit process X is given
by

lant]

t
Cov(Xf,Xg):/o p(s)d =1 ,;e: nlgr;oa— Z o ({7Ln}),

provided the above limits exist for each m € Z. The principal challenge in analyzing

these limits has been that the above summands, f,, 1({jL,}), could not be replaced

by fm.r({jL}). This is because, although L,, is close to L for large n, {jL,} is not

uniformly close to {jL} as j ranges from 1 to |a,t]. In [1], we studied these limits via

the decomposition

lant] qn—1
j=1 j=1

Here, L, = b,/an = pn/qn, where p,, and g, are relatively prime, and |ant| = angn + 5
with a,, € Z and 0 < r,, < qn.

To prove Theorem 2.2 in the case that L € Q, we use a different decomposition. Let
L = p/q, where p,q € IN are relatively prime. We then write

\_antj q ap—1
> fnn({Ln}) =Y > fnn({(ig +n)Ln}).
j=1 n=1 i=0

In this case, since q is fixed and finite, we are able to use the approximation
\.a”tj q a,—1
> fnn({iLn}) =Y > fmr({iqLy +nL}).
j=1 n=1 i=0

Since gL = p, we have iqL,, = ip + i¢d,. Thus, we have
lant] q oap—1
> Fnp({iLn}) =Y > fnr({igdn +nL}).
j=1 n=1 i=0

Using a Riemann-sum argument, we will show that for each fixed 7,

an—1

) 1 andnt
> fmaltiah, i)~ o= [ fusle +nih do
i=0 "

giving
andnt
/ 5) ds = 4L Ze:z ZTHOO a0 n/ fm,p({x +nL})dx

We then prove the theorem case-by-case, depending on the asymptotic behavior of the
sequence a,0,. Note that the actual analysis in the proof is made somewhat more
delicate by the fact that §,, may be negative.
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For the case L ¢ Q, the proof will be done by adapting the method of proof of the
equidistribution theorem based on Fourier series expansions. This theorem says that
for any interval I C [0, 1),

1
3 _ . < =
Jim —[{k: {kL} € 1,1 <k <n}| = 1],

and a simple proof can be found in [9, Theorem 1.8].

Proof of Theorem 2.2. Let

Sp(t) = E[Wa, )Wy, (t)].
In order to show that (B, W, ,W,, ) = (B,X?) in Dgs[0,00), by [1, Theorem 3.1 and
Lemma 3.5], it will suffice to show that

t
Si(t) = / o(s) ds, 2.2)
0
foreacht > 0.

Fix t > 0. Since W,,(t) = 0if [nt] = 0, we may assume ¢t > 0 and n is sufficiently large
so that |a,t| > 0 and |b,t] > 0. Recall that {z} = z — |z], and let ]?m,L(a:) = fm.o({z}),
where f,, 1, is the function introduced in (1.2).

In the reference [1] it is proved (see [1, (3.18), (3.20), and Remark 3.3]) that

nhﬁrr(;S Z nhﬁn(;ﬁ m,n), (2.3)
meZ
where
_ \_antj

50” n ;> 2: ﬁ%l/]Ln)

provided that, for each fixed m € Z, the limit lim,,_, ﬂ (m,n) exists. The proof will now
be done in several steps.

Step 1. Assume L € Q and a,|d,| — k € (0,00]. Let us write L = p/q, where p and ¢
are relatively prime. Choose ng such that for all n > ng, we have |a,t| > ¢q. For each
n > ng, write |ant| = anq + r,, where a,, € Nand 0 < r,, < ¢. Since a,, — o0 and fm,L
is bounded, it follows that

lim E(m,n) = lim ime,L(jLn)

n— 00 n—00 (A,

q anp—1

=n1i3;0$2 > Fmn(lig +n)Ly)

n=1 i=0
q anp—1

nlggoaz > Fnr(ip + 0L+ (iqg + n)dy)

n=1 =0

q anp—1
Z(nlgr;o; > Fmr (1L + sgn(6n)z )),

n=1 =0

where z; = (iqg + 1)|d,|. Our assumption that a,|d,| — k € (0, 00| implies that there
exists ny > ng such that 6, # 0 for all n > ny. Set Ax = 2,11 — x; = ¢|d,|. Then

1 q 1 %z 1
nhﬁn;(}ﬂ m,n) 5; <n1LH;o o] Z me (nL + sgn(d,,)x ,)Ax)
ECP 18 (2013), paper 81. ecp.ejpecp.org
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Let € > 0 be arbitrary. Since f,, 1 is uniformly continuous on [0, 1], we may find ny > ny
such that for all n > ns,

sup [ fm,1(z) — frn,L(y)| < e
|[z—y|<Az
z,y€[0,1]

Note that if |z ] = |y], then {«} — {y} = z — y. Thus,

sup ‘fm,L(I) - fm,L(y” <g, (2.4)
le—y|<Az
lz]=ly]
for all n > nsy. Let
In={0<i<ay,:|nL+sgn(d,)z;] = |nL +sgn(d,)z;y1]}.
Note that if i € J,, and « € [2;, 2;11], then
[nL + sgn(dn)z] = [nL + sgn(dn)z:] -

Thus, using (2.4), we obtain

Titl

‘fm,L(nL + sgn(d,)x;)Ax — / fm, o (ML + sgn(dy)z) dz

T4

< eAzx = £q|dy|,

for all © € J,, and n > ns. Also, since fm 1, is bounded, there is a constant M such that

Tit1

’fm,L(nL + sgn(dy,)xz;) Az — / fm.L(nL + sgn(d,,)z) dz

T

< MAz = MQ|5n‘>

forall i ¢ J,, and n > ny. Therefore,

an—1
~

Z fm,L(nL + sgn(dy,)z;) Az = / ! fm,L(nL + sgn(dy)z) dz + Ry,

=0 o

where
|Rn| < (el Jn| + M(an — |Jnl))q|dn]-

Note that o, — |J,,| is the number of times that the monotonic sequence,
{nL + sgn(dn)x; } iy,

crosses an integer. Thus, a, — [Ju| < [za, — 20| + 1 = anq|d,| + 1. Combined with
|J.| < o, and «,, < a,t/q, we have

|Rn| < €an|dn|t + Mqay,|6,|*t + Mq|5,|.
Hence, since a,, — 0o, we have

| Ry

lim sup < et.

n— o0 an‘5n|

Since ¢ was arbitrary, it follows that
~ 1 & 1 Tan
lim B(m,n) = - (lim 7/ fm,L nL—i—Sgnénxd:ﬁ).
n—o0 ( ) q Z n—00 Ay |0 | o ( (On)2)

Now, note that zg = 7|d,| and

Ta, = (g +0)[0n| = (lant] — rn +n)|dn].
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Since | — | < g, we have |z,, — an|dn|t] < (¢ + 1)|0n|. Thus, since a,, — oo and me is
bounded, we have

q an|dn|t
lim B ;Z( lim . |/ me(nL+sgn(5 )z )dx) (2.5)
=1

’VL—)OO N—00 (U,

Step 2. Assume L € Q and a,|0,| — oco. Then, taking into account that the function
fm,r has period one, we can write

an|dnlt _
/ (1L + sgn(6,,)z) d
0

1 R an“s ‘t Lan‘é |tJ
= |an|on|t] / fm,p(z)dz + / fm.L(nL + sgn(d,)z) dz.
0 0

From (2.5) and the fact that ]?m 1, is bounded, we then obtain
hmﬂmn li [2n]0n |tJ/ f
n—o00 q — oo an|(5 | ™ L
U«n‘5n|t Lan|§n|tJ
m.L(NL x)dx | =t m,
an|5 |/ f L(ﬂ -I—Sgl’l( $> / f L

By (2.3) and the fact that f, =) ., fm, is periodic with period 1, this gives

lim S, ( / fr(
n—oo
In light of (2.2), this completes half the proof of Theorem 2.2(ii). To complete the proof

of Theorem 2.2(ii), it remains only to consider the case L ¢ Q, and this will be done in
the final step of this proof.

+

Step 3. Assume L € Q, a,|0,| — k € (0,00), and 4,, > 0 for all n. From (2.5), we have
_ 1 /1 [kt
i B =3 (3 | Fustrn s oya).
From (2.3), the fact that f;, has period 1, the identity L = p/q, and the substitution

x = ks, this gives

kt
. 1
Am () = 4Lk: Z fe(nl+w

:/O @;fL(anLks)ds

Step 4. Assume L € Q, a,|6,| — k € (0,00

t
dim Sn(t) = /O 4

, and J,, < 0 for all n. As in Step 3, we have

e \-’

q
> fr(nL — ks)ds.
n=1

By Lemma 2.1,

M=

frl(g—n+ 1)L+ ks)ds
fr(nL + ks) ds.

t
3
lim S, (¢ :/ —
n— o0 () 0 p
/t3
4p

ECP 18 (2013), paper 81. ecp.ejpecp.org
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Step 5. We now prove Theorem 2.2(i). From the discussion following the statement
of Theorem 2.2(i), we have that Theorem 2.2(i) with k¥ = 0 is equivalent to Theorem
1.1(1). Thus, we may assume a,|d,| — k € (0,00). Let {S,,, }men be any subsequence
of {S,}nen. Recall from Step 1 that §, # 0 for all n > n;. Choose a subsequence
{Sn,i; bien of {Sn,, }mew such that sgn(dy,, ) does note depend on j. By Steps 3 and 4,

lim S

]*)OO n7n(]) / Z fL nL + kS

7]1

Since every subsequence has a subsequence converging to this limit, there is only one
accumulation point, and since R is complete, it follows that

t
lim S, (t) :/ ZfL nL + ks) ds.
0

n—oo
7] 1

Note that nL = np/q and, since p and q are relatively prime, the set of fractional parts
{{np/q} : 1 <n < g}, coincides with the set {j/¢: 1 < j < g}. Thus,

nILrI;OS / 4p ZfL < +ks) ds.
By (2.2), this completes the proof of Theorem 2.2(i).

Step 6. We now prove Theorem 2.2(ii). From Step 2, it suffices to consider L ¢ Q. As
in the proof of the equidistribution theorem, the idea is to approximate the 1-periodic
function f,, ; by its truncated Fourier series.

Fix m € Z and let € > 0 be arbitrary. Set

N
_ § : c]€t€27\"tkar:7
k=—N

where L
Cr = / fnL,L(y)GQﬂikydy-
0

Since || fm. 1o < 8 (see [1, (2.23)]), we have |c;| < 8.

The function f,,  is Hélder continuous of order 1/3. Therefore, by Jackson’s theo-
rem, the sequence Fy converges uniformly on [0,1] to f,, 1, and we may choose N € IN
such that for all = € [0, 1],

|Fn(z) = fm.n(x)| <e.
Recalling that {#} = z — [z, we then have for any fixed ¢ > 0,
_ 1 Lan” LantJ

Blm.m) = - Z Fonp((La}) = - Z Fx({jLa}) + 0()

LantJ

a Z Cr Z eQTrzk]L,, —|—O()

k=—N j=1

In the above and for the remainder of this proof, the coefficients implied by the big O
notation depend only on t.
Note that for any integer M > 1 and for any complex number «,

M if o # 1
ZO‘] o ) (2.6)
ifa=1.
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Set ok, = Y5 €2m*iln . Then, ok, = |ant] if kL, € Z. If kL, ¢ Z, then

2wikL, |ant
omikL, L — € Lant) < 2
1 _ g2mikL, = |1 = e2mikLa|’

loknl = |e

Since L, converges to L, which is irrational, we have lim,, ., |1 — e2™*Ln| > 0. There-
fore, there exists d(k) > 0 and ng(k) € IN such that for all n > ny(k), we have |1 —
e?mikLn| > §(k). Note that for any such n, we must have kL,, ¢ Z, since kL, € Z im-
plies |1 — ezﬂikL"‘ = 0. Now let § = min_NSkSN (5(k‘) and ng = max_N<k<N no(k‘) Then
|okn| < 2/6 whenever n > ng and k € {—N,...,N}.

Recall that L,, = p,/q,, where p, and g, are relatively prime numbers. Hence,
kL, € Z if and only if ¢, | k. Therefore, we obtain

B(m,n)

1 N
; Z CkO'k,n—FO(&)

" g=—N

| N
- Z ¢k lant] + Ry + O(e),

k=—N
anlk
where
1 Y g XN
Bal = |— Y aokn| <= > lexl = O(Na;'671).
Gp e and b N
qntk
By (2.6),
dn .
i Z(e2wik/qn)j _ 1 if dn | k/’,
et 0 if gn k.

As a consequence, we can write

N qn
ﬁ(m,n) _ I_antj Z Cki Ze2m’kj/qn + O(Na;15_1) + O(E)
j=1

n "N InZ

= iar;ﬂ iFN(]/q”) +O(Na: 1671 + 0(e)
ndn =
- Ezaizﬂ > ) + O(Na;'57) +0(e).

j=1

In [1], it is shown that ¢, — oo when L ¢ Q. Thus, letting n tend to infinity and using
the fact that f,, ; is Riemann integrable on [0, 1] gives

1
lim sup |3(m,n) —t/ fm,p(z)dz| = O(e).
n—00 0
Since ¢ was arbitrary, and from (2.3) and (2.2), this completes the proof. O

Examples. Here are some examples that were not covered by the results of [1]. Sup-
pose that a,, = n? and b, = (n + 1)2. In this case L, — 1 and a,|5,| = |b, — a,L| =
2n + 1 — oo. Therefore,

3 1
o) =5 [ e
0
Ifa, = 2nandb, = 3n+1, then L,, — 3/2 and a,|0,| = |b,, —a, L| = 1 for all n. Therefore,

p(t) = i <f3/2 <; +t) + f3/2(t)) :
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