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Abstract. In this paper we study the well-posedness for the periodic Cauchy problem
and the internal controllability of a one-dimensional system that describes the prop-
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1 Introduction

In the present work we consider the periodic Cauchy problem and the internal controllability
of the following one-dimensional systemηt + ∂2

xΦ − ∂4
xΦ + ∂x (η∂xΦ) = 0,

Φt + η − ∂2
xη +

1
2
(∂xΦ)2 = 0,

(1.1)

which is a rescaled version of the system derived in [14] from the evolution of long water
waves with small amplitude in the presence of surface tension, where Φ = Φ(x, t) represents
the nondimensional velocity potential on the bottom z = 0 and the variable η = η(x, t)
corresponds the free surface elevation.

As happens in water wave models, there is a Hamiltonian type structure which is clever
to characterize the space for the study of the Cauchy problem. In our particular system (1.1),
the Hamiltonian functional H = H(t) is defined as

H
(

η

Φ

)
=

1
2

∫
R

(
η2 + (∂xη)2 + (∂xΦ)2 + (∂2

xΦ)2 + η (∂xΦ)2
)

dx,
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and the Hamiltonian type structure is given by(
ηt

Φt

)
= JH′

(
η

Φ

)
, J =

(
0 1
−1 0

)
.

We see directly that the functional H is well defined when

η(·, t), Φx(·, t) ∈ H1(R),

for t in some interval. These conditions already characterize the natural space for the study
of solutions of the system (1.1). Certainly, J. Quintero and A. Montes in [16] showed for the
model (1.1) the existence of solitary wave solutions which propagate with speed of wave θ > 0,
i.e. solutions of the form

η(x, t) = u(x − θt), Φ(x, t) = v(x − θt),

in the energy space H1(R)× V2(R), where H1(R) is the usual Sobolev space of order 1 and
the space V2(R) is defined with respect to the norm given by

∥w∥2
V2(R) = ∥w′∥2

H1(R) =
∫

R

(
(w′)2 + (w′′)2) dx.

They also showed, using the estimates of the Kato’s commutator, the local well-posedness for
the Cauchy problem associated to the system (1.1) in the Sobolev type space Hs(R)×V s+1(R),
with s > 3/2, where Hs(R) is the usual Sobolev space of order s defined as the completion of
the Schwartz class with respect to the norm

∥w∥Hs(R) = ∥ (1 + |ξ|)s ŵ(ξ)∥L2
ξ

and V s+1(R) denotes the completion of the Schwartz class with respect to the norm

∥w∥V s+1(R) = ∥ (1 + |ξ|)s |ξ|ŵ(ξ)∥L2
ξ
,

where ŵ is the Fourier transform of w in the space variable x and ξ is the variable in the
frequency space related to the variable x. Using Bourgain type spaces, in work [13] the authors
showed that the Cauchy problem associated to the system (1.1) is locally well-posedness in
the space Hs(R)× V s+1(R) for s ≥ 0.

On the case of the periodic domain T = R/(2πZ) (the one-dimensional torus), it was
proved in [15] the local well-posedness of the Cauchy problem associated to system (1.1) in
the space Hs(T)× V s+1(T), for s > 3/2, where the periodic Sobolev space Hs(T) is defined
by

Hs(T) =
{

w = ∑
k∈Z

wkeikx : ∑
k∈Z

(1 + |k|2)s|wk|2 < +∞
}

and the space V s+1(T) is defined by the norm

∥w∥V s+1(T) =

[
∑

k∈Z

(1 + |k|2)s|k|2|wk|2
]1/2

,

where wk = ŵ(k) denotes the k-Fourier coefficient with respect to the spatial variable x. In this
paper, we prove that the Cauchy problem associated to system (1.1) with the initial condition

η(x, 0) = η0(x), Φ(x, 0) = Φ0(x) (1.2)
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is locally well-posed in the space Hs(T)× V s+1(T) for s ≥ 0. Hence we improve the result
found in [15].

To study the Cauchy problem (1.1)–(1.2) we use its integral equivalent formulation,

(η(t), Φ(t)) = S(t)(η0, Φ0)−
∫ t

0
S(t − t′)

(
∂x(η∂xΦ),

1
2
(∂xΦ)2

)
(t′)dt′, (1.3)

where S(t)(η0, Φ0) is the solution of the linear problem, that is

S(t)(η0, Φ0) = (S1(t)(η0, Φ0), S2(t)(η0, Φ0))

with
S1(t)(η0, Φ0) = ∑

k∈Z

eikx
[
cos(ϕ(k)t)η̂0(k) + |k| sin(ϕ(k)t)Φ̂0(k)

]
,

S2(t)(η0, Φ0) = ∑
k∈Z

eikx
[
−sin(ϕ(k)t)η̂0(k)

|k| + cos(ϕ(k)t)Φ̂0(k)
]

,

and the function ϕ defined as
ϕ(k) = |k|3 + |k|

is the Fourier symbol associated to the spacial linear part of the system (1.1).
The method of proof will be the application of the contraction mapping principle in a suit-

able Banach function space C
(
[0, T] : Hs(T)× V s+1(T)

)
∩ Z s, where the appropriated space-

time weight norm for Z s is determined by the knowledge of certain estimates for the solutions
of the linear part. This method, introduced by J. Bourgain in [2]-[3] and simplified by C. Kenig,
G. Ponce and L. Vega in [8]-[9], not only benefits of the above mentioned space-time estimates,
but also exploits structural properties of the nonlinearity.

As usual when dealing with dispersive models in Bourgain spaces, we slightly modify the
terms in the right-hand of (1.3) by means of a cut off function. In the following, let ψ ∈ C∞

0 (R)

with support in (−2, 2), such that 0 ≤ ψ ≤ 1, and ψ ≡ 1 in [−1, 1]. Thus, for 0 < T < 1 we
consider the following modified version of (1.3),

(η(t), Φ(t)) = ψ(t)S(t)(η0, Φ0)− ψ(t)
∫ t

0
S(t − t′)ψ(t′)

(
∂x(η∂xΦ),

1
2
(∂xΦ)2

)
(t′)dt′. (1.4)

We will show the existence of a solution of the integral problem (1.4) using the Banach fixed
point theorem and appropriate linear and nonlinear estimates.

The second part of this paper is concerned with the internal control problem for the system
(1.1) on the periodic domain T: choose an appropriate internal control function

F = F(x, t) = ( f1(x, t), f2(x, t))

to guide the model ηt + ∂2
xΦ − ∂4

xΦ + ∂x(η∂xΦ) = f1, x ∈ T, t ≥ 0,

Φt + η − ∂2
xη +

1
2
(∂xΦ)2 = f2, x ∈ T, t ≥ 0,

(1.5)

during a time interval [0, T], from a given initial state to another preassigned terminal state,
in an appropriate function space of system states.

During the last years, there have been many contributions to the internal controllability for
different dispersive wave models. For instance, in the case of the Korteweg–de Vries equation
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D. Russell and B. Zhang in [18] showed that for T > 0 and functions u0, uT ∈ Hs(T), s ≥ 0,
one can always find a control f so that the Cauchy problem

ut + uux + uxxx = f , u(x, 0) = u0(x),

has a solution u ∈ C ([0, T] : Hs(T)) satisfying

u(x, T) = uT(x), x ∈ T,

when the initial and terminal states are sufficiently small. A similar result was proved by
B. Zhang in [20] for the Boussinesq model,

utt − uxx +
(
u2 + uxx

)
xx = f , u(x, 0) = u0(x), ut(x, 0) = v0(x),

with the condition
u(x, T) = uT(x), ut(x, T) = vT(x),

in the space Hs(T) × Hs−2(T) with s ≥ 2. In the work [5], E. Cerpa and I. Rivas showed
controllability for the Boussinesq equation in low regularity, this is, in the space Hs(T) ×
Hs−2(T) with s > − 1

4 .
For the Benjamin–Bona–Mahony equation, L. Rosier and B. Zhang in [17] proved that

ut + ux − uxxt + uux = a(x + ct)h(x, t),

with a moving distributed control is controllable in Hs(T) for any s ≥ 1 in (sufficiently) large
time. The control time is chosen in such a way that the support of the control, which is moving
at the constant velocity c, can visit all the domain T.

C. Laurent, F. Linares and L. Rosier in [11] and F. Linares and L. Rosier in [12] considered
the control problem for the Benjamin–Ono equation,

ut +H(uxx) + uux = f , u(x, 0) = u0(x), u(x, T) = uT(x).

In the latter work, authors proved a controllability result in L2(T) that allows to prove the
global controllability in large time.

Our main result in Theorem 5.4 gives a positive answer to the internal controllability for
the system (1.5) in a local sense. We will show that for T > 0 and initial an terminal states

(η0, Φ0) , (ηT, ΦT) ∈ Hs(T)× V s+1(T), s ≥ 0,

sufficiently small, there exists a control function F = ( f1, f2) such that the Cauchy problem
associated to the system (1.5) with the initial condition

η(x, 0) = η0(x), Φ0(x, 0) = Φ0(x), x ∈ T, (1.6)

has a solution (η, Φ) ∈ C
(
[0, T] : Hs(T)× V s+1(T)

)
satisfying the condition

η(x, T) = ηT(x), Φ(x, T) = ΦT(x), x ∈ T.

Following the same approach used in the case of the KdV equation and Boussinesq equa-
tion, we restrict our attention to a control of the form

F(x, t) = ( f1(x, t), f2(x, t)) = (ρ1h1(x, t), ρ2h2(x, t)),
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with ρi being a smooth function defined on T. Thus

H(x, t) = (h1(x, t), h2(x, t))

is a new control input. Here, the function ρi can have a support strictly contained on the torus;
thus, it can represent a localization of the control hi(x, t), which would be only able to act on
a part of the domain. First, we perform a spectral analysis for the operator

M =

 0 −(I − ∂2
x)∂

2
x

−(I − ∂2
x) 0

 ,

defined in the space Hs(T)× V s+1(T). Using that the k-Fourier symbol for the operator M is
given by

Mk =

 0 (1 + k2)k2

−(1 + k2) 0

 ,

we prove for M the existence of a discrete spectral decomposition since the eigenvectors form
a Riesz basis of the space Hs(T)×V s+1(T). Next, using this spectral analysis and the moment
method we establish that the linear system associated with (1.5),{

ηt + ∂2
xΦ − ∂4

xΦ = f1,

Φt + η − ∂2
xη = f2,

(1.7)

is exactly controllable in the space Hs(T)× V s+1(T), with the conditions

η(0) = η0, η(T) = ηT, Φ(0) = Φ0, Φ(T) = ΦT. (1.8)

Finally, the nonlinear problem is treated as a perturbation by fixed point theory.
The paper is organized as follows. In Section 2, first we define the Bourgain spaces related

to our problem and next we establish all the linear estimates needed to proved the result
of well-posedness. In Section 3 we estimate the bilinear forms ∂x(η∂xΦ) and (∂xΦ)(∂xΦ1)

associated to the nonlinear part of the system. The Section 4 will be dedicated to establish the
result of local well-posedness, via a standard fixed point argument. In Section 5.1, we perform
the spectral analysis for the operator M defined in the space Hs(T)× V s+1(T), for s ≥ 0. In
Section 5.2, by solving a moment problem we found the characterization of the internal control
F = ( f1, f2) for the linear problem (1.7)–(1.8). In Section 5.3, we prove the exact controllability
result for the nonlinear problem, by imposing smallness of the initial and terminal states. The
proof of this result is mainly based on the linear controllability and the Banach Fixed Point
Theorem.

2 Bourgain spaces and linear estimates

We star with the definition of the Bourgain type spaces. We consider the space Y of functions
w such that

(i) w : T × R → C, (ii) w(x, ·) ∈ S(R) for all x ∈ T,

(iii) x → w(x, ·) ∈ C∞(R), (iv) ŵ(0, t) = 0 for all t ∈ R,
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Definition 2.1. For s, β ∈ R we define the Bourgain spaces Xs,β to be the completion of the
space Y with respect to the norm

∥w∥Xs,β = ∥⟨k⟩s⟨|τ| − ϕ(k)⟩βw̃∥ℓ2
k L2

τ
,

where ⟨a⟩ = 1 + |a|; w̃ denotes the time-space Fourier transform of w,

w̃(k, τ) =
1

4π2

∫
R

∫
T

e−ixk−itτw(x, t)dxdt;

and the function ϕ is defined as
ϕ(k) = |k|3 + |k|.

The spaces Ys+1,β to be the completion of the Schwartz class Sper,2π = S(T × R) with respect
to the norm

∥w∥Ys+1,β = ∥|k|⟨|τ| − ϕ(k)⟩β⟨k⟩sw̃∥ℓ2
k L2

τ
.

We similarly introduce the spaces Zs, Ws+1, s ∈ R, with the norms

∥w∥Zs = ∥w∥Xs,−1/2 +
∥∥∥ ⟨k⟩sw̃(k, τ)

⟨|τ| − ϕ(k)⟩

∥∥∥
ℓ2

k L1
τ

,

and

∥w∥Ws+1 = ∥w∥Ys+1,−1/2 +
∥∥∥ |k|⟨k⟩sw̃(k, τ)

⟨|τ| − ϕ(k)⟩

∥∥∥
ℓ2

k L1
τ

.

Also, we consider the spaces Us, Vs+1, s ∈ R, where Us denotes the completion of the Schwartz
class Sper,2π with respect to the norm

∥w∥Us = ∥w∥Xs,1/2 + ∥⟨k⟩sw̃(k, τ)∥ℓ2
k L1

τ

and Vs+1 denotes the completion of the Schwartz class Sper,2π with respect to the norm

∥w∥Vs+1 = ∥w∥Ys+1,1/2 + ∥|k|⟨k⟩sw̃(k, τ)∥ℓ2
k L1

τ
.

For T > 0 we denote by Us
T the space space of the restrictions to the interval [0, T] of the

elements w ∈ Us with norm defined by

∥η∥Us
T
= inf

w∈Us
{∥w∥Us : η(t) = w(t) on [0, T]}.

and by Vs+1
T the space space of the restrictions to the interval [0, T] of the elements w ∈ Vs+1

with norm defined by

∥Φ∥Vs+1
T

= inf
w∈Vs+1

{∥w∥Vs+1 : Φ(t) = w(t) on [0, T]}.

Next we look at some basic results.

Lemma 2.2. Let s ∈ R, then there exists C > 0 such that

(i) ∥ψη∥Xs,−1/2 ≤ C∥η∥Xs,−1/2 ,

(ii) ∥ψΦ∥Ys+1,−1/2 ≤ C∥Φ∥Ys+1,−1/2 .
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Proof. We will use the notation ŵ(t) for the Fourier transform of w in the time variable t. Note
that

ψ̃η(k, τ) =
1

4π2

∫
R

∫
T

e−ixke−itτ
(∫

R
eitλψ̂(t)(λ)dλ

)
η(x, t)dxdt

=
∫

R
ψ̂(t)(λ)η̃(k, τ − λ)dλ

and also

∥ψη∥2
Xs,−1/2 = ∑

k∈Z

⟨k⟩2s
∫

R
⟨|τ| − ϕ(k)⟩−1

∣∣∣ ∫
R

ψ̂(t)(λ)η̃(k, τ − λ)dλ
∣∣∣2dτ.

Moreover

∑
k∈Z

⟨k⟩2s
∫ 0

−∞
⟨|τ| − ϕ(k)⟩−1

∣∣∣ ∫
R

ψ̂(t)(λ)η̃(k, τ − λ)dλ
∣∣∣2dτ

≤ ∑
k∈Z

⟨k⟩2s
∫

R
⟨τ + ϕ(k)⟩−1

∣∣∣ ∫
R

ψ̂(t)(λ)η̃(k, τ − λ)dλ
∣∣∣2dτ

=
∥∥∥⟨τ + ϕ(k)⟩−1/2⟨k⟩s

∫
R

ψ̂(t)(λ)η̃(k, τ − λ)dλ
∥∥∥2

ℓ2
k L2

τ

≤
∫

R
|ψ̂(t)(λ)|2∥⟨τ + ϕ(k)⟩−1/2⟨k⟩sη̃(k, τ − λ)∥2

ℓ2
k L2

τ
dλ

and

∑
k∈Z

⟨k⟩2s
∫ +∞

0
⟨|τ| − ϕ(k)⟩−1

∣∣∣ ∫
R

ψ̂(t)(λ)η̃(k, τ − λ)dλ
∣∣∣2dτ

≤
∥∥∥⟨τ − ϕ(k)⟩−1/2⟨k⟩s

∫
R

ψ̂(t)(λ)η̃(k, τ − λ)dλ
∥∥∥2

ℓ2
k L2

τ

≤
∫

R
|ψ̂(t)(λ)|2∥⟨τ − ϕ(k)⟩−1/2⟨k⟩sη̃(k, τ − λ)∥2

ℓ2
k L2

τ
dλ.

Next, using the inequality∣∣|τ| − ϕ(k)
∣∣ ≤ min{|τ − ϕ(k)|, |τ + ϕ(k)|},

we have for all λ ∈ R, ⟨|τ| − ϕ(k)⟩ ≤ ⟨τ ± ϕ(k)⟩ ≤ ⟨τ + λ ± ϕ(k)⟩⟨λ⟩, and then∫
R
|ψ̂(t)(λ)|2∥⟨τ ± ϕ(k)⟩−1/2⟨k⟩sη̃(k, τ − λ)∥2

ℓ2
k L2

τ
dλ

=
∫

R
|ψ̂(t)(λ)|2

(
∑

k∈Z

⟨k⟩2s
∫

R
⟨τ + λ ± ϕ(k)⟩−1|η̃(k, τ)|2dτ

)
dλ

≤
∫

R
|ψ̂(t)(λ)|2

(
∑

k∈Z

⟨k⟩2s
∫

R
⟨λ⟩⟨|τ| − ϕ(k)⟩−1|η̃(k, τ)|2dτ

)
dλ

= ∥⟨|τ| − ϕ(k)⟩−1/2⟨k⟩sη̃∥2
ℓ2

k L2
τ

∫
R
⟨λ⟩|ψ̂(t)(λ)|2dλ

≤ C∥η∥2
Xs,−1/2 .

Thus, we conclude that
∥ψη∥Xs,−1/2 ≤ C∥η∥Xs,−1/2 .
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In a similar fashion we have that∫
R
|ψ̂(λ)(t)|2∥⟨τ ± ϕ(k)⟩−1/2|k|⟨k⟩sΦ̃(k, τ − λ)∥2

ℓ2
k L2

τ
dλ

≤ ∥⟨|τ| − ϕ(k)⟩−1/2|k|⟨k⟩sΦ̃∥2
ℓ2

k L2
τ

∫
R
⟨λ⟩|ψ̂(t)(λ)|2dλ ≤ C∥Φ∥2

Ys+1,−1/2 .

Therefore
∥ψΦ∥Ys+1,−1/2 ≤ C∥Φ∥Ys+1,−1/2 .

Similarly, we have also the following lemma.

Lemma 2.3. Let s ∈ R, then there exists C > 0 such that

(i)
∥∥∥ ⟨k⟩sψ̃η(k,τ)

⟨|τ|−ϕ(k)⟩

∥∥∥
ℓ2

k L1
τ

≤ C
∥∥∥ ⟨k⟩s η̃(k,τ)
⟨|τ|−ϕ(k)⟩

∥∥∥
ℓ2

k L1
τ

,

(ii)
∥∥∥ |k|⟨k⟩sψ̃Φ(k,τ)

⟨|τ|−ϕ(k)⟩

∥∥∥
ℓ2

k L1
τ

≤ C
∥∥∥ |k|⟨k⟩sΦ̃(k,τ)

⟨|τ|−ϕ(k)⟩

∥∥∥
ℓ2

k L1
τ

.

In the following lemmas we establish estimations related with the semigroup S(t).

Lemma 2.4. Let s ∈ R, then exists C1 > 0 such that

∥ψ(t)S1(t)(η0, Φ0)∥Us ≤ C1∥(η0, Φ0)∥Hs(T)×V s+1(T),

∥ψ(t)S2(t)(η0, Φ0)∥Vs+1 ≤ C1∥(η0, Φ0)∥Hs(T)×V s+1(T).

Proof. We see that [
ψ(t) ∑

k∈Z

eikxe±iϕ(k)tη̂0(k)
]∼

(k, τ) =η̂0(k)ψ̂(t)(τ ∓ ϕ(k)).

So that∥∥∥ψ(t) ∑
k∈Z

eixke±iϕ(k)tη̂0(k)
∥∥∥2

Xs,1/2
= ∑

k∈Z

⟨k⟩2s|η̂0(k)|2
∫

R
⟨|τ| − ϕ(k)⟩|ψ̂(t)(τ ∓ ϕ(k))|2dτ

≤ ∑
k∈Z

⟨k⟩2s|η̂0(k)|2
∫

R
⟨τ⟩|ψ̂(t)(τ)|2dτ ≤ C∥η0∥2

Hs(T).

Also, we note that∥∥∥⟨k⟩s
[
ψ(t) ∑

k∈Z

eixke±iϕ(k)tη̂0(k)
]∼∥∥∥2

ℓ2
k L1

τ

= ∑
k∈Z

⟨k⟩2s|η̂0(k)|2
(∫

R
|ψ̂(t)(τ ∓ ϕ(k))|dτ

)2

≤ C∥η0∥2
Hs(T).

In a similar fashion,∥∥∥ψ(t) ∑
k∈Z

eixke±iϕ(k)t|k|Φ̂0(k)
∥∥∥2

Xs,1/2

= ∑
k∈Z

⟨k⟩2s|k|2|Φ̂0(k)|2
∫

R
⟨|τ| − ϕ(k)⟩|ψ̂(t)(τ ∓ ϕ(k))|2dτ ≤ C∥Φ0∥2

V s+1(T)
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and

∥∥∥⟨k⟩s
[
ψ(t) ∑

k∈Z

eixke±iϕ(k)t|k|Φ̂0(k)
]∼∥∥∥2

ℓ2
k L1

τ

= ∑
k∈Z

⟨k⟩2s|k|2|Φ̂0(k)|2
(∫

R
|ψ̂(t)(τ ∓ ϕ(k))|dτ

)2

≤ C∥Φ0∥2
V s+1(T).

Thus, from the previous estimates we obtain that

∥ψ(t)S1(t)(η0, Φ0)∥Us ≤ C1∥(η0, Φ0)∥Hs(T)×V s+1(T).

Similarly we have that

∥∥∥ψ(t) ∑
k∈Z

eikxe±iϕ(k)tη̂0(k)
|k|

∥∥∥
Ys+1,1/2

= ∑
k∈Z

⟨k⟩2s|η̂0(k)|2
∫

R
⟨|τ| − ϕ(k)⟩|ψ̂(t)(τ ∓ ϕ(k))|2dτ

≤ C∥η0∥2
Hs(T)

and ∥∥∥|k|⟨k⟩s
[
ψ(t) ∑

k∈Z

eikxe±iϕ(k)tη̂0(k)
|k|

]∼∥∥∥
ℓ2

k L1
τ

= ∑
k∈Z

⟨k⟩2s|η̂0(k)|2
( ∫

R
|ψ̂(t)(τ ∓ ϕ(k))|dτ

)2

≤ C∥η0∥2
Hs(T).

Also, we have that∥∥∥ψ(t) ∑
k∈Z

eikxe±iϕ(k)tΦ̂0(k)
∥∥∥

Ys+1,1/2
= ∑

k∈Z

⟨k⟩2s|k|2|Φ̂0(k)|2
∫

R
⟨|τ| − ϕ(k)⟩|ψ̂(t)(τ ∓ ϕ(k))|2dτ

≤ C∥Φ0∥2
V s+1(T)

and∥∥∥|k|⟨k⟩s
[
ψ(t) ∑

k∈Z

eikxe±iϕ(k)tΦ̂0(k)
]∼∥∥∥

ℓ2
k L1

τ

= ∑
k∈Z

⟨k⟩2s|k|2|Φ̂0(k)|2
( ∫

R
|ψ̂(t)(τ ∓ ϕ(k))|dτ

)2

≤ C∥Φ0∥2
V s+1(T).

Then we conclude that

∥ψ(t)S2(t)(η0, Φ0)∥Vs+1 ≤ C1∥(η0, Φ0)∥Hs(T)×V s+1(T).

Lemma 2.5. Let s ∈ R, then there exists C2 > 0 such that

(i)
∥∥∥ψ(t)

∫ t
0 f (t′)dt′

∥∥∥
H1/2

t

≤ C2

(
∥ f ∥H−1/2

t
+ ∥⟨τ⟩−1 f̂ (t)∥L1

τ

)
.

(ii)
∥∥∥ψ(t)

∫ t
0 S1(t − t′)(η, Φ)(t′) dt′

∥∥∥
Us

≤ C2 (∥η∥Zs + ∥Φ∥Ws+1) ,

(iii)
∥∥∥ψ(t)

∫ t
0 S2(t − t′)(η, Φ)(t′) dt′

∥∥∥
Vs+1

≤ C2 (∥η∥Zs + ∥Φ∥Ws+1) .
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Proof. For the inequality (i) see Remark 3.13 of [4]. To prove the inequality (ii), first we note
that (

ψ(t)
∫ t

0
∑

k∈Z

eixke±i(t−t′)ϕ(k)η̂(k, t′)dt′
)∧

(k, t)

= ψ(t)
∫ t

0
e±i(t−t′)ϕ(k)η̂(k, t′)dt′

= e±iϕ(k)tψ(t)
∫ t

0
e∓iϕ(k)t′ η̂(k, t′)dt′ = e±iϕ(k)tŵ(k, t),

where w(x, t) = ψ(t)
∫ t

0 e∓iϕ(k)t′η(x, t′)dt′. Then we obtain that[
ψ(t)

∫ t

0
∑

k∈Z

eixke±i(t−t′)ϕ(k)η̂(k, t′)dt′
]∼

(k, τ) = w̃(k, τ ∓ ϕ(k)).

Using the fact that

max{
∣∣|τ + ϕ(k)| − ϕ(k)

∣∣, ∣∣|τ − ϕ(k)| − ϕ(k)
∣∣} ≤ |τ|

we have that∥∥∥ψ(t)
∫ t

0
∑

k∈Z

eixke±i(t−t′)ϕ(k)η̂(k, t′)dt′
∥∥∥2

Xs,1/2
= ∑

k∈Z

⟨k⟩2s
∫

R
⟨|τ ± ϕ(k)| − ϕ(k)⟩|w̃(k, τ)|2dτ

≤ ∑
k∈Z

⟨k⟩2s
∫

R
⟨τ⟩|w̃(k, τ)|2dτ = ∑

k∈Z

⟨k⟩2s∥ŵ∥2
H1/2

t
.

By using part (i) we have that

∑
k∈Z

⟨k⟩2s∥ŵ∥2
H1/2

t
= ∑

k∈Z

⟨k⟩2s
∥∥∥ψ(t)

∫ t

0
e∓iϕ(k)t′ η̂(k, t′)dt′

∥∥∥2

H1/2
t

≤ C
(

∑
k∈Z

⟨k⟩2s
∥∥∥e∓iϕ(k)tη̂(k, t)

∥∥∥2

H−1/2
t

+ ∑
k∈Z

⟨k⟩2s
∥∥∥⟨τ⟩−1

[
e∓iϕ(k)tη̂(k, t)

]∧(t)∥∥∥2

L1
τ

)
≤ C

[
∑

k∈Z

⟨k⟩2s
∫

R
⟨|τ| − ϕ(k)⟩−1|η̃(k, τ)|2dτ

+ ∑
k∈Z

⟨k⟩2s
(∫

R
⟨|τ| − ϕ(k)⟩−1|η̃(k, τ)|dτ

)2 ]
.

Thus ∥∥∥ψ(t)
∫ t

0
∑

k∈Z

eixke±i(t−t′)ϕ(k)η̂(k, t′)dt′
∥∥∥2

Xs,1/2
≤ C∥η∥2

Zs .

Let ϱ a smooth cutoff function in the time variable, supported in A = [−1, 1]. Then

ψ(t)
∫ t

0
∑

k∈Z

eixke±i(t−t′)ϕ(k)η̂(k, t′)dt′ = ψ(t) ∑
k∈Z

eixk
∫

R
e±itϕ(k)η̃(k, τ)

( ∫ t

0
eit′(τ∓ϕ(k))dt′

)
dτ

= ψ(t) ∑
k∈Z

eixk
∫

R

eiτt − e±itϕ(k)

i(τ ∓ ϕ(k))
η̃(k, τ)dτ = S1 + S2 − S3,
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where

S1 = ψ(t) ∑
k∈Z

eixk
∫

R

eiτt − e±itϕ(k)

i(τ ∓ ϕ(k))
ϱ(τ ∓ ϕ(k))η̃(k, τ)dτ,

S2 = ψ(t) ∑
k∈Z

eixk
∫

R

[1 − ϱ(τ ∓ ϕ(k))]
i(τ ∓ ϕ(k))

η̃(k, τ)eiτtdτ,

S3 = ψ(t) ∑
k∈Z

ei(xk±tϕ(k))
∫

R

[1 − ϱ(τ ∓ ϕ(k))]
i(τ ∓ ϕ(k))

η̃(k, τ)dτ.

Now,

S1 = ψ(t) ∑
k∈Z

eixk
∫

R

e±itϕ(k)(eit(τ∓ϕ(k)) − 1
)

i(τ ∓ ϕ(k))
ϱ(τ ∓ ϕ(k))η̃(k, τ)dτ

= ψ(t) ∑
k∈Z

ei(xk±ϕ(k))
∫

R
∑
n≥1

tn[i(τ ∓ ϕ(k))]n−1

n!
ϱ(τ ∓ ϕ(k))η̃(k, τ)dτ

= ψ(t) ∑
n≥1

tnin−1

n!

(
∑

k∈Z

ei(xk±tϕ(k))
∫

R
(τ ∓ ϕ(k))n−1ϱ(τ ∓ ϕ(k))η̃(k, τ)dτ

)
.

Thus, using the notation

fn(k) =
∫

R
in−1(τ ∓ ϕ(k))n−1ϱ(τ ∓ ϕ(k))η̃(k, τ)dτ, ωn(t) = ψ(t)tn,

we see that

S̃1(k, τ) =
[

∑
n≥1

ωn(t)
n!

(
∑

k∈Z

ei(xk±tϕ(k)) fn(k)
)]∼

(k, τ)

= ∑
n≥1

1
n!

fn(k)ω̂
(t)
n (τ ∓ ϕ(k)).

Therefore

∥⟨k⟩sS̃1∥2
ℓ2

k L1
τ
≤ C ∑

k∈Z

⟨k⟩2s
(
∥χA(τ ∓ ϕ(k))η̃(k, τ)∥L1

τ ∑
n≥1

1
n!

∫
R
|ω̂(t)

n (τ ∓ ϕ(k))|dτ
)2

≤ C ∑
k∈Z

⟨k⟩2s
( ∫

R
⟨τ ∓ ϕ(k)⟩−1|η̃(k, τ)|dτ

)2
= C∥⟨k⟩s⟨|τ| − ϕ(k)⟩−1η̃∥2

ℓ2
k L1

τ
.

Now, if we use the notation

g(k, τ) = [i(τ ∓ ϕ(k))]−1[1 − ϱ(τ ∓ ϕ(k))]η̃(k, τ)

then

S̃2(k, τ) =
1

4π2

∫
R

∫
T

e−ixke−itτψ(t)g∼
−1
(x, t)dxdt = ψ̂(t)(τ) ∗ g(k, τ).

So that, from Young’s inequality,

∥⟨k⟩sS̃2∥2
ℓ2

k L1
τ
≤ ∑

k∈Z

⟨k⟩2s∥ψ̂(t)(τ)∥2
L1

τ
∥g(k, τ)∥2

L1
τ

≤ C ∑
k∈Z

⟨k⟩2s
(∫

R
⟨τ ∓ ϕ(k)⟩−1|χB(τ ∓ ϕ(k))η̃(k, τ)|dτ

)2

≤ C∥⟨k⟩s⟨|τ| − ϕ(k)⟩−1η̃∥2
ℓ2

k L1
τ
,
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where B = {τ : |τ| ≥ 1}. Next, let

ĥ(k) =
∫

R
[i(τ ∓ ϕ(k))]−1[1 − ϱ(τ ∓ ϕ(k))]η̃(k, τ)dτ.

Then

∥⟨k⟩sS̃3∥2
ℓ2

k L1
τ
= ∥⟨k⟩sĥ(k)ψ̂(t)(τ ∓ ϕ(k))∥2

ℓ2
k L1

τ

≤ C ∑
k∈Z

⟨k⟩2s
( ∫

R
⟨τ ∓ ϕ(k)⟩−1|χB(τ ∓ ϕ(k))η̃(k, τ)|dτ

)2

≤ C∥⟨k⟩s⟨|τ| − ϕ(k)⟩−1η̃∥2
ℓ2

k L1
τ
.

Hence, from the previous estimates we conclude that∥∥∥⟨k⟩s
[
ψ(t)

∫ t

0
∑

k∈Z

eixke±i(t−t′)ϕ(k)η̂(k, t′)dt′
]∼∥∥∥

ℓ2
k L1

τ

≤ C∥⟨k⟩s⟨|τ| − ϕ(k)⟩−1η̃∥ℓ2
k L1

τ
.

In what follows we will use similar arguments. First[
ψ(t)

∫ t

0
∑

k∈Z

eixke±i(t−t′)ϕ(k)|k|Φ̂(k, t′)dt′
]∼

(k, τ) = ṽ(k, τ ∓ ϕ(k)).

where v(x, t) = ψ(t)
∫ t

0 e∓iϕ(k)t′ |k|Φ(x, t′)dt′. Then we obtain that∥∥∥ψ(t)
∫ t

0
∑

k∈Z

eixke±i(t−t′)ϕ(k)|k|Φ̂(k, t′)dt′
∥∥∥2

Xs,1/2
≤ ∑

k∈Z

⟨k⟩2s∥v̂∥2
H1/2

t

≤ C
[

∑
k∈Z

|k|2⟨k⟩2s
∫

R
⟨τ ∓ ϕ(k)⟩−1|Φ̃(k, τ)|2dτ

+ ∑
k∈Z

|k|2⟨k⟩2s
( ∫

R
⟨τ ∓ ϕ(k)⟩−1|Φ̃(k, τ)|dτ

)2]
≤ C∥Φ∥2

Ws+1 .

Now,

ψ(t)
∫ t

0
∑

k∈Z

eixke±i(t−t′)ϕ(k)|k|Φ̂(k, t′)dt′ = S4 + S5 − S6,

where

S4 = ψ(t) ∑
k∈Z

eixk
∫

R

eiτt − e±itϕ(k)

i(τ ∓ ϕ(k))
ϱ(τ ∓ ϕ(k))|k|Φ̃(k, τ)dτ,

S5 = ψ(t) ∑
k∈Z

eixk
∫

R

[1 − ϱ(τ ∓ ϕ(k))]
i(τ ∓ ϕ(k))

|k|Φ̃(k, τ)eiτtdτ,

S6 = ψ(t) ∑
k∈Z

ei(xk±tϕ(k))
∫

R

[1 − ϱ(τ ∓ ϕ(k))]
i(τ ∓ ϕ(k))

|k|Φ̃(k, τ)dτ.

We note that

S4 = ψ(t) ∑
n≥1

tnin−1

n!

(
∑

k∈Z

ei(xk±tϕ(k))
∫

R
(τ ∓ ϕ(k))n−1ϱ(τ ∓ ϕ(k))|k|Φ̃(k, τ)dτ

)
.
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Thus, if we use the notation

ζn(k) =
∫

R
in−1(τ ∓ ϕ(k))n−1ϱ(τ ∓ ϕ(k))|k|Φ̃(k, τ)dτ, ωn(t) = ψ(t)tn,

we obtain that

S̃4(k, τ) =
[

∑
n≥1

ωn(t)
n!

(
∑

k∈Z

ei(xk±tϕ(k))ζn(k)
)]∼

(k, τ)

= ∑
n≥1

1
n!

ζn(k)ω̂
(t)
n (τ ∓ ϕ(k)).

Therefore

∥⟨k⟩sS̃4∥2
ℓ2

k L1
τ
≤ ∑

k∈Z

⟨k⟩2s
(

∑
n≥1

1
n!
|ζn(k)|

∫
R
|ω̂(t)

n (τ ∓ ϕ(k))|dτ
)2

≤ C ∑
k∈Z

⟨k⟩2s∥χA(τ ∓ ϕ(k))|k|Φ̃(k, τ)∥2
L1

τ

= C∥|k|⟨k⟩s⟨|τ| − ϕ(k)⟩−1Φ̃∥2
ℓ2

k L1
τ
.

Using the notation g1(k, τ) = [i(τ ∓ ϕ(k))]−1[1 − ϱ(τ ∓ ϕ(k))]|k|Φ̃(k, τ) we see that

S̃5(k, τ) =
[
ψ(t) ∑

k∈Z

eikx
∫

R
eitτg1(k, τ)dτ

]∼
(k, τ) = ψ̂(t)(τ) ∗ g1(k, τ).

Hence

∥⟨k⟩sS̃5∥2
ℓ2

k L1
τ
≤ ∑

k∈Z

⟨k⟩2s∥ψ̂(t)(τ)∥2
L1

τ
∥g1(k, τ)∥2

L1
τ

≤ C∥|k|⟨k⟩s⟨|τ| − ϕ(k)⟩−1Φ̃∥2
ℓ2

k L1
τ
.

Now, let ĥ1(k) =
∫

R
[i(τ ∓ ϕ(k))]−1[1 − ϱ(τ ∓ ϕ(k))]|k|Φ̃(k, τ)dτ. Then

∥⟨k⟩sS̃6∥2
ℓ2

k L1
τ
= ∑

k∈Z

⟨k⟩2s|ĥ1(k)|2
(∫

R
|ψ̂(t)(τ ∓ ϕ(k))|dτ

)2

≤ C∥|k|⟨k⟩s⟨|τ| − ϕ(k)⟩−1Φ̃∥2
ℓ2

k L1
τ
.

Consequently, from the previous estimates we have that∥∥∥⟨k⟩s
[
ψ(t)

∫ t

0
∑

k∈Z

eixke±i(t−t′)ϕ(k)|k|Φ̂(k, t′)dt′
]∼∥∥∥

ℓ2
k L1

τ

≤ C∥|k|⟨k⟩s⟨|τ| − ϕ(k)⟩−1Φ̃∥ℓ2
k L1

τ
.

Therefore, we conclude that∥∥∥ψ(t)
∫ t

0
S1(t − t′)(η, Φ)(t′) dt′

∥∥∥
Us

≤ C2

(
∥η∥Zs + ∥Φ∥Ws+1

)
.

Similarly we obtain the other inequality in (iii).

In the following lemma we show the continuous embedding of the space Us × Vs+1 in the
class C(R : Hs(T)× V s+1(T)) for s ∈ R.
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Lemma 2.6. Let s ∈ R, then there exists C > 0 such that

∥(η, Φ)∥C(R : Hs(T)×V s+1(T)) ≤ C∥(η, Φ)∥Us×Vs+1 .

Proof. First we prove that Us ⊆ L∞(R : Hs(T)). Since

∥η(t)∥Hs(T) ≤
(

∑
k∈Z

⟨k⟩2s
( ∫

R
|η̃(k, τ)|dτ

)2)1/2
≤ ∥η∥Us ,

we have that ∥η∥L∞(R : Hs(T)) ≤ ∥η∥Us . Now,

∥η(t)− η(t′)∥2
Hs(T) ≤ ∑

k∈Z

⟨k⟩2s
( ∫

R
|eitτ − eit′τ||η̃(k, τ)|dτ

)2
.

Then, using the Dominated Convergence Theorem,

∥η(t)− η(t′)∥Hs(T) → 0, t → t′.

Thus η ∈ C(R : Hs(T)) and moreover ∥η∥C(R : Hs(T)) ≤ C∥η∥Us . Finally,

∥Φ(t)∥V s+1(T) =
(

∑
k∈Z

|k|2⟨k⟩2s
∣∣∣ ∫

R
eitτΦ̃(k, τ)dτ

∣∣∣2)1/2
≤ ∥Φ∥Vs+1 .

Hence, as in the previous case, ∥Φ∥C(R : V s+1(T)) ≤ C∥Φ∥Vs+1 and then

∥(η, Φ)∥C(R : Hs(T)×V s+1(T)) ≤ C∥(η, Φ)∥Us×Vs+1 .

3 Bilinear estimates

Before proceed to the proof of the bilinear estimates, we state some elementary calculus in-
equalities that will be useful later, and whose proofs can be seen, respectively, in Lemma 5.3
of [10], Lemma 2.5 of [19], and Lemma 4.2 in [6].

Lemma 3.1. If µ > 1/2 and ν = ν(k, τ) > 0, then

sup
(k,τ)∈Z×R

∑
k1∈Z

1
(ν + |k2

1 + α1k1 + α2|)µ
< +∞,

where α1 = α1(k, τ) and α2 = α2(k, τ).

Lemma 3.2. If µ > 1/3 and ν = ν(k, τ) > 0, then

sup
(k,τ)∈Z×R

∑
k1∈Z

1
(ν3 + |k3

1 + α1k2
1 + α2k1 + α3|)µ

< +∞,

where α1 = α1(k, τ), α2 = α2(k, τ) and α3 = α3(k, τ).

Lemma 3.3. For p, q > 0 and r = min{p, q, p + q − 1} with p + q > 1, we have that∫
R

dx
⟨x − λ⟩p⟨x − µ⟩q ≤ C

⟨λ − µ⟩r . (3.1)
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The following nonlinear estimates constitute an important result for this work. We prove
these estimates using a method originally due to Bourgain (see [2, 3]) and considerably im-
proved by Kenig, Ponce and Vega (see [8, 9]).

Lemma 3.4. Let s ≥ 0, then exists C3 > 0 such that

(i) ∥∂x(η∂xΦ)∥Xs,−1/2 ≤ C3∥η∥Xs,1/2∥Φ∥Ys+1,1/2 ,

(ii) ∥(∂xΦ)(∂xΦ1)∥Ys+1,−1/2 ≤ C3∥Φ∥Ys+1,1/2∥Φ1∥Ys+1,1/2 .

Proof. First we note that

∥∂x(η∂xΦ)∥Xs,−1/2

= ∥⟨|τ| − ϕ(k)⟩−1/2k⟨k⟩s(η̃ ∗ ∂̃xΦ)(k, τ)∥ℓ2
k L2

τ

= sup
∥h∥

ℓ2
k L2

τ
=1

∣∣∣∣∣ ∑
k,k1∈Z

∫
R2

k⟨k⟩s⟨|τ| − ϕ(k)⟩−1/2η̃(k − k1, τ − τ1)k1Φ̃(k1, τ1)h(k, τ) dτdτ1

∣∣∣∣∣ .

Thus, by letting

f (k, τ) = ⟨|τ| − ϕ(k)⟩1/2⟨k⟩sη̃(k, τ), g(k, τ) = ⟨|τ| − ϕ(k)⟩1/2⟨k⟩skΦ̃(k, τ),

we have that (i) is equivalent to

|J( f , g, h)| ≤ C∥ f ∥ℓ2
k L2

τ
∥g∥ℓ2

k L2
τ
∥h∥ℓ2

k L2
τ
, (3.2)

where

J( f , g, h) = ∑
k,k1∈Z

∫
R2

k⟨k⟩s

⟨k1⟩s⟨k − k1⟩s
f (k − k1, τ − τ1)g(k1, τ1)h(k, τ)dτdτ1

⟨|τ| − ϕ(k)⟩1/2⟨|τ1| − ϕ(k1)⟩1/2⟨|τ − τ1| − ϕ(k − k1)⟩1/2 .

For to perform the inequality (3.2), we analyse all possible cases for the sign of τ, τ1 and
τ − τ1. To do this we split Z2 × R2 into the following regions

Γ1 = {(k, k1, τ, τ1) ∈ Z2 × R2 : τ1 < 0, τ − τ1 < 0},

Γ2 = {(k, k1, τ, τ1) ∈ Z2 × R2 : τ1 ≥ 0, τ − τ1 < 0, τ ≥ 0},

Γ3 = {(k, k1, τ, τ1) ∈ Z2 × R2 : τ1 ≥ 0, τ − τ1 < 0, τ < 0},

Γ4 = {(k, k1, τ, τ1) ∈ Z2 × R2 : τ1 < 0, τ − τ1 ≥ 0, τ ≥ 0},

Γ5 = {(k, k1, τ, τ1) ∈ Z2 × R2 : τ1 < 0, τ − τ1 ≥ 0, τ < 0},

Γ6 = {(k, k1, τ, τ1) ∈ Z2 × R2 : τ1 ≥ 0, τ − τ1 ≥ 0}.

We note that τ1 < 0 and τ − τ1 < 0 implies τ < 0, and τ1 ≥ 0 and τ − τ1 ≥ 0 implies τ ≥ 0.
Then the cases τ1 < 0, τ − τ1 < 0, τ ≥ 0 and τ1 ≥ 0, τ − τ1 ≥ 0, τ < 0 cannot occur. Now,
since

1 + |k| ≤ (1 + |k1|)(1 + |k − k1|),

then for s ≥ 0 we see that
⟨k⟩2s

⟨k1⟩2s⟨k − k1⟩2s ≤ 1. (3.3)
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So, we will prove the inequality (3.2) with Z( f , g, h) instead of J( f , g, h), where

Z( f , g, h) = ∑
k,k1∈Z

∫
R2

k f (k2, τ2)g(k1, τ1)h(k, τ) dτdτ1

⟨σ⟩1/2⟨σ1⟩1/2⟨σ2⟩1/2

with k2 = k − k1, τ2 = τ − τ1 and σ, σ1, σ2 belonging to one of the following cases

(C1) σ = τ + |k|3 + |k|, σ1 = τ1 + |k1|3 + |k1|, σ2 = τ2 + |k2|3 + |k2|,
(C2) σ = τ − |k|3 − |k|, σ1 = τ1 − |k1|3 − |k1|, σ2 = τ2 + |k2|3 + |k2|,
(C3) σ = τ + |k|3 + |k|, σ1 = τ1 − |k1|3 − |k1|, σ2 = τ2 + |k2|3 + |k2|,
(C4) σ = τ − |k|3 − |k|, σ1 = τ1 + |k1|3 + |k1|, σ2 = τ2 − |k2|3 − |k2|,
(C5) σ = τ + |k|3 + |k|, σ1 = τ1 + |k1|3 + |k1|, σ2 = τ2 − |k2|3 − |k2|,
(C6) σ = τ − |k|3 − |k|, σ1 = τ1 − |k1|3 − |k1|, σ2 = τ2 − |k2|3 − |k2|.

By hypotheses we have that η̂(0, t) = 0, for all t ∈ R. Thus, if k = k1 then f (k2, τ2) = 0.
Similarly if k1 = 0 then g(k1, τ1) = 0. Then, we will estimate Z( f , g, h) when k ̸= 0, k1 ̸= 0 and
k − k1 ̸= 0.

By symmetry it is sufficient to estimate Z( f , g, h) into the following set

R = {(k, k1, τ, τ1) ∈ Z2 × R2 : |σ2| ≤ |σ1|}.

Now, we write Z( f , g, h) as the sum S1 + S2, where

Sj = ∑
k

∑
k1

∫∫
Rj

k f (k2, τ2)g(k1, τ1)h(k, τ)χRj dτdτ1

⟨σ⟩1/2⟨σ1⟩1/2⟨σ2⟩1/2 , j = 1, 2,

and the sets R1, R2 are defined by

R1 = {(k, k1, τ, τ1) ∈ R : |σ1| ≤ |σ|}, R2 = {(k, k1, τ, τ1) ∈ R : |σ| ≤ |σ1|}.

We first consider σ, σ1, σ2 as the case (C1). We will use the notations ∑k F1(k),
∫

F2(x)dx
to indicate that the sum or the integral are calculated, respectively, at some subset of Z or R.
Using the Cauchy–Schwarz inequality,

|S1|2 ≤ ∥h∥2
ℓ2

k L2
τ
∑

k

∫ (
∑
k1

∫
| f (k2, τ2)g(k1, τ1)|2dτ1

)(
∑
k1

∫ χ2
R1
|k|2dτ1

⟨σ⟩⟨σ1⟩⟨σ2⟩

)
dτ.

We will prove that the expression

∑
k1

∫ χ2
R1
|k|2dτ1

⟨σ⟩⟨σ1⟩⟨σ2⟩
=

|k|2
⟨σ⟩ ∑

k1

∫ χ2
R1

dτ1

⟨σ1⟩⟨σ2⟩

is bounded. But, by using inequality (3.1) in Lemma 3.3 we have that∫
R

dτ1

⟨τ1 + |k1|3 + |k1|⟩⟨τ − τ1 + |k2|3 + |k2|⟩
≤ C

⟨τ + |k1|3 + |k1|+ |k2|3 + |k2|⟩
.

Then we will prove that there exists C > 0 such that

|k|2
⟨τ + |k|3 + |k|⟩ ∑

k1

1
⟨τ + |k1|3 + |k1|+ |k − k1|3 + |k − k1|⟩

≤ C, on R1.
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Since for k ̸= 0, k1 ̸= 0 and k ̸= k1, |k| = |k1 + (k − k1)| ≤ |k1|+ |k − k1| ≤ 2|k1(k − k1)|.
Then

k2

2
≤ |kk1(k − k1)|. (3.4)

Moreover, we observe the relation

τ + |k|3 + |k| −
[
τ1 + |k1|3 + |k1|+ τ2 + |k2|3 + |k2|

]
= |k|3 + |k| − |k1|3 − |k1| − |k2|3 − |k2|. (3.5)

If (k, k1, τ, τ1) ∈ R1 then

|τ2 + |k2|3 + |k2|| ≤ |τ1 + |k1|3 + |k1|| ≤ |τ + |k|3 + |k||.

Hence, using the triangle inequality in (3.5) we conclude that∣∣|k|3 + |k| − |k1|3 − |k1| − |k2|3 − |k2|
∣∣ ≤ 3|τ + |k|3 + |k||. (3.6)

Assume k1 > 0 and k − k1 > 0. Then k > k1 > 0 and, using Lemma 3.1, we obtain that

∑
k1

1
⟨τ + |k1|3 + |k1|+ |k − k1|3 + |k − k1|⟩

≤ ∑
k1∈Z

1
⟨τ + k3 + k − 3k2k1 + 3kk2

1⟩

≤ sup
(k,τ)∈Z∗×R

∑
k1∈Z

1(
1

3|k| +
∣∣∣k2

1 − kk1 +
τ
3k +

k2

3 + 1
3

∣∣∣)
≤ C,

where Z∗ := Z \ {0}. Moreover,

|k|3 + |k| − |k1|3 − |k1| − |k2|3 − |k2| = k3 + k − k3
1 − k1 − k3

2 − k2 = 3kk1(k − k1) > 0.

So, from (3.6) and inequality (3.4) we see that

|τ + k3 + k| ≥ |kk1(k − k1)| ≥
|k|2
2

.

Thus

|k|2
⟨τ + |k|3 + |k|⟩ ≤ C.

Assume k1 < 0 and k − k1 < 0. Then k < k1 < 0 and, using Lemma 3.1, we see that

∑
k1

1
⟨τ + |k1|3 + |k1|+ |k − k1|3 + |k − k1|⟩

≤ ∑
k1∈Z

1
⟨τ − k3 − k + 3k2k1 − 3kk2

1⟩

≤ sup
(k,τ)∈Z∗×R

∑
k1∈Z

1(
1

3|k| +
∣∣∣k2

1 − kk1 − τ
3k +

k2

3 + 1
3

∣∣∣)
≤ C.

Moreover∣∣|k|3 + |k| − |k1|3 − |k1| − |k2|3 − |k2|
∣∣ = ∣∣− k3 − k + k3

1 + k1 + k3
2 + k2

∣∣ = 3|kk1(k − k1)|.
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Hence from (3.6) and (3.4) we obtain that

|τ − k3 − k| ≥ |kk1(k − k1)| ≥
|k|2
2

and
|k|2

⟨τ − k3 − k⟩ ≤ C.

Assume k1 > 0 and k − k1 < 0. Using Lemma 3.2,

∑
k1

1
⟨τ + |k1|3 + |k1|+ |k − k1|3 + |k − k1|⟩

≤ ∑
k1∈Z

1
⟨τ + 2k3

1 + 2k1 − k3 − k + 3k2k1 − 3kk2
1⟩

≤ sup
(k,τ)∈Z×R

∑
k1∈Z

1(
1
2 +

∣∣∣k3
1 −

3
2 kk2

1 + k1 +
3
2 k2k1 +

τ
2 − k3

2 − k
2

∣∣∣) ≤ C.

Moreover, if k > 0 then

∣∣|k|3 + |k| − |k1|3 − |k1| − |k2|3 − |k2|
∣∣ = 2|k − k1|

[(
k1 −

k
4

)2
+

15k2

16
+ 1
]
≥ 15

8
k2.

If k < 0,

∣∣|k|3 + |k| − |k1|3 − |k1| − |k2|3 − |k2|
∣∣ = 2|k1|

[(
k1 −

3k
4

)2
+

15k2

16
+ 1
]
≥ 15k2

8
.

Thus, from inequality (3.6) we have that

|τ + |k|3 + |k|| ≥ 5k2

8
and

|k|2
⟨τ + |k|3 + |k|⟩ ≤ C.

Assume k1 < 0 and k − k1 > 0. Using Lemma 3.2,

∑
k1

1
⟨τ + |k1|3 + |k1|+ |k − k1|3 + |k − k1|⟩

≤ sup
(k,τ)∈Z×R

∑
k1∈Z

1(
1
2 +

∣∣∣k3
1 −

3
2 kk2

1 + k1 +
3
2 k2k1 − τ

2 − k3

2 − k
2

∣∣∣) ≤ C.

Now, if k > 0 then

∣∣|k|3 + |k| − |k1|3 − |k1| − |k2|3 − |k2|
∣∣ = 2|k1|

[(
k1 −

3k
4

)2
+

15k2

16
+ 1
]
≥ 15k2

8
.

and if k < 0 then∣∣|k|3 + |k| − |k1|3 − |k1| − |k2|3 − |k2|
∣∣ = 2|k − k1|

[(
k1 −

k
4

)2
+

15k2

16
+ 1
]
≥ 15

8
k2.

Thus, by using (3.6),

|τ + |k|3 + |k|| ≥ 5k2

8
and

|k|2
⟨τ + |k|3 + |k|⟩ ≤ C.
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Consequently, from the previous estimates there exists C > 0 such that

|k|2
⟨σ⟩ ∑

k1

∫ dτ1

⟨σ1⟩⟨σ2⟩
≤ C, on R1.

Therefore

|S1|2 ≤ C∥h∥2
ℓ2

k L2
τ

∑
k1∈Z

∫
R
|g(k1, τ1)|2

(
∑

k∈Z

∫
R
| f (k2, τ2)|2dτ

)
dτ1

≤ C∥ f ∥2
ℓ2

k L2
τ
∥g∥2

ℓ2
k L2

τ
∥h∥2

ℓ2
k L2

τ
.

In a similar fashion,

|S2|2 ≤ ∥g∥2
ℓ2

k L2
τ

∑
k1∈Z

∫
R

(
∑

k

∫
| f (k2, τ2)h(k, τ)|2dτ

)(
∑

k

∫ χ2
R2
|k|2dτ

⟨σ⟩⟨σ1⟩⟨σ2⟩

)
dτ1.

We will prove that the expression

∑
k

∫ χ2
R2
|k|2dτ

⟨σ⟩⟨σ1⟩⟨σ2⟩
=

1
⟨σ1⟩ ∑

k

∫ χ2
R2
|k|2dτ

⟨σ⟩⟨σ2⟩

is bounded. Using inequality (3.1) in Lemma 3.3 we have that∫
R

dτ

⟨τ + |k|3 + |k|⟩⟨τ − τ1 + |k2|3 + |k2|⟩
≤ C

⟨τ1 + |k|3 + |k| − |k2|3 − |k2|⟩
.

Thus, we will show that there exists C > 0 such that

1
⟨τ1 + |k1|3 + |k1|⟩ ∑

k

|k|2
⟨τ1 + |k|3 + |k| − |k − k1|3 − |k − k1|⟩

≤ C, on R2.

We note that if (k, k1, τ, τ1) ∈ R2,

|τ + |k|3 + |k|| ≤ |τ1 + |k1|3 + |k1||, |τ2 + |k2|3 + |k2|| ≤ |τ1 + |k1|3 + |k1||.

So, using the triangle inequality in (3.5) we see that∣∣|k|3 + |k| − |k1|3 − |k1| − |k2|3 − |k2|
∣∣ ≤ 3|τ1 + |k1|3 + |k1||. (3.7)

Assume k > 0 and k − k1 > 0. Thus

∑
k

|k|2
⟨τ1 + |k|3 + |k| − |k2|3 − |k2|⟩

≤ ∑
k∈Z

|k|2

⟨τ1 + k3
1 + k1 + 3k2k1 − 3kk2

1⟩
=: J1.

Moreover, if k1 > 0 then, using inequality (3.4),

∣∣|k|3 + |k| − |k1|3 − |k1| − |k2|3 − |k2|
∣∣ = 3|kk1(k − k1)| ≥

3k2

2

and if k1 < 0 then

∣∣|k|3 + |k| − |k1|3 − |k1| − |k2|3 − |k2|
∣∣ = 2|k1|

[(
k1 −

3k
4

)2
+

15k2

16
+ 1
]
≥ 15k2

8
.
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Hence, from (3.7) there exists C > 0 such that

|τ1 + |k1|3 + |k1|| ≥ Ck2

and consequently, using Lemma 3.1, we obtain

1
⟨τ1 + |k1|3 + |k1|⟩

J1 ≤ C sup
(k1,τ1)∈Z∗×R

∑
k∈Z

1(
1

3|k1| +
∣∣∣k2 − kk1 +

τ1
3k1

+
k2

1
3 + 1

3

∣∣∣) ≤ C.

Assume k < 0 and k − k1 < 0. Thus

∑
k

|k|2
⟨τ1 + |k|3 + |k| − |k − k1|3 − |k − k1|⟩

≤ ∑
k∈Z

|k|2

⟨τ1 − k3
1 − k1 − 3k2k1 + 3kk2

1⟩
=: J2.

Moreover, if k1 > 0 then

∣∣|k|3 + |k| − |k1|3 − |k1| − |k2|3 − |k2|
∣∣ = 2|k1|

[(
k1 −

3k
4

)2
+

15k2

16
+ 1
]
≥ 15k2

8
.

If k1 < 0 then, using (3.4),

∣∣|k|3 + |k| − |k1|3 − |k1| − |k2|3 − |k2|
∣∣ = 3|kk1(k − k1)| ≥

3k2

2
.

Thus, from (3.7) there exists C > 0 such that

|τ1 + |k1|3 + |k1|| ≥ Ck2

and so

1
⟨τ1 + k3

1 + k1⟩
J2 ≤ C sup

(k1,τ1)∈Z∗×R
∑

k∈Z

1
⟨τ1 − k3

1 − k1 − 3k2k1 + 3kk2
1⟩

≤ C.

Assume k > 0 and k − k1 < 0. Then k1 > k > 0 and

∑
k

|k|2
⟨τ1 + |k|3 + |k| − |k − k1|3 − |k − k1|⟩

≤ ∑
k∈Z

|k|2

⟨τ1 + 2k3 + 2k − 3k2k1 + 3kk2
1 − k3

1 − k1⟩
=: J3.

Moreover, we see that

∣∣|k|3 + |k| − |k1|3 − |k1| − |k2|3 − |k2|
∣∣ ≥ 15k2

8
and |τ1 + k3

1 + k1| ≥
5k2

8
.

Consequently

1
⟨τ1 + k3

1 + k1⟩
J3 ≤ C sup

(k1,τ1)∈Z×R
∑

k∈Z

1
⟨τ1 + 2k3 + 2k − 3k2k1 + 3kk2

1 − k3
1 − k1⟩

≤ sup
(k1,τ1)∈Z×R

∑
k∈Z

1(
1
2 +

∣∣∣k3 − 3
2 k2k1 + k + 3

2 kk2
1 +

τ1
2 − k3

1
2 − k1

2

∣∣∣) ≤ C.
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Assume k < 0 and k − k1 > 0. Then

∑
k

|k|2
⟨τ1 + |k|3 + |k| − |k − k1|3 − |k − k1|⟩

≤ ∑
k∈Z

|k|2

⟨τ1 − 2k3 − 2k + k3
1 + k1 + 3k2k1 − 3kk2

1⟩
=: J4.

Also we see that∣∣|k|3 + |k| − |k1|3 − |k1| − |k2|3 − |k2|
∣∣ ≥ 15k2

8
and |τ1 + k3

1 + k1| ≥
5k2

8
.

Thus, using (3.7),

|τ1 + k3
1 + k1| ≥

5k2

8
.

So that

1
⟨τ1 + k3

1 + k1⟩
J4 ≤ C sup

(k1,τ1)∈Z×R
∑

k∈Z

1
⟨τ1 − 2k3 − 2k + 3k2k1 − 3kk2

1 + k3
1 + k1⟩

≤ C sup
(k1,τ1)∈Z×R

∑
k∈Z

1(
1
2 +

∣∣∣k3 − 3
2 k2k1 + k + 3

2 kk2
1 −

τ1
2 − k3

1
2 − k1

2

∣∣∣) ≤ C.

Hence, from previous estimates we see that there exists C > 0 such that

1
⟨σ1⟩ ∑

k

∫ |k|2dτ

⟨σ⟩⟨σ2⟩
≤ C, on R2.

Therefore
|S2|2 ≤ C∥ f ∥2

ℓ2
k L2

τ
∥g∥2

ℓ2
k L2

τ
∥h∥2

ℓ2
k L2

τ
.

The proof of the others is similar to case (C1). Finally, note that

∥(∂xΦ)(∂xΦ1)∥Ys+1,−1/2

= sup
∥h∥

ℓ2
k L2

τ
=1

∣∣∣ ∑
k,k1∈Z

∫
R2

k⟨k⟩s⟨|τ| − ϕ(k)⟩−1/2(k − k1)Φ̃(k − k1, τ − τ1)k1Φ̃1(k1, τ1)h(k, τ) dτdτ1

∣∣∣.
Then, by letting

f (k, τ) = ⟨|τ| − ϕ(k)⟩1/2⟨k⟩skΦ̃(k, τ), f1(k, τ) = ⟨|τ| − ϕ(k)⟩1/2⟨k⟩skΦ̃1(k, τ)

we have that (ii) is equivalent to

|K( f , f1, h)| ≤ C∥ f ∥ℓ2
k L2

τ
∥ f1∥ℓ2

k L2
τ
∥h∥ℓ2

k L2
τ
, (3.8)

where

K( f , f1, h) = ∑
k,k1∈Z

∫
R2

k⟨k⟩s

⟨k1⟩s⟨k − k1⟩s
f (k − k1, τ − τ1) f1(k1, τ1)h(k, τ) dτdτ1

⟨|τ| − ϕ(k)⟩1/2⟨|τ1| − ϕ(k1)⟩1/2⟨|τ − τ1| − ϕ(k − k1)⟩1/2 .

The proof of (3.8) is analogous to the proof of (3.2).
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The proof of the following estimates is analogous to the proof of Lemma 3.4.

Lemma 3.5. Let s ≥ 0, then there exists C4 > 0 such that

(i)
∥∥∥ ⟨k⟩s[∂x(η∂xΦ)]∼(k,τ)

⟨|τ|−ϕ(k)⟩

∥∥∥
ℓ2

k L1
τ

≤ C4∥η∥Xs,1/2∥Φ∥Ys+1,1/2 ,

(ii)
∥∥∥ |k|⟨k⟩s[(∂xΦ)(∂xΦ1)]

∼(k,τ)
⟨|τ|−ϕ(k)⟩

∥∥∥
ℓ2

k L1
τ

≤ C4∥Φ∥Ys+1,1/2∥Φ1∥Ys+1,1/2 .

Proof. First, notice that∥∥∥ ⟨k⟩s[∂x(η∂xΦ)]∼(k, τ)

⟨|τ| − ϕ(k)⟩

∥∥∥
ℓ2

k L1
τ

=
∥∥∥ k⟨k⟩s

⟨|τ| − ϕ(k)⟩ ∑
k1∈Z

∫
R

f (k − k1, τ − τ1)g(k1, τ1)dτ1

⟨k1⟩s⟨k − k1⟩s⟨|τ1| − ϕ(k1)⟩1/2⟨|τ − τ1| − ϕ(k − k1)⟩1/2

∥∥∥
ℓ2

k L1
τ

=: J( f , g),

where

f (k, τ) = ⟨|τ| − ϕ(k)⟩1/2⟨k⟩sη̃(k, τ), g(k, τ) = ⟨|τ| − ϕ(k)⟩1/2⟨k⟩skΦ̃(k, τ).

In view of inequality (3.3) we will prove inequality in (i) with Z( f , g) instead of J( f , g)
where

Z( f , g) =
∥∥∥ k
⟨σ⟩ ∑

k1∈Z

∫
R

f (k2, τ2)g(k1, τ1)dτ1

⟨σ1⟩1/2⟨σ2⟩1/2

∥∥∥
ℓ2

k L1
τ

.

More exactly, we will study the expression

Zj( f , g) =
∥∥∥ k
⟨σ⟩ ∑

k1

∫ f (k2, τ2)g(k1, τ1)χRj dτ1

⟨σ1⟩1/2⟨σ2⟩1/2

∥∥∥
ℓ2

k L1
τ

, j = 1, 2,

with k2 = k − k1, τ2 = τ − τ1; σ, σ1, σ2 belonging to one of the cases (C1)-(C6); and the sets R
R1, R2 are defined by

R = {(k, k1, τ, τ1) ∈ Z2 × R2 : |σ2| ≤ |σ1|},

R1 = {(k, k1, τ, τ1) ∈ R : |σ1| ≤ |σ|} and R2 = {(k, k1, τ, τ1) ∈ R : |σ| ≤ |σ1|}.

Using a duality argument we see that

Z1( f , g) = sup
∥h∥

ℓ2
k
=1

∣∣∣∑
k

∑
k1

∫ ∫ k f (k2, τ2)g(k1, τ1)h(k)χR1 dτdτ1

⟨σ⟩⟨σ1⟩1/2⟨σ2⟩1/2

∣∣∣.
Now, consider σ, σ1, σ2 as in the case (C1) and note that[

∑
k

∑
k1

∫ ∫ |k f (k2, τ2)g(k1, τ1)h(k)|χR1 dτdτ1

⟨σ⟩⟨σ1⟩1/2⟨σ2⟩1/2

]2

≤ ∥g∥2
ℓ2

k L2
τ
∑
k1

∥∥∥ ∑
k∈Z

|h(k)|2
∫

R
| f (k2, τ2)|2dτ

∥∥∥
L∞

τ1

∑
k

∫ ∫ χ2
R1
|k|2dτdτ1

⟨σ⟩2⟨σ1⟩⟨σ2⟩
.
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Then we will prove that the expression

∑
k
|k|2

∫ 1
⟨σ⟩2

( ∫ χ2
R1

dτ1

⟨σ1⟩⟨σ2⟩

)
dτ

is bounded. In fact, if (k, k1, τ, τ1) ∈ R1,

|τ2 + |k2|3 + |k2|| ≤ |τ1 + |k1|3 + |k1|| ≤ |τ + |k|3 + |k||. (3.9)

Hence, using inequality (3.1) in Lemma 3.3, we have for 0 < r < 1/4 that

1
⟨τ + |k|3 + |k|⟩2

∫ dτ1

⟨τ + |k1|3 + |k1|⟩⟨τ2 + |k2|3 + |k2|⟩

≤ 1
⟨τ + |k|3 + |k|⟩2(1−r)

∫
R

dτ1

⟨τ + |k1|3 + |k1|⟩1+r⟨τ2 + |k2|3 + |k2|⟩1+r

≤ C
⟨τ + |k|3 + |k|⟩2(1−r)⟨τ + |k1|3 + |k1|+ |k2|3 + |k2|⟩1+r

.

So, for 0 < r < 1/4, we will prove that there exists C > 0 such that

∑
k
|k|2

∫ dτ

⟨τ + |k|3 + |k|⟩2(1−r)⟨τ + |k1|3 + |k1|+ |k2|3 + |k2|⟩1+r
≤ C, on R1.

The importance of the choice of r will be noted later. We have the relation

τ + |k|3 + |k| −
[
τ1 + |k1|3 + |k1|+ τ2 + |k2|3 + |k2|

]
= |k|3 + |k| − |k1|3 − |k1| − |k2|3 − |k2|. (3.10)

Using the triangle inequality in (3.10) and inequality (3.9) we obtain that∣∣|k|3 + |k| − |k1|3 − |k1| − |k2|3 − |k2|
∣∣ ≤ 3|τ + |k|3 + |k||. (3.11)

Assume k1 > 0 and k − k1 > 0. Then

|k|3 + |k| − |k1|3 − |k1| − |k2|3 + |k2| = 3kk1(k − k1) > 0.

Thus, from (3.4) and (3.10) we see that

|τ + k3 + k| ≥ |kk1(k − k1)| ≥
|k|2
2

,

and consequently, for 0 < r < 1/4, we have that

∑
k
|k|2

∫ dτ

⟨τ + |k|3 + |k|⟩2(1−r)⟨τ + |k1|3 + |k1|+ |k − k1|3 + |k − k1|⟩1+r

= ∑
k
|k|2

∫ dτ

⟨τ + k3 + k⟩2(1−r)⟨τ + k3
1 + k1 + (k − k1)3 + (k − k1)⟩1+r

≤ C ∑
k∈Z∗

1
|k|2−4r

∫
R

dτ

⟨τ + k3 + k − 3k2k1 + 3kk2
1⟩1+r .

Assume k1 < 0 and k − k1 < 0. Then∣∣|k|3 + |k| − |k1|3 − |k1| − |k2|3 + |k2|
∣∣ = 3|kk1(k − k1)|.
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So, using (3.4) and (3.11) we see that

|τ − k3 − k| ≥ |kk1(k − k1)| ≥
|k|2
2

.

Hence, for 0 < r < 1/4,

∑
k
|k|2

∫ dτ

⟨τ + |k|3 + |k|⟩2(1−r)⟨τ + |k1|3 + |k1|+ |k − k1|3 + |k − k1|⟩1+r

≤ C ∑
k∈Z∗

1
|k|2−4r

∫
R

dτ

⟨τ − k3 + 3k2k1 − 3kk2
1 − k⟩1+r .

Assume k1 > 0 and k − k1 < 0. Hence, if k > 0 then

∣∣|k|3 + |k| − |k1|3 − |k1| − |k2|3 − |k2|
∣∣ = 2|k − k1|

[(
k1 −

k
4

)2
+

15k2

16
+ 1
]
≥ 15

8
k2

and if k < 0 then∣∣|k|3 + |k| − |k1|3 − |k1| − |k2|3 − |k2|
∣∣ = 2|k1|

[(
k1 −

3k
4

)2
+

15k2

16
+ 1
]
≥ 15

8
k2.

So, from inequality (3.11) we conclude that

|τ + |k|3 + |k|| ≥ 5
8

k2,

and

∑
k
|k|2

∫ dτ

⟨τ + |k|3 + |k|⟩2(1−r)⟨τ + |k1|3 + |k1|+ |k − k1|3 + |k − k1|⟩1+r

≤ C ∑
k∈Z∗

1
|k|2−4r

∫
R

dτ

⟨τ + 2k3
1 + 2k1 − k3 + 3k2k1 − 3kk2

1 − k⟩1+r
.

Assume k1 < 0 and k − k1 > 0. Hence, if k > 0 then

∣∣|k|3 + |k| − |k1|3 − |k1| − |k2|3 − |k2|
∣∣ = 2|k1|

[(
k1 −

3k
4

)2
+

15k2

16
+ 1
]
≥ 15k2

8

and if k < 0 then∣∣|k|3 + |k| − |k1|3 − |k1| − |k2|3 − |k2|
∣∣ = 2|k − k1|

[(
k1 −

k
4

)2
+

15k2

16
+ 1
]
≥ 15

8
k2.

Thus, using (3.11),

|τ + |k|3 + |k|| ≥ 5
8

k2

and so

∑
k
|k|2

∫ dτ

⟨τ + |k|3 + |k|⟩2(1−r)⟨τ + |k1|3 + |k1|+ |k − k1|3 + |k − k1|⟩1+r

≤ C ∑
k∈Z∗

1
|k|2−4r

∫
R

dτ

⟨τ − 2k3
1 − 2k1 + k3 − 3k2k1 + 3kk2

1 + k⟩1+r
.
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Therefore, for any h ∈ ℓ2
k we have that

|Z1|2 ≤ C∥g∥2
ℓ2

k L2
τ

(
∑

k∈Z

|h(k)|2 ∑
k1∈Z

∫
R
| f (k2, τ)|2dτ

)
≤ C∥ f ∥2

ℓ2
k L2

τ
∥g∥2

ℓ2
k L2

τ
∥h∥2

ℓ2
k
.

Next, choosing 1/2 < r < 3/4 we see that

|Z2| ≤ C
∥∥∥ |k|
⟨σ⟩1−r ∑

k1

∫ | f (k2, τ2)g(k1, τ1)|χR2 dτ1

⟨σ1⟩1/2⟨σ2⟩1/2

∥∥∥
ℓ2

k L2
τ

= C sup
∥h∥

ℓ2
k L2

τ
=1

∣∣∣∑
k

∑
k1

∫ ∫ |k f (k2, τ2)g(k1, τ1)|h(k, τ)χR2 dτdτ1

⟨σ⟩1−r⟨σ1⟩1/2⟨σ2⟩1/2

∣∣∣.
As before, for 1/2 < r < 3/4 it is possible to prove that there exists C > 0 such that

1
⟨τ1 + |k1|3 + |k1|⟩ ∑

k

|k|2

⟨τ1 + |k|3 + |k| − |k − k1|3 − |k − k1|⟩2(1−r)
≤ C, on R2.

and, by using Lemma 3.3, we have that

∫
R

dτ

⟨τ + |k|3 + |k|⟩2(1−r)⟨τ2 + |k2|3 + |k2|⟩
≤ C

⟨τ1 + |k|3 + |k| − |k2|3 − |k2|⟩2(1−r)
,

then the expression

1
⟨σ1⟩ ∑

k
|k|2

∫ χ2
R2

dτ

⟨σ⟩2(1−r)⟨σ2⟩

is bounded. Therefore, for any h ∈ ℓ2
k L2

τ we have that

|Z2|2 ≤ C∥g∥2
ℓ2

k L2
τ
∑
k1

∫ (
∑

k

∫
| f (k2, τ2)h(k, τ)|2dτ

)(
∑

k

∫ χ2
R2
|k|2dτ

⟨σ⟩2(1−r)⟨σ1⟩⟨σ2⟩

)
dτ1

≤ C∥ f ∥2
ℓ2

k L2
τ
∥g∥2

ℓ2
k L2

τ
∥h∥2

ℓ2
k L2

τ
.

In a similar way we have the rest of the proof.

As a direct consequence of previous lemmas we have the following corollary.

Corollary 3.6. Let s ≥ 0, then there exists C5 > 0 such that

(i) ∥ψ∂x(η∂xΦ)∥Zs ≤ C5∥η∥Xs,1/2∥Φ∥Ys+1,1/2 ,

(ii) ∥ψ(∂xη)(∂xΦ1)∥Ws+1 ≤ C5∥Φ∥Ys+1,1/2∥Φ1∥Ys+1,1/2 .

4 Well-posedness

In this section we establish the local well-posedness for the model (1.1) in the space Us × Vs.
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Theorem 4.1. Let s ≥ 0, then for all (η0, Φ0) ∈ Hs(T)× V s+1(T) we have that there exist a time
T = T(∥(η0, Φ0)∥Hs(T)×V s+1(T)) > 0 and a unique solution (η, Φ) of the Cauchy problem (1.1)-(1.2)
such that

η ∈ C([0, T] : Hs(T)) ∩ Us
T and Φ ∈ C([0, T] : V s+1(T)) ∩ Vs+1

T .

Moreover, for all 0 < T′ < T there exists a neighborhood V of (η0, Φ0) in Hs(T)× V s+1(T) such
that the map data-solution is Lipschitz from V in the class

C([0, T′] : Hs(T)× V s+1(T)) ∩ (Us
T × Vs+1

T ).

Proof. For (η0, Φ0) ∈ Hs(T)× V s+1(T) we consider the operator Γ = (Γ1, Γ2) where

Γ1(η, Φ)(t) = ψ(t)S1(t)(η0, Φ0)− ψ(t)
∫ t

0
S1(t − t′)ψ(t′)

(
∂x(η∂xΦ),

1
2
(∂xΦ)2

)
(t′)dt′

and

Γ2(η, Φ)(t) = ψ(t)S2(t)(η0, Φ0)− ψ(t)
∫ t

0
S2(t − t′)ψ(t′)

(
∂x(η∂xΦ),

1
2
(∂xΦ)2

)
(t′)dt′.

Let ZM the closed ball of radius M centered at the origin in Us × Vs+1,

ZM = {(η, Φ) ∈ Us × Vs+1 : ∥(η, Φ)∥Us×Vs+1 ≤ M}.

We will show that the correspondence (η, Φ) 7→ Γ(η, Φ) maps ZM into itself and defines a
contraction if M is well chosen. In fact, using Lemma 2.4, Lemma 2.5, and Corollary 3.6 we
have that

∥Γ1(η, Φ)∥Us ≤ C1∥(η0, Φ0)∥Hs(T)×V s+1(T) + C2

(
∥ψ∂x(η∂xΦ)∥Zs + ∥ψ(∂xΦ)2∥Ws+1

)
≤ C1∥(η0, Φ0)∥Hs(T)×V s+1(T) + C2C5

(
∥η∥Xs,1/2∥Φ∥Ys+1,1/2 + ∥Φ∥2

Ys+1,1/2

)
≤ C1∥(η0, Φ0)∥Hs(T)×V s+1(T) + C2C5∥(η, Φ)∥2

Us×Vs+1

and also that

∥Γ2(η, Φ)∥Vs+1 ≤ C1∥(η0, Φ0)∥Hs(T)×V s+1(T) + C2

(
∥ψ∂x(η∂xΦ)∥Zs + ∥ψ(∂xΦ)2∥Ws+1

)
≤ C1∥(η0, Φ0)∥Hs(T)×V s+1(T) + C2C5∥(η, Φ)∥2

Us×Vs+1 ,

so that

∥Γ(η, Φ)∥Us×Vs+1 ≤ C1∥(η0, Φ0)∥Hs(T)×V s+1(T) + C2C5∥(η, Φ)∥2
Us×Vs+1 . (4.1)

Choosing M = 2C1∥(η0, Φ0)∥Hs(T)×V s+1(T) such that

K1 = 4C1C2C5∥(η0, Φ0)∥Hs(T)×V s+1(T) < 1,

we obtain that

∥Γ(η, Φ)∥Us×Vs+1 ≤ C1∥(η0, Φ0)∥Hs(T)×V s+1(T)(1 + 4C1C2C5∥(η0, Φ0)∥Hs(T)×V s+1(T))

≤ 2C1∥(η0, Φ0)∥Hs(T)×V s+1(T) = M
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and that Γ maps ZM to itself. Now, let us prove that Γ is a contraction. In fact, if (η, Φ),
(η1, Φ1) ∈ ZM, using Lemma 2.5 and Corollary 3.6 we have that

∥Γ1(η, Φ)− Γ1(η1, Φ1)∥Us

≤ C2

(
∥ψ∂x(η∂xΦ − η1∂xΦ1)∥Zs + ∥ψ((∂xΦ)2 − (∂xΦ1)

2)∥Ws+1

)
≤ C2

(
∥∂x(η∂x(Φ − Φ1))∥Zs + ∥∂x((η − η1)∂xΦ1)∥Zs

+ ∥∂x(Φ − Φ1)∂x(Φ + Φ1)∥Ws+1

)
≤ C2C5

(
∥η∥Xs,1/2∥Φ − Φ1∥Ys+1,1/2 + ∥η − η1∥Xs,1/2∥Φ1∥Ys+1,1/2

+ ∥Φ − Φ1∥Ys+1,1/2∥Φ + Φ1∥Ys+1,1/2

)
≤ C2C5∥(η, Φ)− (η1, Φ1)∥Us×Vs+1 (∥(η, Φ)∥Us×Vs+1 + ∥(η1, Φ1)∥Us×Vs+1) .

In a similar fashion we see that

∥Γ2(η, Φ)− Γ2(η1, Φ1)∥Vs+1

≤ C2

(
∥ψ∂x(η∂xΦ − η1∂xΦ1)∥Zs + ∥ψ((∂xΦ)2 − (∂xΦ1)

2)∥Ws+1

)
≤ C2C5∥(η, Φ)− (η1, Φ1)∥Us×Vs+1 (∥(η, Φ)∥Us×Vs+1 + ∥(η1, Φ1)∥Us×Vs+1) .

Then, we conclude

∥Γ(η, Φ)− Γ(η1, Φ1)∥Us×Vs+1

≤ C2C5∥(η, Φ)− (η1, Φ1)∥Us×Vs+1 (∥(η, Φ)∥Us×Vs+1 + ∥(η1, Φ1)∥Us×Vs+1) . (4.2)

So, if (4) holds we obtain that

∥Γ(η, Φ)− Γ(η1, Φ1)∥Us×Vs+1 ≤ K1∥(η, Φ)− (η1, Φ1)∥Us×Vs+1

and then Γ is a contraction in ZM. Thus, the contraction mapping principle guarantees the
existence of a unique fixed point (η, Φ) of Γ in ZM, which is solution of the truncated integral
problem (1.4). Now, if (η1, Φ1) is a restriction of (η, Φ) on [0, T], then using Lemma 2.6 we
have that

η1 ∈ C([0, T] : Hs(T)) ∩ Us, Φ1 ∈ C([0, T] : V s+1(T)) ∩ Vs+1

and (η1, Φ1) is a solution of the integral problem (1.3) on [0, T].
By the fixed point argument used we have the uniqueness of the solution of the truncated

integral problem (1.4) in the set ZM. We will use an argument as in [1] to obtain the uniqueness
of the integral problem (1.3) in the space Us

T × Vs+1
T .

Let T > 0 and (η, Φ) ∈ Us × Vs+1 be the solution of the truncated integral problem
(1.4) obtained above and (η1, Φ1) ∈ Us

T × Vs+1
T a solution of the integral problem (1.3) with

the same initial data (η0, Φ0) ∈ Hs(T)× V s+1(T). Fix an extension (η2, Φ2) ∈ Us × Vs+1 of
(η1, Φ1), then, for some T∗ < T < 1 to be fixed later, we have that

η2(t) = ψ(t)S1(t)(η0, Φ0)− ψ(t)
∫ t

0
S1(t − t′)ψ(t′)

(
∂x(η2∂xΦ2),

1
2
(∂xΦ1)

2
)
(t′)dt′

and

Φ2(t) = ψ(t)S2(t)(η0, Φ0)− ψ(t)
∫ t

0
S2(t − t′)ψ(t′)

(
∂x(η2∂xΦ2),

1
2
(∂xΦ1)

2
)
(t′)dt′,
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for all t ∈ [0, T∗].

Now, by definition of Us
T∗ ×Vs+1

T∗ we have that for any ϵ > 0, there exists (ω, ϑ) ∈ Us ×Vs+1

such that for all t ∈ [0, T∗],

ω(t) = η(t)− η2(t), ϑ(t) = Φ(t)− Φ2(t)

and
∥ω∥Us ≤ ∥η − η2∥Us

T∗
+ ϵ, ∥ϑ∥Vs+1 ≤ ∥Φ − Φ2∥Vs+1

T∗
+ ϵ. (4.3)

We define

ω1(t) = −ψ(t)
∫ t

0
S1(t − t′)ψ(t′)

(
∂x(η∂xϑ) + ∂x(ω∂xΦ2),

1
2

∂xϑ∂x(Φ + Φ2)
)
(t′)dt′,

ϑ1(t) = −ψ(t)
∫ t

0
S2(t − t′)ψ(t′)

(
∂x(η∂xϑ) + ∂x(ω∂xΦ2),

1
2

∂xϑ∂x(Φ + Φ2)
)
(t′)dt′.

Then we have that ω1(t) = η(t)− η2(t) and ϑ1(t) = Φ(t)− Φ2(t) for all t ∈ [0, T∗]. Thus, from
Lemma 2.5 and Corollary 3.6 we obtain that

∥η − η2∥Us
T∗

≤ ∥ω1∥Us

≤ C2C5∥(ω, ϑ)∥Us×Vs+1

(
∥(η, Φ)∥Us×Vs+1 + ∥(η2, Φ2)∥Us×Vs+1

)
≤ 2C2C5N∥(ω, ϑ)∥Us×Vs+1 (4.4)

where we assume that

max{∥(η, Φ)∥Us×Vs+1 , ∥(η2, Φ2)∥Us×Vs+1} ≤ N.

In a similar fashion we have that

∥Φ − Φ2∥Vs+1
T∗

≤ ∥ϑ1∥Vs+1,1/2 ≤ C2C5∥(ω, ϑ)∥Us×Vs+1

(
∥(η, Φ)∥Us×Vs+1 + ∥(η1, Φ2)∥Us×Vs+1

)
≤ 2C2C5N∥(ω, ϑ)∥Us×Vs+1 . (4.5)

If 4C2C5N ≤ 1/2, then we obtain, using (4.3), (4.4) and (4.5), that

∥η − η2∥Us
T∗
+ ∥Φ − Φ2∥Vs+1

T∗
≤ 4C2C5N∥(ω, ϑ)∥Us×Vs+1

≤ 1
2

(
∥η − η2∥Us

T∗
+ ϵ + ∥Φ − Φ2∥Vs+1

T∗
+ ϵ
)

.

So, we see that

∥η − η2∥Us
T∗
+ ∥Φ − Φ2∥Vs+1

T∗
≤ 2ϵ.

Therefore η = η2 and Φ = Φ2 on [0, T∗]. Now, since the argument does not depend on the
initial data, we can iterate this process a finite number of times to extend the uniqueness result
in the whole existence interval [0, T].

Combining an identical argument to the one used in the existence proof with Lemma 2.6,
one can easily show that the map data-solution is locally Lipschitz.
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5 Internal controllability

5.1 Spectral analysis

In this section we perform the spectral analysis for the operator

M =

(
0 −(I − ∂2

x)∂
2
x

−(I − ∂2
x) 0

)
,

defined in the space Hs(T)× V s+1(T). The result in this analysis will be the basis to transfer
the internal controllability of the associated linear system to the nonlinear system. Let us
define

E1,k =

(
eikx

0

)
, E2,k =

(
0

1
k eikx

)
,

for k ∈ Z∗ = Z \ {0}. If we set

Mk =

(
0 (1 + k2)k2

−(1 + k2) 0

)
, Σk =

(
0 (1 + k2)k

−(1 + k2)k 0

)
, k ∈ Z∗

then we see directly that

Mk(E1,k, E2,k) = (E1,k, E2,k)Σk, k ∈ Z∗.

Moreover, we have that the eigenvalues for Σk are

λ1,k = i
√
(1 + k2)2k2, λ2,k = −i

√
(1 + k2)2k2, k ∈ Z∗,

with corresponding eigenvectors

ẽ1,k =

(
1

λ1,k
(1+k2)k

)
, ẽ2,k =

(
1

λ2,k
(1+k2)k

)
, k ∈ Z∗.

Thus, we have that

M(E1,k, E2,k)(ẽ1,k, ẽ2,k) = (E1,k, E2,k)Σk(ẽ1,k, ẽ2,k)

= (λ1,k(E1,k, E2,k)ẽ1,k, λ2,k(E1,k, E2,k)ẽ2,k), k ∈ Z∗,

meaning that λ1,k and λ2,k are the eigenvalues for the operator M with corresponding eigen-
vectors

ηj,k = (E1,k, E2,k)ẽj,k, j = 1, 2, k ∈ Z,

where

λ1,0 = λ2,0 = 0, ẽ1,0 =

(
1
0

)
, ẽ2,0 =

(
0
1

)
, E1,0 =

(
1
0

)
, E2,0 =

(
0
1

)
.

On the other hand, we see that

lim
k→±∞

λ1,k

(1 + k2)k
= ±i, lim

k→±∞

λ2,k

(1 + k2)k
= ∓i.

Then

lim
k→∞

(ẽ1,k, ẽ2,k) =

(
1 1
±i ∓i

)
and lim

k→∞
det(ẽ1,k, ẽ2,k) = ∓2i ̸= 0.
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In other words, {ν1,0, ν2,0, ν1,k, ν2,k : k ∈ Z∗} forms a Riesz basis for Hs(T)× V s+1(T) with

νj,k =
ηj,k

∥ηj,k∥Hs×V s+1
.

Moreover, we also have for j = 1, 2 that νj,k = b⃗j,keikx with

0 < B1 ≤ ∥⃗bj,k∥ ≤ B2, k ∈ Z, s ≥ 0. (5.1)

From the above discussion we have the following result.

Theorem 5.1. Let λk and ϕj,k, j = 1, 2 be given by

λk = i sign(k)
√
(1 + k2)2k2, k ∈ Z,

ϕ1,k =

{
ν1,k, k = 0, 1, 2, 3, . . .
ν2,k, k = −1,−2,−3, . . . ,

ϕ2,k =

{
ν1,−k, k = 1, 2, 3, . . .
ν2,−k, k = 0,−1,−2,−3, . . .

then we have that

(i) The spectrum of the operator M is σ(M) = {λk : k ∈ Z}, in which each λk is a double
eigenvalue with eigenvectors ϕ1,k and ϕ2,k.

(ii) The set {ϕ1,k, ϕ2,k : k ∈ Z} forms an orthonormal basis for the space Hs(T)× V s+1(T) such
that any (η, Φ) ∈ Hs(T)× V s+1(T) has the following Fourier expansion

(η, Φ) = ∑
k∈Z

(α1,kϕ1,k + α2,kϕ2,k) , αj,k =
〈
(η, Φ), ϕj,k

〉
Q , j = 1, 2, k ∈ Z,

where Q = L2(T)× L2(T).

5.2 Linear controllability

In this section we consider the internal control problem for the linear system{
ηt + ∂2

xΦ − ∂4
xΦ = f1,

Φt + η − ∂2
xη = f2,

(5.2)

with the initial condition

η(x, 0) = η0(x), Φ(x, 0) = Φ0(x). (5.3)

Theorem 5.2. Suppose that ρ = (ρ1, ρ2) is a non-zero smooth function defined on T. Let s ≥ 0 and
T > 0, then for any (η0, Φ0), (ηT, ΦT) ∈ Hs(T)× V s+1(T) there exists a function H = (h1, h2) ∈
L2 (0, T; Hs(T)× V s+1(T)

)
such that if

F = ( f1(x, t), f2(x, t)) = (ρ1h1(x, t), ρ2(x)h2(x, t))

we have that the problem (5.2)–(5.3) has a unique solution

(η, Φ) ∈ C
(
[0, T] : Hs(T)× V s+1(T)

)
satisfying

η(x, T) = ηT(x), Φ(x, T) = ΦT(x).

Moreover, there exists C = C(T) > 0 such that

∥H∥L2(0,T;Hs(T)×V s+1(T)) ≤ C
(
∥(η0, Φ0)∥Hs(T)×V s+1(T) + ∥(ηT, ΦT)∥Hs(T)×V s+1(T)

)
.
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Proof. For sake of simplicity in the proof we will consider ρ2 = Φ0 = ΦT = 0. For any function
h = h(x, t), we define the control operator L by

(Lh)(x, t) = ρ1(x)h(x, t).

If f1 = Lh and f2 = 0, then we rewrite the problem (5.2)–(5.3) as the following first order
linear (

η

Φ

)
t
= M

(
η

Φ

)
+ Bh, (5.4)

with the initial condition
η(x, 0) = η0(x), Φ(x, 0) = 0 (5.5)

where

Bh =

(
Lh
0

)
.

In this case for h ∈ L2(0, T; Hs(T)), the solution of the linear problem (5.4)–(5.5) is given by

(η(t), Φ(t)) = S(t) (η0, 0) +
∫ t

0
S(t − τ)Bh(τ) dτ.

Now, using the spectral analysis on the operator M we have that

(η(t), Φ(t)) = ∑
n∈Z

eλnt(α1,nϕ1,n + α2,nϕ2,n)

+ ∑
n∈Z

∫ t

0
eλn(t−τ) (β1,n(τ)ϕ1,n + β2,n(τ)ϕ2,n) dτ, (5.6)

where αj,n and β j,n, for j = 1, 2, n ∈ Z, are given by

αj,n =
〈
(η0, Φ0), ϕj,n

〉
Q , β j,n(t) =

〈
Bh, ϕj,n

〉
Q . (5.7)

We verify easily that L is a self-adjoint operator in L2(T) such that

⟨Bh, (η, Φ)⟩Q = ⟨(Lh, 0), (η, Φ)⟩Q = ⟨Lh, η⟩L2(T) = ⟨h, Lη⟩L2(T) ,

then we have that

αj,n =
〈

η0, ϕ
(1)
j,n

〉
L2(T)

, β j,n(t) =
〈

h(·, t), L(ϕ(1)
j,n )
〉

L2(T)
,

where ϕ(m) denoting the m component of ϕ.
The internal control problem consists of finding a h ∈ L2(0, T; Hs(T)) such that

η(x, T) = ηT(x), Φ(x, T) = 0.

Then, let η0 and ηT be having the following decompositions

η0 = ∑
n∈Z

(
α1,nϕ

(1)
1,n + α2,nϕ

(1)
2,n

)
, ηT = ∑

n∈Z

(
γ1,nϕ

(1)
1,n + γ2,nϕ

(1)
2,n

)
,

where γj,n =
〈
ηT, ϕ

(1)
j,n

〉
L2(T)

. But, we know that

(η(x, T), Φ(x, T)) = ∑
n∈Z

eλnT (α1,nϕ1,n + α2,nϕ2,n)

+ ∑
n∈Z

∫ T

0
eλn(T−τ) (β1,n(τ)ϕ1,n + β2,n(τ)ϕ2,n) dτ.
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So, in each node, we have for j = 1, 2 and n ∈ Z that

αj,n +
∫ T

0
e−λnτ β j,n(τ) dτ = γj,ne−λnT.

Now, from [7] we have that P = {eλkt : k ∈ Z} is a Riesz basis for its closed span
PT = genP generated in L2(0, T), with a unique dual Riesz basis given by L = {qk : k ∈ Z}
satisfying that ∫ T

0
ql(t)eλkt dt = δk

l , l, k ∈ Z.

We assume that f1 has the form f1 = Lh with h given by the expansion

h(x, t) = ∑
l∈Z

ql(t)
(

c1,l L(ϕ
(1)
1,l ) + c2,l L(ϕ

(1)
2,l )
)

, (5.8)

where the coefficients c1,l and c2,l are to be determined so that, among other things, the series
(5.8) is appropriately convergent. In this case, for j = 1, 2 and n ∈ Z we have that∫ T

0
e−λnτ β j,n(τ) dτ =

∫ T

0
e−λnτ

〈
h(·, τ), L(ϕ(1)

j,n )
〉

L2(T)
dτ

= ∑
k∈Z

∫ T

0
e−λnτ

( ∫
T

h(y, τ)eiky dy
)(

L(ϕ(1)
j,n )
)

k
dτ

= ∑
k∈Z

(
L(ϕ(1)

j,n )
)

k

∫
T

(
∑
l∈Z

∫ T

0
ql(τ)eλnτdτ

(
c1,l L(ϕ

(1)
1,l ) + c2,l L(ϕ

(1)
2,l )
))

eiky dy

= ∑
k∈Z

(
L(ϕ(1)

j,n )
)

k

∫
T

(
c1,nL(ϕ(1)

1,n) + c2,nL(ϕ(1)
2,n)
)

eiky dy

= c1,n

〈
L(ϕ(1)

1,n), L(ϕ(1)
j,n )
〉

L2(T)
+ c2,n

〈
L(ϕ(1)

2,n), L(ϕ(1)
j,n )
〉

L2(T)
,

where
(

L(ϕ(1)
j,n )
)

k =
̂(

L(ϕ(1)
j,n )
)
(k). Now, using the computations above, for n ∈ Z, we have that

c1,n and c2,n must satisfy the linear system(
a11 a21

a12 a22

)(
c1,n

c2,n

)
=

(
−α1,n + γ1,ne−λnT

−α2,n + γ2,ne−λnT

)
,

where ajl =
〈

L(ϕ(1)
j,n ), L(ϕ(1)

l,n )
〉

L2(T)
. Using the fact that L(ϕ(1)

1,n) and L(ϕ(1)
2,n) are linear indepen-

dent, we obtain that

∆n = det
(

a11 a21

a12 a22

)
= ∥L(ϕ(1)

1,n)∥
2
L2(T)∥L(ϕ(1)

2,n)∥
2
L2(T) −

∣∣〈L(ϕ(1)
1,n), L(ϕ(1)

2,n)
〉

L2(T)

∣∣2 ̸= 0.

Moreover, using that ν
(1)
j,n = b(1)j,n einx and the estimate (5.1), we have that

∥L(ϕ(1)
j,n )∥

2
L2(T) ∼ |b(1)j,n |

2 ≥ C > 0. (5.9)

In addition (see the estimations by B. Zhang for the Boussinesq equation in [20]), it is not hard
to prove that 〈

L(ϕ(1)
1,n), L(ϕ(1)

2,n)
〉
→ 0, n → ∞.
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Hence there exists ϵ > 0 such that |∆n| > ϵ. So, we conclude that c1,n and c2,n are uniquely
determine by

c1,n =

∣∣∣∣ −α1,n + γ1,ne−λnT a21

−α2,n + γ2,ne−λnT a22

∣∣∣∣
∆n

, c2,n =

∣∣∣∣ a11 −α1,n + γ1,ne−λnT

a12 −α2,n + γ2,ne−λnT

∣∣∣∣
∆n

. (5.10)

It remains to show that h defined by (5.8)–(5.10) belongs to the space L2(0, T; Hs(T)) pro-
vided that η0, ηT ∈ Hs(T). To this end, let us write

L(ϕ(1)
j,l ) = ∑

k∈Z

aj,lkeikx, aj,lk =
(

L(ϕ(1)
j,l )
)

k
, l, k ∈ Z, j = 1, 2.

Thus
h(x, t) = h1(x, t) + h2(x, t),

where
hj(x, t) = ∑

l∈Z

∑
k∈Z

cj,laj,lkql(t)eikx, j = 1, 2.

From this, we conclude that

∥hj∥2
L2(0,T;Hs(T))

=
∫ T

0
∑

k∈Z

(1 + |k|)2s|
(
hj(·, t)

)
k |

2 dt =
∫ T

0
∑

k∈Z

(1 + |k|)2s
∣∣∣ ∑

l∈Z

aj,lkcj,lql(t)
∣∣∣2dt

= ∑
k∈Z

(1 + |k|)2s
∫ T

0

∣∣∣ ∑
l∈Z

aj,lkcj,lql(t)
∣∣∣2dt ≤ C ∑

k∈Z

(1 + |k|)2s ∑
l∈Z

|cj,l |2|aj,lk|2

= C ∑
l∈Z

|cj,l |2 ∑
k∈Z

(1 + |k|)2s|aj,lk|2,

where the constant C > 0 comes from the Riesz basis property of L in PT. Now, using (5.1), if
ρ1 = ∑m∈Z ρ1

meimx we have that there exists C > 0 such that∣∣aj,lk
∣∣ = ∣∣∣ 〈L(ϕ(1)

j,l ), eikx
〉

L2(T)

∣∣∣ = ∣∣∣ 〈ρ1ϕ
(1)
j,l , eikx

〉
L2(T)

∣∣∣
=
∣∣∣ ∑

m∈Z

ρ1
m

〈
ϕ
(1)
j,l eimx, eikx

〉
L2(T)

∣∣∣ = ∣∣∣ ∑
m∈Z

ρ1
m

〈
b(1)j,l eilxeimx, eikx

〉
L2(T)

∣∣∣
≤ C

∣∣∣ ∫
T

e−ix(k−l) ∑
m∈Z

ρ1
meimx dx

∣∣∣ ≤ C
∣∣∣ρ1

k−l

∣∣∣ .

Then we see that

∑
k∈Z

(1 + |k|)2s|aj,lk|2 ≤ C ∑
k∈Z

(1 + |k|)2s|ρ1
k−l |2 ≤ C ∑

k∈Z

(1 + |k + l|)2s|ρ1
k |2

≤ C(1 + |l|)2s ∑
k∈Z

(1 + |k|)2s|ρ1
k |2 = (1 + |l|)2s ∥ρ1∥2

Hs(T).

On the other hand, we can to see that

|c1,l |2 ≤ C
(
|a22|2 + |a21|2

)(
|α1,l |2 + |α2,l |2 + |γ1,l |2 + |γ2,l |2

)
= C

(
∥L(ϕ(1)

2,l )∥
4
L2(T) +

∣∣∣ 〈L(ϕ(1)
2,l ), L(ϕ(1)

1,l )
〉

L2(T)

∣∣∣2)(|α1,l |2 + |α2,l |2 + |γ1,l |2 + |γ2,l |2
)

≤ C
(
|α1,l |2 + |α2,l |2 + |γ1,l |2 + |γ2,l |2

)
.
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Similarly,

|c2,l |2 ≤ C
(
∥L(ϕ(1)

1,l )∥
4
L2(T) +

∣∣∣ 〈L(ϕ(1)
1,l ), L(ϕ(1)

2,l )
〉

L2(T)

∣∣∣2)× (|α1,l |2 + |α2,l |2 + |γ1,l |2 + |γ2,l |2
)

≤ C
(
|α1,l |2 + |α2,l |2 + |γ1,l |2 + |γ2,l |2

)
.

From this, we conclude that

∥h∥2
L2(0,T;Hs(T)) ≤ C∥ρ1∥2

Hs(T)

(
∑
l∈Z

(1 + |l|)2s (|α1,l |2 + |α2,l |2 + |γ1,l |2 + |γ1,l |2
))

≤ C∥ρ1∥2
Hs(T)

(
∥η0∥2

Hs(T) + ∥ηT∥2
Hs(T)

)
.

Now we consider ρ1 = η0 = ηT = 0. Since the proof is similar to the previous case, we
only present some ideas. The solution of the linear problem(

η

Φ

)
t
= M

(
η

Φ

)
+ Bh, (η(x, 0), Φ(x, 0)) = (0, Φ0(x))

with

(Bh)(x, t) =
(

0
(Lh)(x, t)

)
=

(
0

ρ2(x)h(x, t)

)
is given by

(η(t), Φ(t)) = ∑
n∈Z

eλnt (α1,nϕ1,n + α2,nϕ2,n) + ∑
n∈Z

∫ t

0
eλn(t−τ) (β1,n(τ)ϕ1,n + β2,n(τ)ϕ2,n) dτ,

where αj,n and β j,n for j = 1, 2, n ∈ Z are given by

αj,n =
〈

Φ0, ϕ
(2)
j,n

〉
L2(T)

, β j,n(t) =
〈

h(·, t), L(ϕ(2)
j,n )
〉

L2(T)
.

Then, using the decompositions

Φ0 = ∑
n∈Z

(
α1,nϕ

(2)
1,n + α2,nϕ

(2)
2,n

)
, ΦT = ∑

n∈Z

(
γ1,nϕ

(2)
1,n + γ2,nϕ

(2)
2,n

)
,

where γj,n =
〈
ΦT, ϕ

(2)
j,n

〉
L2(T)

, then we have for j = 1, 2 and n ∈ Z that

αj,n +
∫ T

0
e−λnτ β j,n(τ) dτ = γj,ne−λnT.

Now, we take the control h to have the form

h(x, t) = ∑
l∈Z

ql(t)
(

c1,l L(ϕ
(2)
1,l ) + c2,l L(ϕ

(2)
2,l )
)

with ∫ T

0
ql(t)eλkt dt = δk

l , l, k ∈ Z.
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Then, for j = 1, 2 and n ∈ Z we have that∫ T

0
e−λnτ β j,n(τ) dτ = ∑

k∈Z

(
Lϕ

(2)
j,n )
)

k

∫ T

0
e−λnτ

( ∫
T

h(y, τ)eiky dy
)

dτ

= ∑
k∈Z

(
L(ϕ(2)

j,n )
)

k

∫
T

(
c1,nL(ϕ(2)

1,n) + c2,nL(ϕ(2)
2,n)
)

eiky dy

= c1,n

〈
L(ϕ(2)

1,n), L(ϕ(2)
j,n )
〉

L2(T)
+ c2,n

〈
L(ϕ(2)

2,n), L(ϕ(2)
j,n )
〉

L2(T)
.

Thus, the coefficients c1,n and c2,n are uniquely determine by

c1,n =

∣∣∣∣ −α1,n + γ1,ne−λnT a21

−α2,n + γ2,ne−λnT a22

∣∣∣∣
∆n

, c2,n =

∣∣∣∣ a11 −α1,n + γ1,ne−λnT

a12 −α2,n + γ2,ne−λnT

∣∣∣∣
∆n

,

where
ajl =

〈
L(ϕ(2)

j,n ), L(ϕ(2)
l,n )
〉

L2(T)

and

∆n = ∥L(ϕ(2)
1,n)∥

2
L2(T)∥L(ϕ(2)

2,n)∥
2
L2(T) −

∣∣〈L(ϕ(2)
1,n), L(ϕ(2)

2,n)
〉

L2(T)

∣∣2.

Finally, we write

ρ2 = ∑
k∈Z

ρ2
keikx, L(ϕ(2)

j,l ) = ∑
k∈Z

aj,lkeikx, aj,lk =
(

L(ϕ(2)
j,l )
)

k
, l, k ∈ Z, j = 1, 2.

Then

h(x, t) = ∑
l∈Z

∑
k∈Z

c1,la1,lkql(t)eikx + ∑
l∈Z

∑
k∈Z

c2,la2,lkql(t)eikx.

Hence, we see that

∥h∥2
L2(0,T;V s+1(T)) =

2

∑
j=1

∑
k∈Z

|k|2(1 + |k|)2s
∫ T

0

∣∣∣ ∑
l∈Z

aj,lkcj,lql(t)
∣∣∣2dt

≤ C
2

∑
j=1

∑
l∈Z

|cj,l |2 ∑
k∈Z

|k|2(1 + |k|)2s|aj,lk|2.

The fact
∣∣aj,lk

∣∣ ≤ C
∣∣ρ2

k−l

∣∣ implies

∑
k∈Z

|k|2(1 + |k|)2s|aj,lk|2 ≤ C ∑
k∈Z

|k + l|2(1 + |k + l|)2s∣∣ρ2
k
∣∣2 ≤ C|l|2 (1 + |l|)2s ∥ρ2∥2

V s+1(T).

Then, using

|cj,l |2 ≤ C
(
|α1,l |2 + |α2,l |2 + |γ1,l |2 + |γ2,l |2

)
,

we conclude that

∥h∥2
L2(0,T;V s+1(T)) ≤ C∥ρ2∥2

V s+1(T)

(
∑
l∈Z

|l|2(1 + |l|)2s (|α1,l |2 + |α2,l |2 + |γ1,l |2 + |γ1,l |2
))

≤ C∥ρ2∥2
Hs(T)

(
∥Φ0∥2

V s+1(T) + ∥ΦT∥2
V s+1(T)

)
.
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Remark 5.3. If T > 0 and (η0, Φ0), (ηT, ΦT) ∈ Hs(T)× V s+1(T) with s ≥ 0, the Theorem 5.2
implies that there is F such that

S(T)(η0, Φ0) +
∫ T

0
S(T − τ)F(τ) dτ = (ηT, ΦT).

Moreover, we have that there exists C = C(T) > 0 such that

∥F∥L1(0,T;Hs×V s+1) ≤ C (∥(η0, Φ0)∥Hs×V s+1 + ∥(ηT, ΦT)∥Hs×V s+1) .

5.3 Nonlinear controllability

Now we turn to the nonlinear systemηt + ∂2
xΦ − ∂4

xΦ + ∂x
(
η∂xΦ

)
= f1,

Φt + η − ∂2
xη +

1
2
(∂xΦ)2 = f2,

(5.11)

with the initial condition

η(x, 0) = η0(x), Φ(x, 0) = Φ0(x), (5.12)

Theorem 5.4. Let s ≥ 0 and T > 0 be given, then there exists δ > 0 such that for any (η0, Φ0),
(ηT, ΦT) ∈ Hs(T)× V s+1(T) satisfying

∥(η0, Φ0)∥Hs(T)×V s+1(T), ∥(ηT, ΦT)∥Hs(T)×V s+1(T) < δ,

there exists a control function F = ( f1, f2) ∈ L1(0, T; Hs(T) × V s+1(T)) such that the solution
(η, Φ) ∈ C

(
[0, T] : Hs(T)× V s+1(T)

)
∩ Us

T × Vs+1
T of the problem (5.11)–(5.12) satisfies

η(x, T) = ηT(x), Φ(x, T) = ΦT(x).

Proof. We rewrite the Cauchy problem (5.11)–(5.12) in its equivalent form:

(η(t), Φ(t)) = S(t)(η0, Φ0) +
∫ t

0
S(t − t′)F(t′) dt′

−
∫ t

0
S(t − t′)

(
∂x(η∂xΦ),

1
2
(∂xΦ)2

)
(t′)dt′.

(5.13)

Now, for any (η, Φ) = (η(x, t), Φ(x, t)) we define

w((η, Φ), T) =
∫ T

0
S(T − t′)

(
∂x
(
η∂xΦ

)
,

1
2
(∂xΦ)2

)
(t′) dt′

According to Theorem 5.2, for given (η0, Φ0), (ηT, ΦT) ∈ Hs(T)× V s+1(T), if one chooses

F = F(η,Φ)

such that

S(T)(η0, Φ0) +
∫ T

0
S(T − t′)F(η,Φ)(t

′) dt′ = (ηT, ΦT) + w((η, Φ), T)
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in the equation (5.13), then

(η(t), Φ(t)) = S(t)(η0, Φ0) +
∫ t

0
S(t − t′)F(η,Φ)(t

′) dt′

−
∫ t

0
S(t − t′)

(
∂x(η∂xΦ),

1
2
(∂xΦ)2

)
(t′)dt′, (5.14)

with (η(0), Φ(0)) = (η0, Φ0) and

(η(T), Φ(T)) = S(T)(η0, Φ0) +
∫ T

0
S(T − t′)F(η,Φ)(t

′)dt′

−
∫ T

0
S(T − t′)

(
∂x
(
η∂xΦ

)
,

1
2
(∂xΦ)2

)
(t′)dt′

= (ηT, ΦT) + w((η, Φ), T)− w((η, Φ), T) = (ηT, ΦT).

This suggests that we consider the map

Γ(η, Φ) = S(t)(η0, Φ0) +
∫ t

0
S(t − t′)F(η,Φ)(t

′)dt′

−
∫ t

0
S(t − t′)

(
∂x(η∂xΦ),

1
2
(∂xΦ)2

)
(t′)dt′.

If the map Γ is shown to be a contraction in an appropriate space, then its fixed point (η, Φ)

is a solution of (5.11)-(5.12) and satisfies (η(x, T), Φ(x, T)) = (ηT(x), ΦT(x)). We show this is
the case in the space Us × Vs+1.

As in the case of the KdV equation in [18], we modify the map Γ = (Γ1, Γ2) as follow:

Γ1(η, Φ)(t) = ψ1(t)S1(t)(η0, Φ0) + ψ1(t)
∫ t

0
S1(t − t′)ψ2(t′)F(η,Φ)(t

′)dt′

− ψ1(t)
∫ t

0
S1(t − t′)ψ2(t′)

(
∂x
(
η∂xΦ

)
,

1
2
(∂xΦ)2

)
(t′)dt′,

and

Γ2(η, Φ)(t) = ψ1(t)S2(t)(η0, Φ0) + ψ1(t)
∫ t

0
S2(t − t′)ψ2(t′)F(η,Φ)(t

′)dt′

− ψ1(t)
∫ t

0
S2(t − t′)ψ2(t′)

(
∂x
(
η∂xΦ

)
,

1
2
(∂xΦ)2

)
(t′)dt′,

where ψ1 is a smooth function with its support inside the interval (T − 1, T + 1) and ψ1(t) = 1
for t ∈ [−T, T], and ψ2 is a nonnegative smooth function with supp ψ2 ⊂ (−T − 1, T + 1)
satisfying ψ2(t) = 1 for any t in the support of ψ1.

As in Theorem 4.1, let ZM be the closed ball of radius M centered at the origin in Us ×Vs+1.
Using Remark 5.3 and slight modifications of results in Lemmas 2.2–2.6 we have that

∥w((η, Φ), T)∥Hs×V s+1 =
∥∥∥ ∫ T

0
S(T − t′)

(
∂x
(
η∂xΦ

)
,

1
2
(∂xΦ)2

)
(t′) dt′

∥∥∥
Hs×V s+1

≤ sup
t∈R

∥∥∥ψ1(t)
∫ t

0
S(t − t′)ψ2(t′)

(
∂x
(
η∂xΦ

)
,

1
2
(∂xΦ)2

)
(t′) dt′

∥∥∥
Hs×V s+1

≤ C
∥∥∥ψ1(t)

∫ t

0
S(t − t′)ψ2(t′)

(
∂x
(
η∂xΦ

)
,

1
2
(∂xΦ)2

)
(t′) dt′

∥∥∥
Us×Vs+1

≤ C
(
∥∂x
(
η∂xΦ

)
∥Zs + ∥ (∂xΦ)2 ∥Ws+1

)
≤ C

(
∥η∥Xs,1/2∥Φ∥Ys+1,1/2 + ∥Φ∥2

Ys+1,1/2

)
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and also that

∥Γ1(η, Φ)∥Us ≤ C(T)
(
∥(η0, Φ0)∥Hs(T)×V s+1(T) + ∥F(η,Φ)∥Hs(T)×V s+1(T)

)
+ C2C5

(
∥η∥Xs,1/2∥Φ∥Ys+1,1/2 + ∥Φ∥2

Ys+1,1/2

)
≤ C(T)

(
∥(η0, Φ0)∥Hs(T)×V s+1(T) + ∥(ηT, ΦT)∥Hs(T)×V s+1(T) + ∥(η, Φ)∥2

Us×Vs+1

)
and

∥Γ2(η, Φ)∥Vs+1 ≤ C(T)
(
∥(η0, Φ0)∥Hs(T)×V s+1(T) + ∥(ηT, ΦT)∥Hs(T)×V s+1(T) + ∥(η, Φ)∥2

Us×Vs+1

)
.

So that

∥Γ(η, Φ)∥Us×Vs+1 ≤C(T)
(
∥(η0, Φ0)∥Hs(T)×V s+1(T) + ∥(ηT, ΦT)∥Hs(T)×V s+1(T) + ∥(η, Φ)∥2

Us×Vs+1

)
.

Choosing δ > 0 and

M = 2C(T)
(
∥(η0, Φ0)∥Hs(T)×V s+1(T) + ∥(ηT, ΦT)∥Hs(T)×V s+1(T)

)
in such a way that

2C2(T)M < 1, 2C(T)δ ≤ M,

then we conclude for any (η, Φ) ∈ ZM that

∥Γ(η, Φ)∥Us×Vs+1 ≤ C(T)
(
∥(η0, Φ0)∥Hs(T)×V s+1(T) + ∥(ηT, ΦT)∥Hs(T)×V s+1(T)

) (
1 + 4C2(T)M

)
≤ 2C(T)

(
∥(η0, Φ0)∥Hs(T)×V s+1(T) + ∥(ηT, ΦT)∥Hs(T)×V s+1(T)

)
≤ 2C(T)δ ≤ M

provided that ∥(η0, Φ0)∥Hs(T)×V s+1(T) + ∥(ηT, ΦT)∥Hs(T)×V s+1(T) < δ. Now, using the same of
computations, we have that Γ is a contraction on ZM, and so, the Banach Fixed Point Theorem
guaranties the existence fixed point (η, Φ) of Γ in ZM. This fixed point (η, Φ) is a unique
solution of the integral equation

(η(t), Φ(t)) = ψ1(t)S(t)(η0, Φ0) + ψ1(t)
∫ t

0
S(t − t′)ψ2(t′)F(η,Φ)(t

′)dt′

− ψ1(t)
∫ t

0
S(t − t′)ψ2(t′)

(
∂x
(
η∂xΦ

)
,

1
2
(∂xΦ)2

)
(t′)dt′.

In particular for t ∈ [0, T],

(η(t), Φ(t)) = S(t)(η0, Φ0) +
∫ t

0
S(t − t′)(t′)F(η,Φ)(t

′)dt′

−
∫ t

0
S(t − t′)(t′)

(
∂x
(
η∂xΦ

)
,

1
2
(∂xΦ)2

)
(t′)dt′.

That is to say, (η, Φ) ∈ C
(
[0, T] : Hs(T)× V s+1(T)

)
solvesηt + ∂2

xΦ − ∂4
xΦ + ∂x

(
η∂xΦ

)
= f1,

Φt + η − ∂2
xη +

1
2
(∂xΦ)2 = f2,

with the conditions

η(x, 0) = η0(x), Φ(x, 0) = Φ0(x), η(x, T) = ηT(x), Φ(x, T) = ΦT(x)
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