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Abstract. In this paper, we consider a mixed boundary value problem for nonuniformly
elliptic equation in a variable exponent Sobolev space containing p(-)-Laplacian and
mean curvature operator. More precisely, we are concerned with the problem with the
Dirichlet condition on a part of the boundary and the Steklov boundary condition on an
another part of the boundary. We show the existence of a nontrivial weak solution and
at least two nontrivial weak solutions according to some hypotheses on given functions.
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1 Introduction

In this paper, we consider the following problem
—div [a(x, Vu(x))] = f(x,u(x)) inQ,
u(x) =0 on Ty, (1.1)
n(x)-a(x, Vu(x)) = g(x,u(x)) onTh.

Here Q) is a bounded domain of R? (d > 2) with a Lipschitz-continuous (C%! for short)
boundary I’ satisfying that

I'; and T are disjoint open subsets of T such that 1 UT, =T and I} # @, (1.2)

and the vector field n denotes the unit, outer, normal vector to I'. The function a(x,¢) is
a Carathéodory function on Q x R? satisfying some structure conditions associated with an
anisotropic exponent function p(x). Then the operator u +— div [a(x, Vu(x))] is more gen-
eral than the p(-)-Laplacian A,(yu(x) = div [[Vu(x)|P®¥)~2Vu(x)] and the mean curvature
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operator div [(1 4 |Vu(x)[?)(P)=2)/2¥y(x)]. These generalities bring about difficulties and
requires some conditions.

We impose the mixed boundary conditions, that is, the Dirichlet condition on I'; and the
Steklov condition on I';. The given data f : O xR — R and g : I';, x R — R are Carathéodory
functions satisfying some conditions.

The study of differential equations with p(-)-growth conditions is a very interesting topic
recently. Studying such problem stimulated its application in mathematical physics, in partic-
ular, in elastic mechanics (Zhikov [28]), in electrorheological fluids (Diening [7], Halsey [15],
Mihdilescu and Radulescu [18], Razicka [20]).

Over the last two decades, there are many articles on the existence of weak solutions for the
Dirichlet boundary condition, that is, in the case I', = @ in (1.1), (for example, see Mashiyev
et al. [17], Duc and Vu [10], Wei and Chen [22], Yiicedag [25], Napoli and Mariani [19]).

However, since we can only find a few of papers associate with the problem with the
mixed boundary condition in variable exponent Sobolev space as in (1.1). See Aramaki [1-3].
We are convinced of the reason for existence of this paper.

In particular, the authors in [10] considered the problem (1.1) when p(x) = p = const.
and I = @, and derived the existence of a nontrivial weak solution to (1.1). This paper is
an extension of the article [10] to the case of variable exponent and mixed boundary value
problem. In the paper [10], the authors derived the weakly continuous differentiability of the
corresponding energy functional and then applied a version of the Mountain-pass lemma in-
troduced in Duc [9]. However, in this paper we show that the corresponding energy functional
is of class C!, and so it suffices to apply the standard Mountain-pass lemma.

The paper is organized as follows. Section 2 consists of two subsections. In Subsection
2.1, we recall some results on variable exponent Lebesgue-Sobolev spaces. In Subsection 2.2,
we give the assumptions to the main theorems. In Section 3, we state the main theorems
(Theorem 3.3 and Theorem 3.5) on the existence of at least one and two nontrivial weak
solutions. The proofs of the main theorems are given in Section 4.

2 Preliminaries and the main theorems

Let Q) be a bounded domain in IR? (d >2)witha Cofl—boundary I'. Moreover, we assume that
I satisfies (1.2).

Throughout this paper, we only consider vector spaces of real valued functions over R.
For any space B, we denote B? by the boldface character B. Hereafter, we use this character
to denote vectors and vector-valued functions, and we denote the standard inner product of
vectors a = (ay,...,a4) and b = (by,...,by) in R? by a-b = 2?:1 a;b; and |a| = (a-a)'/2,
Furthermore, we denote the dual space of B by B* and the duality bracket by (-, -)p- p.

2.1 Variable exponent Lebesgue and Sobolev spaces

In this subsection, we recall some well-known results on variable exponent Lebesgue-Sobolev
spaces. See Diening et al. [8], Fan and Zhang [12], Kova¢ik and Rakosnik [16] and refer-
ences therein for more detail. Throughout this paper, let Q) be a bounded domain in RY
with a C%!-boundary T and Q is locally on the same side of I'. Define P(Q) = {p : Q —
[1,00); p is a measurable function}, and for any p € P(Q2), put

pT =esssupp(x) and p~ = essinf P(x).

xeQ) xeQ)
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For any measurable function u on (), a modular p,.) = p,(.) o is defined by

oy () = [ ()"

The variable exponent Lebesgue space is defined by
LPO(Q) = {u;u : Q — R is a measurable function satisfying Pp(y (1) < oo}

equipped with the Luxemburg norm

. u
[l oy = mf{/\ > 0;0p() (X) < 1}-
Then LP()(Q) is a Banach space. We also define, for any integer m > 0,
wWPO(Q) = {u e L") (Q); 9%u € LPY)(Q) for |a| < m},

where &« = (a1, ...,ay) is a multi-index, |a| = Z’f’zl w;, 0% = 8‘;‘1 . -E)Dd‘d and 0; = d/dx;, endowed
with the norm

H“me,p(»)(g) = Z Ha““Hm-)(Q)-

o[ <m
Of course, WOP()(Q)) = LPO)(Q)). Define
Wy #0) (Q2) = the closure of the set of W"™?()(Q))-functions with compact supports in Q.

The following three propositions are well known (see Fan et al. [14,22], Fan and Zhao [13],
Zhao et al. [27], and [25]).

Proposition 2.1. Let p € P(Q) and let u,u, € L) (Q) (n =1,2,...) Then we have

@) [ullppo) <U=L>1) <= py)(u) <U=1,>1).
.o - -+
() Nl > 1= Nl < oy @) <

(i) Nl < 1= 070 g < 090 () < 02,0,
(iv) limy—eo [[ttn — 1l 10 () = 0 <= limMy—seo pp() (4 — u) = 0.
(V) lunll ooy — 00 asn — 00 <= py()(un) — 00 as n — oco.
The following proposition is a generalized Holder inequality.
Proposition 2.2. Let p € P, (Q), where
Pi(Q) ={pePQ)l<p <p’ <o}

For any u € LPO)(Q) and v € LV’ () (Q), we have

,)_> HuHLP(')(Q)HUHLP'(')(Q) < zHuHLP(')(Q)HUHLFI(‘)(Q)'

1 1
ulx)o(x)|dx < | — +
[ upeolas < (=
Here and from now on, p'(+) is the conjugate exponent of p(-), that is, ﬁ + p,%x) =1
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For p € P(Q), define

pr(x) = dtﬁgrg?ﬁ)c) if p(x) <d,
00 if p(x) > d.

Proposition 2.3. Let Q be a bounded domain with C*'-boundary and let p € P (Q) and m > 0 be
an integer. Then we have the following:

(i) The spaces LPC)(Q) and W™P()(Q) are separable, reflexive and uniformly convex Banach
spaces.

(i) If q(-) € P+ (Q) and satisfies q(x) < p(x) for all x € Q, then W™PC)(Q) — W™I0)(Q),
where — means that the embedding is continuous.
(i) Ifq( ) € Py (Q) satisfies that q(x) < p*(x) for all x € Q, then the embedding W) (Q)) <
L10)(Q) is continuous. Moreover, if q(x) < p*(x) for all x € Q, then the embedding
WO (Q) — LI (Q) is compact.

We say that p € P(Q) belongs to P'°5(Q) if p has the log-Holder continuity in Q, that is,
p: Q — R satisfies that there exists a constant Cj,(p) > 0 such that

Clo (P)
P =P < o 7

forall x,y € Q.

We also write Pfg(()) ={pePls(Q);1<p <p' <o}
Proposmon 24. If p € PB(Q) and m > 0 is an integer, then D(Q) := CP(Q) is dense in

For the proof, see [8, Corollary 11.2.4].

Next we consider the notion of trace. Let Q be a domain of R? with a C%!-boundary T
and p € P, (Q). Since W) (Q) C W1 1(Q) the trace y(u) = u|, to T of any function u in
WPC)(Q)) is well defined as a function in L} (T). We define

loc

Te(W'P0)(Q)) = (Tt WPO))(T) = {f; f is the trace to T of a function F € W'()(Q)}
equipped with the norm
A1l e wron ) = 0EL Il )i F € WHPO(Q) satisfying F|.= £}

for f € (Tr W'?())(T), where the infimum can be achieved. Then (Tr W'*())(T') is a Banach
space. More precisely, see [8, Chapter 12]. In the later we also write F |r: fby F=fonT.
Moreover, we denote

(Tr W) (1) = {f

equipped with the norm

1<l (Tr WLPO))(T;) = inf{||f]| (Tewtroy(r)s f € (Te W'0))(T) satisfying f‘ri: 8}

i f € (MWHO)T)} fori=1,2

where the infimum can also be achieved, so for any g € (Tr W'"?())(T;), there exists F €
WP (Q) such that F|. = g and || Fllyus0 0y = 18]l wino ry)-
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Letg € P+(T) :={g € P(T');q~ > 1} and denote the surface measure on I' induced from
the Lebesgue measure dx on () by do. We define

LI(T) = {u; u: T — R is a measurable function with respect to do

satisfying /\u(x)\q(x)da < oo}
r

equipped with the norm

[[u4ll a0 () = inf {/\ > 0,-/r

and we also define a modular on LI0)(T) by

parr() = [ Ju(x) 1 do.

Proposition 2.5. We have the following properties.

u(x)
A

q(x)
do <1y,

. - +
i) H“HM(-)(r) >1—= H”qu«)(r) < Pq(-),l‘(”) < H”H{Zq(q(p)-

.o + -
() ol gy < 1=l ) < Pr(0) < Nl

Proposition 2.6. Let Q) be a bounded domain with a C'-boundary T and let p € PBQ). If
f e (TrWWPO)(T), then f € LPC)(T) and there exists a constant C > 0 such that

Hf”m(~>(r) < CHfH(TrWLp(~>)(r)~
In particular, if f € (Tt WYPO)(T), then f € LPC)(T;) and 1A oy < CUA e wrooryry-
For p € P+(Q), define

d—1)p(x .
po(x) = ot ifp( <d
00 if p(x) > d.
Proposition 2.7. Let p € P, (Q). Then if g(x) € P, (T) satisfies q(x) < p°(x) for all x € T, then

the trace mapping W@P()(Q)) — L1C)(T) is well defined and compact. In particular, the trace mapping
W) (Q) — LPUN(T) is compact and there exists a constant C > 0 such that

||u||LP(')(F) < CH”HWLP(')(Q) foru e Wl/p(‘)(ﬂ)-

For the proof, see Yao [24, Proposition 2.6].
Define a space by
X={veW"”(Q);v=00nTy}. 2.1)

Then it is clear to see that X is a closed subspace of W' ) (Q)), so X is a reflexive and separable
Banach space. We show the following Poincaré type inequality (cf. Ciarlet and Dinca [6]).

Lemma 2.8. Let p € Plfg (Q)). Then there exists a constant C = C(Q, d, p) > 0 such that
HMHLP(‘)(Q) < CHVMHU;(»)(Q) forallu € X,

where HV”HU(~>(Q) = H’V”|||Lv<')(0)-
In particular, the norm ||V u ||y ) is equivalent to ||ul|y1p0) ) for u € X.
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For the direct proof, see Aramaki [4, Lemma 2.5].
Thus we can define the norm on the space X defined by (2.1) so that

lollx = [IWoll oy foroe X, 22)

which is equivalent to ]|ZJHW1,,;<.)(Q) from Lemma 2.8.

2.2 Assumptions to the main theorems

In this subsection, we state the assumptions to the main theorems. Let p € PIOg( Q) be fixed.

Let A : Q x R? — R be a function satisfying that for a.e. x € Q, the function A(x,-) :
R? > &+ A(x, &) is of Cl-class, and for all & € R?, the function A(-,&) : Q 3 x > A(x, &) is
measurable. Moreover, suppose that A(x,0) = 0 and put a(x,§) = VzA(x,{). Then a(x,{)
is a Carathéodory function. Assume that there exist constants cg, kg, k1 > 0 and nonnegative
functions hy € LF'()(Q) and hy € Ll .(Q) with hy(x) > 1 a.e. x € Q such that the following
conditions hold.

(A1) |a(x,&)| < co(ho(x) + hy(x)|E|PX-1) for all & € RY, ace. x € Q.

(A2) Ais p(-)-uniformly convex, that is,

+ 1 1
A (% E57) ()l - P < 348 + 5AGx)
for all &7 € R? and a.e. x € Q.
(A3) Ais p(-)-subhomogeneous, that is,
0<a(x,& &<px)A(x,& forall & € R and ae. x € Q.
(Ad) A(x,&) > kohi(x)|Z|P™) for all & € R? and a.e. x € Q).
Example 2.9.
(i) A(x,¢) = p \g',‘\” with p~ > 2, h € L] (Q) satisfying h(x) > 1

(ii) A(x,¢) = h (( + [E[2)P/2 1) with p~ > 2, h € LP'()(Q) satisfying h(x) > 1 a.e.
x € (.

Then A(x,¢) and a(x,§) = VzA(x, &) satisfy (A1)—(A4).

Remark 2.10. When h(x) = 1, (i) corresponds to the p(-)-Laplacian and (ii) corresponds to the
prescribed mean curvature operator for nonparametric surface.

For the function h; € L] (Q) with h1(x) > 1 a.e. x € O, we define a modular
Pp( () (VD) = / I (x)|Vo(x)|PMdx - for v e WO(Q).
0

Define our basic space
Y = {U S X;pp(.),hl(.)(Vv) < OO} (2.3)
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equipped with the norm

. Vo
HUHY = inf {/\ > 0;pp(~),h1(~) (/\> < 1} ,

then Y is a Banach space (see Lemma 2.12 below). We note that C5°(Q)) C Y. Since

Doy () (V) = pyy (P W0),

we have
olly = (113" 0ll o - (2.4)

Then we have the following lemma.
Lemma 2.11.
(i) Y — Xand ||v||x < ||v||y forallv €Y.

(ii) Letv € Y. Then ||v|ly > 1(=1,< 1) <= pp( () (Vo) > 1(=1,<1).
- +
(iii) Letv € Y. Then [[vlly > 1= [[o]l§ < oy (Vo) < [[0ll} .

. + -
(iv) Letv € Y. Then |[vlly < 1= [[o|l§ < ppym) (Vo) < [[0ll} .
(V) Let up,u €Y. Then im0 [y — ully = 0 <= limy—00 0 () () ( Vit — V) = 0.

(vi) Let uy € Y. Then [[uy|ly — 00 asn — 00 <= 0, p,()(Vitn) — c0asn — .

When g € Pfg (Q) satisfies g(x) < p*(x) for all x € (), define

Aq:inf{HvHY;vEY\{O}}. (2.5)

HUHM(-)(Q)

By Proposition 2.3 and Lemma 2.11, there exists a constant ¢ > 0 such that [[v[[;,)) <
c|lvllx < cl[v]|ly for all v € Y, so we can see that A; > 0.

When g € Pfg (Q) satisfies g(x) < p°(x) for all x € T, define
I O
Hg = in ;o€ Ywitho#0onTy 3. (2.6)
||U||Lq(->(r2)

By Proposition 2.7 and Lemma 2.11, there exists a constant ¢ > 0 such that [[v[| ), <
c|lv]|x < cl[v||y for all v € Y, so we can see that y, > 0.

Lemma 2.12. The space (Y, || - ||y) is a reflexive Banach space.

Proof. Since ||v|y = Hh}/p(')VvHL,,(‘)(O) for v € Y(C X), it is clear that Y is a normed linear
space. Let {v, } be a Cauchy sequence in Y. Then {||v, ||y} is bounded, so {p,.) () (Von)} is
bounded from Lemma 2.11 (vi) and we have

lim liminf [ hy(x)|Vuj(x) — Vi, (x)|[P¥dx = 0.

n—00 ]’—>oo O
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Since ||v||x < ||v]ly for all v € Y, {v,} is also a Cauchy sequence in X. Hence there exists
v € X such that v, — v in X, thatis, Vv, — Vv in LF’(')(Q). So there exists a subsequence
{v} of {v,,} such that Vv, (x) — Vo(x) a.e. in Q. By the Fatou lemma,

/ I (x) | Vo(x)[PWdx < liminf / 11 (%) | Vo (x) PP dx < co.
[9) n’—oo JO
Thereby v € Y. Applying again the Fatou lemma,

lim [ hi(x)|Vo(x) = Vo, (x)|P®dx < lim liminf hy(x)|Vop(x) — Vo, (x)|PWdx = 0.

n'—co JO) n'—oo j=oo JO

This implies v,;, — v in Y. Since {vn} is a Cauchy sequence in Y, we see that v, — vin Y, so
(Y, || - ly) is a Banach space.

We claim that (Y, || - ||y) is a uniformly convex Banach space. Since LP()(Q)) is uniformly
convex, for any ¢ > 0, there exists > 0 such that if u,v € LP()(Q) satisfy [0y a) <
Lol < 1and [lu =210y > € then H(u+v)/2HL,, y <1-20. Thusif u,v € Y sat-

isfy [lully <1, olly < 1and [[u—o]ly > ¢, then [ 1y" W ul| o) < 1, 113" V0] o) < 1
and th/p Vu— hl/p V| 1p0)(q) > € from (2.4). Hence we have

|(hl/PC Vu+h1/” V0)/2| i) <14

Therefore we get ||(u +v) /2|y < 1— 4. This implies the uniform convexity of Y. So it follows
from the Milman theorem (cf. Brezis [5, Theorem II1.29]) that Y is reflexive. O

We continue to state the assumptions of f and g in (1.1).
Let f is a real Carathéodory function on () x R having the following properties.

(F1) |f(x, )] < c1(1+ [t]10)-1) for all t € R and a.e. x € Q, where c; is a positive constant
and g € Plfg(ﬁ) such that g(x) < p*(x) forallx € Qand p™ < g~.

(F2) There exist 6 > p™ and #; > 0 such that
0 < OF(x,t) < f(x,t)t forallt € R\ (—to,tp) and a.e. x € Q,
where
t
F(x,t) = / f(x,s)ds. (2.7)
0
(F3) Let A,+ be defined by (2.5). There exist A € (0, kop™ ()Lp+)”+ /4) and 0 < 6 < 1 such that

]Q(Pf’tz)t <A forallte (—4,6)\{0} and a.e. x € Q.

Let ¢ be a real Carathéodory function on I'; x R having the following properties.

(G1) [g(x,1)| < co(1+ [t™~1) for all t € R and a.e. x € T, where ¢, is a positive constant
and r € Pfg(ﬁ) such that 7(x) < p?(x) forall x € T, and p+ < r~.

(G2) Let 0 and t be as in (F2). That is, there exist & > p™ and ¢y > 0 such that
0<0G(x,t) < g(x,t)t forallt € R\ (—to to) and a.e. x € I'y,

where

G(x,t) = /Otg(x,s)ds. (2.8)
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(G3) Let p,+ be defined by (2.6). There exist u € (0, kop*'(y,ﬁ)iﬁ’+ /4) and 0 < 6 < 1 such that

S <y forallte (<0,0)\ {0} and ae. x €T

3 Main theorems

In this section, we state the main theorems.

Definition 3.1. We say u € Y is a weak solution of (1.1) if u satisfies that

/Q a(x, Vu(x)) - Vo(x)dx = /Qf(x,u(x))v(x)dx + /r2 ¢(x,u(x))v(x)dc forallveY. (3.1)

Remark 3.2. Since {¢ € C*(Q); ¢ =0onT 1} C Y, if u € Y satisfies (3.1), then the equation
(1.1) holds in the distribution sense.

Then we obtain the following two theorems.

Theorem 3.3. Let Q) be a bounded domain of RY (d > 2) with a CO'-boundary T satisfying (1.2).
Under the hypotheses (A1)-(A4), (F1)-(F3) and (G1)-(G3), the problem (1.1) has a nontrivial weak
solution.

Remark 3.4. This theorem extends the result of [10] in which the authors considered the case
where p(x) = p = const. and I', = @.

We impose one more assumption.

(F4) There exist a constant ¢ > 0 and 0 < m < 1 such that f(x,t) > ct" ! for 0 < t < § and
a.e. x € (), where § > 0 is as in (F3).

Theorem 3.5. Addition to the hypotheses of Theorem 3.3, assume that (F4) also holds. Then the
problem (1.1) has at least two nontrivial weak solutions.

Remark 3.6. The authors in [17] considered the equation
—div [a(x, Vu(x))] = m(x) [u(2)]" " 2u(x) 4+ n(x) [u(x) ") 2u(x)

and I'; = @. The authors got the same result of Theorem 3.5 under stronger hypotheses than
(Al) and (A4), that is, h1(x) = 1. However, they use an inequality A(x,t) < tp(x)A(x, )
for small + > 0 which does not hold for the function in Example 2.9 (ii). To overcome their
mistake, we assume a stronger condition (F4).

4 Proofs of Theorem 3.3 and Theorem 3.5

In this section, we give proofs of Theorem 3.3 and Theorem 3.5. In order to do so, we use the
variational method. Define a functional on Y

I(u) = E(u) — J(u) — K(u) (41)
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where
E(u) = /Q Alx, Vu(x))dx, 42)
T(u) = /Q F(x,u(x))dx,  Fis defined by (2.7), 4.3)
K(u) = /r Glxu(x))do,  Gis defined by (2) (4.4)

The proof of Theorem 3.3 consists of several lemmas and propositions.

Lemma 4.1.
i) |A(x,&)| < colho(x)|E| + hy(x)|E[PX)) for all £ € RY and a.e. x € Q.

(ii)
E (qurv) gy (V= V0) € SE) + 3E(0) foralluoe Y

and
E(1—-71u+7tv) < (1—71)E(u)+7E(v) forallu,v €Y and T € [0,1].

(iii) There exists a constant c3 > 0 such that |F(x,t)| < c3(1+ [t[1™)) forall t € R and a.e. x € Q.

(iv) There exists v € L™ (Q) such that y(x) > 0a.e. x € Qand F(x,t) > y(x)t® forall t € [ty, )
and a.e. x € Q).

(v) There exists a constant cy > 0 such that |G(x,t)| < cg(1+|t|"™) forall t € R and a.e. x € T,

(vi) There exists § € L™(T) such that 5(x) > 0 a.e. x € Ty and G(x,t) > 5(x)t® forall t € [to, )
and a.e. x € T'p.

Proof. (i) Using (A1), we have

|A(x, 8)| = [A(x, &) — A(x,0)]

- | dpata
:'/0 a(x,tg',‘)-g',‘dt’

< ¢ /Ol(ho(X) + b ()P g PR gt
< co(ho(x)[§] + i (x)[g]P)).

(ii) The first inequality easily follows from (A2). Since A(x, ) is continuous with respect
to &, it follows from (A2) that A(x, (1 — 1)+ 1) < (1 - 1)A(x, &) + TA(x,7) for all &5 € RY
and 7 € [0,1], so the second inequality follows from this inequality.

(iii) From (F1),
[F(x, )] = ‘/Otﬂm)dr <o (m + q(lx)yt\w)) .

<

t
JACERL T
0

Since q(x) > 1, we have |t| < 1+ [¢]1), so (iii) follows.
(iv) From (F2), for t > tg,
0 < OF(x,t) < f(x,t)t. (4.5)
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Put y(x) = F(x,to)ty?. Then (x) > 0 a.e. x € Q and it follows from (iii) that
y(x) < c3(1+ 81950 < o5(1+max{t] ,#] })tg? < oo.

So v € L*(Q)). From (4.5),

T~ F(x,T) F(x,7)°
Integrating this inequality over (to,t), we have

F(x,t)
F(x, to)

0 _ flx1) _ E(x7)

for all t > tg.

flog i <log

fo
This implies F(x,t) > (x)t? for all t > t,.
(v) and (vi) follow from the same arguments as (iii) and (iv), respectively. O

Proposition 4.2. The functionals E, |, K € C*(Y,R) and the Fréchet derivatives E',]' and K' satisfy
the following equalities.

(E'(1),0)y+ y = /Q a(x, Vu(x)) - Vo(x)dx, 4.6)
'), )y = [ fxu(x)o(x)dx, (4.7)
(K'(u),0)y+y = r2g(x,u(x))v(x)d(f (4.8)

forallu,v €Y.

Proof. Step 1. We show that E is continuous on Y. Let 1, — uin Y as n — co. Then from (2.4),
Hh}/p(')Vun — h}/p(')VuHLp(.KQ) —0 asn— oo. (4.9)

From [2, Proposition A.1], there exist a subsequence {u,/} of {u,} and k € LP)(Q) such that
I ()Y POV 1w (x) = by ()P0 Vu(x) ae. x € Q, and since 1y (x) > 1ae. x € Q,

Vit (x)| < |11 ()P, (x)| < k(x) ae. x € Q.

In particular, Vu,/(x) — Vu(x) ae. x € Q. Since A(x,¢) is a Carathéodory function,
A(x, Vu,(x)) = A(x, Vu(x)) a.e. x € Q as n’ — co. By Lemma 4.1 (i),

|A(x, Vit (x))] < colho ) [Vt () 4 Iy () | Wty () P)) < oo (x)k(x) + K(x)7)).

Since hy € LP'1)(Q) and k € LP()(Q), taking the Holder inequality (Proposition 2.2) into
consideration, we see that the last term is an integrable function independent of n'. By the
Lebesgue dominated convergence theorem, we have

lim A(x,Vun/(x))dx:/ A(x, Vu(x))dx.

n’'—oo JO) Q

By the convergent principle (cf. Zeidler [26, Proposition 10.13 (i)], for the full sequence {u,},

lim [ A(x, Vi(x))dx = / A(x, Vu(x))dx.

n—oo /O JO

This means that E(u,) — E(u) as n — oo, so the functional E is continuous in Y.
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Step 2. We derive that E is Gateaux differentiable in Y. Let u,v € Y and 0 < |t| < 1. By the
mean value theorem,

E(u+tv) — E(u) :/ A(x, Vu(x) +tVo(x)) — A(x, Vu(x)
t

dx

:/Q/Olu(x,Vu(x)—thVv(x))-Vv(x)drdx.
From (A1), we have
la(x, Vu(x) +ttVo(x)) - Vo(x)|
co(ho(x) + 1 (x)|Vu(x) + Tt Vo (x) [P 1) | Wo(x)]
co(ho(x)|Vo(x)| + hy (x) /P | Wo(x) |1y () PO D/ PE) (| W u(x) | + | Vo (x) )P
co(ho(x)[Vo(x) | + by ()P0 [T o (x) [ (1 () VPO (| V()| + [Vo()]) "

IN

IN

Here since 1,0 € Y,y € LP'0)(Q), 1"V Vo| € LPO(Q) and

(1 (Y/POIVu() |+ ()P0 9o(x))" ! e 170(0),

it follows from the Holder inequality (Proposition 2.2), the last term of the above inequality
is an integrable function independent of t. On the other hand, a(x,¢) is a Carathéodory
function, we have

a(x, Vu(x) + ttVo(x)) - Vo(x) = a(x, Vu(x)) - Vo(x)

as t — 0. Using again the Lebesgue dominated convergence theorem, we have

E
(u+ to) — / x, Vu(x))- Vo(x)dx ast— 0.
Thus E is Gateaux differentiable at u and the Gateaux derivative DE satisfies
DE(u)(v) = / a(x, Vu(x)) - Vo(x)dx.
Q

Clearly DE(u) is linear in Y.
Step 3. We show that for every u € Y, we have DE(u) € Y*. Forany v € Y,

DE(u)(0) :/ a(x, Viu(x)) - Vo(x)dx
_/ h (x) VP a(x, Vu(x)) - i (x)VPO Vo (x)dx.
We note that ||v||y = ||k, 1/p0) V| 1) (q) from (2.4). On the other hand, from (A1),
oy (" a(,u(-))
:/th(x)*??'(")/’”(")]a(x,Vu(x))\”'mdx
< /Q Iy (x) P /PO (0o (g (x) + by (2) | V() [P 1) P ) iy

< max {cgp’ﬁ,cgp/)’}zwﬂ*—l / (ho(x)P'®) + Iy (x)| V() [P ) dx < oo
(@)



Existence of weak solutions for nonuniformly elliptic equation 13

Hence h; 1/t a(-, Vu) € LP')(Q). By the Holder inequality (Proposition 2.2), we have
IDE(u)(0)| < 2[|1, " a(, V()| proqllolly forallo e Y.
Hence we see that DE(u) € Y* and

IDE@)ly- < 2llky " a(, Vu()) o o (4.10)

)-
Step 4. We derive that the map Y > u — DE(u) € Y is continuous. Let u, — u in Y as
n — oo. Then (4.9) holds. So there exist a subsequence {u,/} of {u,} and k € LP0)(Q) such
that Vi, (x) — Vu(x) ae x € Qand hy(x)"P0)|Vu, (x)| < k(x) ae. x € Qand all n’. By
(4.10),

IDE(u) — DE(u)]

yo <20l ()P (a(, V() = al, Vu() | oy

In order to show that the right-hand side converges to zero, taking Proposition 2.1 into con-
sideration, it suffices to derive that

0,0y ()P (e, Vit (1) — a(, V() =0 asn’ — oo,
that is,

/Q By (x) 7P PO g (x, Vi (x)) — alx, Vi(x)) [P Pdx — 0 asn’ — c. (4.11)
Since a(x, {) is a Carathéodory function, and Vu, (x) — Vu(x) a.e. x € (), we have
hy(x) 7P/ PO | g (x, Vi (x)) — alx, Vu(x))[P®) -0 ae xe Q.
As in the argument in Step 3, we have
hy(x) 7P @/ PO | g (x, Vg (x)) [P ®) < max {c(p/ﬁ,cép/y } 207" (g (x)P' ) 4 ke (x)P ).

The right-hand side is an integrable function in () independent of #n’. By the Lebesgue dom-
inated convergence theorem, (4.11) holds. Thus |DE(u,) — DE(u)||y= — 0 as n’ — oo. By
the convergent principle (cf. [26, Proposition 10.13 (i)], for full sequence {u,} we have
||IDE(u,) — DE(u)||y» — 0 as n — oo. Therefore, since the Gateaux differential DE is contin-
uous in Y, we see that E is Fréchet differentiable and the Fréchet derivative E’ is equal to the
Gateaux derivative DE. Hence E € C'(Y,R) and (4.6) holds.

Step 5. We show that ] and K belong to C!(Y,R) and (4.7) and (4.8) hold. By Lemma 4.1
(iii) and [2, Proposition 2.12], the Nemytskii operator Nf : L7)(Q) > u + F(-,u(-)) € L}(Q)
is continuous. From (F1), we have ¥ — X — Lq(')(Q), so N is continuous in Y, so we see
that | is continuous in Y. Since F(x,t) is a Cl-function with respect to t, clearly | is Gateaux
differentiable in Y and

DJ(u)(v) = / Fx,u(x))o(x)dx forallu,v € Y.
0
By the Holder inequality (Proposition 2.2),

IDJ(u) (@) <2[[fCu()l woqllolimo @y < CIFCu) g0 @llelly  forallv Y.
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Hence DJ(u) € Y* and |[D](u)]ly= < ClIf (-, u(-))ll 0 () Since [f(x,t)] < cr(1+ 411y =
c1 (1 + [¢)90)/9' (%)) from (F1), Nemytskii operator N¢ @ u = f(-,u(-)) is continuous from
L10(Q) to LT0)(Q) (cf. [1, Proposition 2.9]). Thus if u, — u in L10)(Q), then

Hf(/”n<)) _f('lu(')>HL'7’(‘>(Q) —0 asn — oo,

Since Y < X < L10)(Q), we can see that ] € C'(Y,R) and (4.7) holds. Similarly, we can
prove that K € C!(Y,R) and (4.8) holds. O

Remark 4.3. When p(-) = p = const. and I'; = @, the authors of [10] only prove the weakly
continuously differentiable on Y, and so they must use a version of the Mountain-pass lemma
introduced in [9]. However, since we derived that E belongs to Ct (Y,R), it suffices to use the
standard Mountain-pass lemma later.

Proposition 4.4.

(i) The functionals | and K are weakly continuous in Y, that is, if u, — u weakly in'Y as n — oo,
then J(u,) — J(u) and K(u,) — K(u) as n — oo.

(ii) The functional E is weakly lower semi-continuous in Y, that is, if u, — u weakly in' Y as n — oo,
then E(u) < liminf, o E(uy).

(iii) E(u) — E(v) > (E'(v),u — 0)y~y forall u,v € Y.

Proof. (i) Let u, — u weakly in Y as n — co. Since the embedding Y < L1()(Q) is compact,
we see that u, — u strongly in L10)(Q). Since | and K are continuous on L1() (), we see that
J(uy) — J(u) and K(u,) — K(u) as n — oo.

(i) A(x,¢) is a Carathéodory function on ) x R? and A(x,&) > 0 by (A4). Moreover,
from (A2), A(x,¢) is convex with respect to ¢ for a.e. x € Q. If u, — u weakly in Y, then
un,u € WH(Q) and u, — u strongly in L'(Q) and Vu, — Vu weakly in L'(Q). Hence it
follows from Struwe [21, Theorem 1.6, p. 9] that E(u) < liminf, , E(uy).

(iii) Since E is convex functionin Y, foru,v € Yand 0 < 7 < 1,

E(v+t(u—v))—E(v) E((1—71)v+Tu)—E(v)

T T
(1—-71)E(v) + TE(u) — E(v)
- T
= E(u) — E(v).
Letting T — 40, we get (E'(v),u — v)y+y < E(u) — E(v), so (iii) holds. O

Lemma 4.5.

(i) There exist constants k3 > 0 and c3 > 0 such that
Pt g —p* rm—p* ;
I(u) > |Jully <k3—C3 (||u||y + ||y )) forall u € Y with ||u|ly < 1.
(ii) There exist constants c3 > 0 and kq € R such that

. +_ - 1
1) = [l (camin { g Jull '} = GG ) + ks forallue Y,
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Proof. (i) From (F3), for a.e. x € ),
t
Flot) = [ flos)ix < ;:M”Jr forall t € (—5,5).
0

On the other hand, by Lemma 4.1 (iii), there exists ¢ > 0 such that |F(x,t)| < c|¢1%) for all
t € R\ (—J,6). Hence

A

P(x,t) S pj

tP" 4+ c5|¢)7™) forall t € R and ae. x € Q.

Therefore, we have

Jow = | F(m(x))dxgi ) dx e+ [ jute) s

N .
Lr* ot ¢ max { H”HZM-)(Q)’ HuH[Zq(‘)(Q)} '

< 7HMH
p*
Similarly, there exists cj > 0 such that
Kw) < Sl g+ hmax { s, Il

Since pt < g7 < g(x) < p*(x ) for all x € Q from (F1), we have Y < X < LV (Q),
L10)(Q). By (2.5), ||uHU,+( < 5 - [ully and [[ul| g0 () < iq||u||y for all u € Y. Since we have

pt < r~ < r(x) < p?(x) for all x € T; from (G2), it follows from (2.6) that we can see that
Y o5 X < L7 (52), 'O (T2). Thus we have [lulp ) < gl and [l < & ully
for all u € Y. When ||u||y < 1, there exist positive constants c5 and ¢4 such that

A 1
J6) < e

_P‘r

. .
ullp +esflully

u 1 pt —
K(u) < — u +cellU .
( ) =t ( p+)p+ || ||Y H HY

On the other hand, from (A4),
E(u) :/ Alx, Vu(x))dx > ko/ Iy () |V () PO > kol lu|2 .
Q Q
Thus we have

ko +

S lully = eslully

—collully

= [l (ks = es(llully ™+ [lully 7)),

where k3 = ko/2 and ¢3 = max{cs, ¢} for all u € Y with |lu]|y < 1.
(ii) From (A3) and (A4), forany u € Y,

E(u) — %(E'(u),u)wly = /QA(x,Vu(x))dx — % /Q a(x, Vu(x)) - Vu(x)dx
Z/QA(x,Vu(x))dx—é/ﬂp(x)A(x,Vu(x))dx

2( —p;—>/QA(x,Vu(x))dx
> (1— ”g) ko/th(x)yw(x)W)

. + -
> cqmin {[Jullf, ulf },
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where ¢y = ko(1 —p*/60) > 0. Put O, = {x € O;|u(x)| > to} and T, = {x € T'p; |u(x)| > to}.
From (F2) and (G2),

%f(x,u(x))u(x) —F(x,u(x)) >0 forae. x€Q,,
%g(x,u(x))u(x) —G(x,u(x)) >0 forae xecTy,
and there exists a constant M > 0 such that
1

éf(x,u(x))u(X) — P(x,u(x))’ <M forae xe€Q\Q,,

%g(x,u(x))u(x) - G(x,u(x))‘ <M forae x €T \T,.

Therefore, we have

L), wyey — 1)

6
_ <éf(x,u(x))u(x) _ F(x,u(x))) dx +

Qu
> —M|Q\Q, > —-M|Q]

(;f(x,u(x))u(x) - F(x,u(x))) dx

0\0,

and

B (K/() u)y-y — K(w)

1 1
— /r (GS(X,u(x))u(x) - G(x,u(X))> do + . (eg(x,u(x))u(x) _ G(x,u(x))> do
2 _M’r2\ru‘ > —M|F2\.
Put ky = —M|Q| — M|T'z|. Summing up, we have
1) = 30" () )y
1

= E(u) — (B (), vy — J(0) + g0 () ey = K(u) + (K (1), )y v

o
> cqmin {|ull} ull} ) + k.

Hence
. + - 1
() = camin {|ull}, ull} }+ 5 (1" (w), w0y + ks
. + - 1
> cqmin {[lull}, [ull} } = 517G v ully + k. 0

For a proof of Theorem 3.3, we apply the following standard Mountain-pass lemma
(cf. Willem [23]).

Proposition 4.6. Let (V,|| - ||v) be a Banach space and I € C'(V,R) be a functional satisfying the
Palais—Smale condition, that is, if a sequence {u,} C V satisfies that lim,_,co I(1,) = 7y exists and
limy, oo [|[I'(4y)||v+ = O, then {uy,} has a convergent subsequence. Assume that 1(0) = 0, and there
exist p > 0and zg € V such that ||zo||v > p, I(z0) < I(0) = 0 and

a = inf{I(u);u € V with ||u||ly = p} > 0.

Put G = {9 € C([0,1],V); (0) = 0,¢(1) = zo} and B = inf{maxI(¢([0,1]);¢ € G}. Then
B > « and B is a critical value of I.
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We apply Proposition 4.6 with (V, || - |v) = (Y, || - [ly). In order to do so, we must show
the following proposition.

Proposition 4.7.

(i) The functional I satisfies the Palais—Smale condition.
(ii) I1(0) =0.
(iii) There exists p > 0 such that inf{I(u);u € Y with ||ully = p} > 0.

(iv) There exists zg € Y such that ||zo||y > p and I(zp) < 0.

(v) G #@.

Proof. (i) Assume that a sequence {u,} C Y satisfies that lim, .o I(u,) = 7 exists and
limy, o0 ||’ (4 ||y+ = 0.

Step 1. The sequence {u,} is bounded in Y. Indeed, if {u,} is unbounded, there exists a
subsequence {u,/} of {u,} such that ||u,/|| > n’ for any n’ € N. By Lemma 4.5 (ii),

-4 1
1) = el (esllun " = ST Gl ) ks> 00 a5’ oo

This contradicts lim,; o I(1,) = 7.

Step 2. Since {u, } is bounded in Y and Y is a reflexive Banach space, passing to a subsequence,
we may assume that 1, — u weakly in Y. By Proposition 4.4 (ii) and (iii),

E(u) < timinf E(uy) = im (J () + K(ua) + 1102)) = J () + K(u) 4 7.
Since {|lu, — u||y} is a bounded sequence and lim, o ||I'(1tn)||y+ = 0, we see that (I'(u,),
U —ty)y+y — 0as n — oo. By the Rellich-Kondrachov theorem, u, — u strongly in L10)(Q)
and u, — u strongly in L’()(T). By (F1) and (G1), |f(-, ux(-))| is bounded in L7()(Q) and
|g(-,u,(-))] is also bounded in L ()(T3). Hence

im (7' (), 1 — )y = Jim [ e (2)) (0(x) = () = 0
and

Yim (K (1), ¢ — ey = i [ e 00 () (1(x) = ()" = 0.
Therefore.

lim (E'(un), 4 — thy)y+y

n—o00
= Jm((ﬂ(un), u—p)yey + (J' (tn), u — un)yy + (K (un), 10 — tty)y+y) = 0.

On the other hand, by Proposition 4.4 (iii) and the above equality,

E(u) — limsup E(uy,) = liminf(E(u) — E(uy)) > lim (E'(uy), u — un)y+y = 0.

n—oo n—oo Nn—00

Thus by Proposition 4.4 (ii), we have lim,_,c E(u,) = E(u).
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—Vu) - 0asn — oo. If

Step 3. We show that u, — u strongly in Y, that is, Op()n( )(Vun
this is not satisfied, there exist a subsequence {u,,} of {u,} and gy > 0 such that

Oy () (Vi —Vu) > e foralln' € N.

By Lemma 4.1,

1 1
EE(un/) + EE(M) —E (

Uy + U
5 > > klpp(.),hl(.)(vun/ — Vu) > kiep.

Letting n’ — co and using Step 2, we have
(4.12)

E(u) —liminfE

n'—oo

<un/2+ u) > kreo.

On the other hand, since ” Y su weakly in Y, it follows from Proposition 4.4 (ii) that

E(u) < liminfE (un/;—u> :

n'—oo

This contradicts (4.12).
(ii) Since E(0) = J(0) = K(0) = 0, we have I(0) = 0.
(iii) Since k3 > 0, g~ > pT and r~ > p™, there exists 0 < p < 1 such that

p”+ (ks — 03,,0‘?7_1’+ — C3pr7_”+) > 0.

By Lemma 4.5 (i),

+ - _

1) > [lull} (ks — csllufy —CsHuHr ")
=0 (ks —cap? 7 —c3p” ) >0

for all u € Y with ||u|ly = p.

(iv) Let t > 1 and choose vy € C3°(Q2)(C Y) such that vg(x) > 0and W = {x € (;v9(x) >
to} has a positive measure. By (F2), F(x,v9(x)) > 0 for a.e. x € Q. If we put Wy = {x €
QO; tvg(x) > to}, then W C W;. By Lemma 4.1 (iv),

/ F(x,tvo(x))dx 2/ ()t (x)dx > t9L(vy),
Wf Wt
f x)fdx > 0. By Lemma 4.1 (iii), there exists a constant M > 0 such
for t € [0 tg] and a.e. x € (). We note that (F2) implies that

where L(vo)
|
forallt € R\ (—fo,tp),s > 1and a.e. x € Q.

that |F(x t)
(4.13)

<M
F(x,st) > F(x,t)s®

Indeed, if we define g¢(s) = F(x, st), then

¢'(s) = fx,st)t = %f(x,st)st > gl-"(x,st) = gg(s).

Thus ¢'(s)/g(s) > 6/s, so logg(s)/g(1) > 6logs. This implies g(s)
On the other hand, (A3) implies that

A(x,s€) < A(x, {,‘)sp(x)

forall £ € R% ae. x € Qands > 1. (4.14)
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In fact, if we define g(s) = A(x,s¢), then

p(x)

S

g5) = alxs8) £ < P A, sy = M)

Hence g'(s)/g(s) < p(x)/s. We also get g(s) > g(1)s?*). From (4.14), we have

Ew@:LAmm%ummgAAmv%mwmm
<t /QA(x,Vvo(x))dx =t E(vp).
Since vy € C§°(Q2), we have K(tvg) = 0. Therefore,
I(tvg) = E(tvo) — J (tvo)
— E(tvy) — (ALtF(x,tvo(x))dx-—‘A;VNtF(x,tvo(x))dx

< " E(vy) — t°L(vy) + M|QY.

Since 6 > p* and L(vg) > 0, I(tvg) — —oco as t — oo. Hence there exists t; > 1 such that
lt1vo|ly > p and I(t1vp) < 0. If we put zp = 100, then the conclusion of (iv) holds.
(v) If we define ¢(t) = tzp, then ¢ € G, so G # @. O

Proof of Theorem 3.3. By Propositions 4.2 and 4.7, we see that all the hypotheses in Proposition
4.6 hold. Hence there exists uy € Y such that 0 < a < I(up) = B and I'(up) =0, so

(I'(uo), >Y*Y—/ a(x, Vuy(x)) - Vo(x)dx
= / f(x, uo(x x)dx+/r g(x, up(x))v(x)do forallv € Y.

Thus u is a weak solution of (1.1). Since I(up) = B > I(0) = 0, up is a nontrivial weak
solution of (1.1). O

Proof of Theorem 3.5. By (F4),
t

F(x,t) = / f(x,t)dt > %t’” for0<t<éandae. x € Q.
0

Choose ¢ € C3°(Q2) sothat 0 < ¢ <land ¢ #0. Let 0 < t < (< 1). Since A(x,{) is convex
with respect to ¢ and A(x,0) = 0, we have A(x,t&) = A(x,t& + (1 —1)0) < tA(x, ). Thus

WWZHW)IWO
:AA m_kﬂmﬂmw
< t/QA(x,Vgo(x))dx— %tm/ogo(x)mdx.

Since m < 1and £ [ ¢(x)"dx > 0, we see that I(tg) < 0 for small ¢ > 0. By Lemma 4.5 (i), I
is bounded from below on B, (0), where B,(0) = {v € Y; ||[v||y < p}. Hence

—oo < ¢:= inf I(v)<D0.
vEB,(0)
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Let 0 < & <infyepp, (o) [(v) — inf 5,0 I(v). Then there exists u € B,(0) such that

inf I(v) <I(u) < inf I(v)+ €%
v€B,(0) vEB,(0)

Since infvem I(v) < 0, we can choose u € B,(0) so that I(u) < 0. Applying the Ekeland

variational principle [11, Theorem 1.1] to the complete metric space B,(0), there exists u, €
B,(0) such that

I(ue) < I(u), (4.15)
I(ue) < I(v) +¢&||v — ue||y for all v € B,(0), (4.16)
|u —ue|ly <e. (4.17)

Define @ : B,(0) — R by ®(v) = I(v) + ¢||v — u¢||y for v € B,(0). Since I(u;) < I(u) <0
and I(v) > 0 for all v € 9B, (0), we have u, € B,(0). Choose p’ > 0 small enough, so that if

w € By(0), then u; +w € B,(0). From (4.16), since ®(u,) < ®(ue +w) for all w € By (0). We
have

{I'(ue),w) v+ y + el|w]ly

[wlly
_ (I'(ue), tw)y+ y + etl|w|ly — (P(ue + tw) — P(ue))  P(ue + tw) — P (1)
tlwl|y Hlwl|y
S (I'(ue), tw)yy — (I(ue + tw) — I(ug)) 00 ast— 40.

Hwlly

Hence (I'(ue), )y« y + €||w|y > 0 for all w € B,(0), so (I'(u), w)y+y > —é||wl||y. Replacing
w with —w, we have [(I'(u¢), w)y+y| < €||w||y for all w € B,(0). Thus ||I'(u¢)||y- < e. Letting
e — 0, we see that I(u;) — ¢ and I'(u;) — 0 in Y*. Since I satisfies the Palais-Smale
condition in Y and I € C!(Y,R), there exist a subsequence {u,} of {u.} and u, € B,(0)
such that u, — up in Y and I'(up) = 0. Therefore, u; is a weak solution of (1.1). Since
I(up) = ¢ < 0 = I(0), up is a nontrivial weak solution of (1.1). Since I(uz) = ¢ < 0 < I(uy),
we have 1 # u. This completes the proof of Theorem 3.5. O
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