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Abstract. In this paper, we investigate the existence of ground state solution to a class
of Schrodinger equation involving logarithmic nonlinearity. To overcome the lack of
smoothness, the corresponding functional | is first decomposed into the sum of a C!
functional and a convex lower semicontinuous functional by adapting to the approach
of Squassina—Szulkin in [Calc. Var. Partial Differential Equations 54(2015), 585-597]. Sec-
ondly, the existence of a ground state solution to the studied equation is proved by
using the Mountain Pass Theorem under the weakened Ambrosetti-Rabinowitz condi-
tions.
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1 Introduction

In this paper, we consider the following Schrodinger equation involving logarithmic nonlin-
earity

{—ALH—V(x)u = Q(x)ulogu®+ f(x,u), in RV, (L.1)
u € H'(RN), '

where N > 1, the external potential V(x), the term Q(x) and f(x, u) are continuous functions
and satisfy certain properties given later.

The Schrodinger equation was first proposed by the Austrian physicist E. Schrodinger.
As a more complex nonlinear Schrodinger equation, it is derived from the following classical
model

0¥ + AY — (V(x) + w)¥ + f(|¥]) = 0. (1.2)

The solution Y is called the standing wave solution of (1.2). Standing wave phenomenon
refers to the phenomenon that electromagnetic waves can stay in a fixed position in some
media without propagating and forming a resident electromagnetic field. Its application is
widely reflected in our daily lives, such as magnetic resonance imaging to scan and image the
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internal structure of the human body. Applied to optical filters that allow specific wavelengths
of light to pass through for spectral analysis and filtering. It is used in the field of acoustic
standing wave cancellers to reduce noise and quantum mechanics theory. The interference
function f in (1.2) is a nonlinear term, it can also be used to describe a variety of nonlinear
waves in quantum physics, such as laser beam propagation in the medium with refractive
index and wave amplitude, ionic sound wave in plasma, etc, see [4,23] and the references
therein. At present, many scholars have studied the existence and multiplicity of solutions to
Schrodinger equation, see [2,5,6,8-11,14,18,19,21,22,25,26,28-31] and the references therein
for an overview on the related topic.
The logarithmic Schrédinger equation

i0;¥ + AY +Ylog|¥]>=0, ¥:[0,+00) xRN -C, N2>3, (1.3)

possesses wide applications to quantum mechanics, nuclear physics, open quantum systems,
effective quantum gravity, transport and diffusion phenomena, theory of superfluidity and
Bose—-Einstein condensation, see [32] and the references therein. We refer to [7,12] for a study
of the existence and uniqueness of the solutions of the associated Cauchy problem in some
suitable condition as well as the global existence and blow-up of the solutions. On the other
hand, many researchers are interested in the existence, multiplicity and qualitative properties
of the standing waves solution of problem (1.3). Consider the following Schrodinger equation
with logarithmic nonlinear terms

—Au+ V(x)u = Q(x)ulogu?, x € RV, (1.4)

When V(x) = Q(x) = 1, Avenia-Montefusco-Squassina [13] proved that there are infinitely
many solutions to equation (1.4) by introducing weak slope and using non-smooth critical
point theory. Ji-Szulkin [16] proved the existence of infinitely many solutions to equation
(1.4) by Fountain theorem in the case which Q(x) = 1 and potential function V(x) satisfies
the mandatory condition, that is lim|y|_,, V(x) = +o0. In addition, Shuai [20] used the con-
straint minimization method to obtain the existence of positive solutions and node solutions
of equation (1.4) under different assumptions of potential function V(x). When V(x) and
Q(x) are 1-period, Squassina-Szulkin [22] investigated the existence of infinitely many dif-
ferent solutions to problem (1.4) by applying non-smooth critical point theory and Z, index
theory, and the existence of ground state solutions of problem (1.4) was proved .

Through the analysis of the above mentioned results, as far as we know, there is few
corresponding result if V(x) # 1, Q(x) # 1 and V(x), Q(x) are not 1-period in equation (1.4).
Therefore, a natural question is whether the equation (1.4) plus the disturbance term f(x, u)
can also obtain the ground state solution through the Mountain Pass Theorem with the
weakened Ambrosetti-Rabinowitz conditions? There are two key difficulties in the proof
process, one is that the energy functional is not well defined and not C! smooth, the other is
to prove the existence of the ground state solution when the Ambrosetti-Rabinowitz condition
(for short AR-condition) is not satisfied.

For convenience, in this paper, it is assumed that the potential function V and the distur-
bance term f satisfy the following conditions:

(V1) The potential function V(x) € C(RN, [0, +0)), and there exists a constant ag > 0 such
that [{x € RN : V(x) < ag}| < +oo;

(V2) intV=1(0) # @, Q(x) € C'(RN, [0, +0)), min(V(x) + Q(x)) > 1.



Schrodinger equation involving logarithmic nonlinearity 3

(f1) The function f(x,t) € C(RN x R,R), and for any ¢ > 0 there exist constants C(e) > 0
and p € (2,2%) such that |f(x,t)| < e|t| + C(e)|t|P~1, where 2* := 2N /(N —2) if N > 3,
2* .= o0 if N=1or2;

X,

(f2) limyy 4o %2) = +o00, where F(x,t) fo

(f3) There exist constants &« > 2 and 6 with 0 < 6 < Se=2) (S be given in (2.9) below), such
&
that
|l‘im inff(x't)t|t_|2“1:(x’t) > —0, uniformly for a.e. x € RN,
t|—o0

Our main result states as follows.

Theorem 1.1. Assume that (V1)—-(V2) and (f1)~(f3) hold. Then problem (1.1) admits a ground state
solution.

Remark 1.2. By (f3), there exist constants M > 0,a > 2 such that uf(x,u) > «F(x,u) for |u| >
M, (x,u) € RN x R. Thus,

Obviously, we can show that the AR-condition implies (f3), while the inverse implication fails.

Remark 1.3. There exists extensively the disturbance term f(x,u) which satisfies conditions (f1)—(f3)
of Theorem 1.1. Such as, taking N = 3,2* = 6, then p € (2,6), if p = 4 for all x € R3 and

Flot) = 2psinx] (|t + Stsin2t ),
3 2
where S be given by formula (2.9) below, then

1 1 1
F(x,t) = §|sinx| <3|t|3 - thcosZH— 8sir121f> .

Seta =3,0 = %, then
S, . 3 1 3. x .
fx, t)t —aF(x,t) = §|s1nx\ |t]° + sm2t——\t| ZtcosZt—gsm%

S
> 2 =P tp otk
> Slsina 3>|| i -5t-%)
S . (1., 3, 3
——§|s1nx| <2\t| +4t+8>

S(1,., 3 3
>_"(z e =
> 3<2!t\ +4t—|—8),

which implies

S
lim inff<x’t)t_3F<x’t) — lim -2 (%Mz"i' %H‘ %) _ S
[t =00 |t H—>o0 £]2 6

Obviously f(x,t) satisfies all the conditions of Theorem 1.1.
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This paper is organized as follows. In Section 2, we present some preliminary results that
will be used later. Section 3 is devoted to proving the existence of ground state solutions to
problem (1.1).

Notation. From now on, otherwise mentioned, we use the following notations:
* C,(Cq, Gy, C3, etc. will denote positive constants, whose exact values are not relevant.
e || - |[x denotes the usual norm of the Lebesgue space L¥(RVN), for k € [1, +o0].

* 0,(1) denotes a real sequence with 0,,(1) — 0 as n — +oo.

2 Preliminaries

To prove Theorem 1.1, we need to present some notation and auxiliary lemmas, which will
be crucial in dealing with ground state solutions of problem (1.1).
Towards problem (1.1), we define the space E as follows:

E:— {u e H'(RY) : /]RN(V(X) +O(x))uldx < +oo},

endowed with the following norm:

Jullg := (/IRN |Vu!2+(V(x)+Q(x))u2dx> ,  uceE,

and the space E is a Hilbert space. Problem (1.1) has a variational structure and is properly
associated with the energy functional | : E — R U {+o0} defined by

() = 2lullf - [ Flrwyx - ; | Qilogitdr,  uek. 2.1)

One premise, the critical point of the energy functional | is the weak solution of the cor-
responding equation, is that the energy functional | can be well defined and smooth. But, in
general, the logarithmic term may cause that the energy functional J fails to be finite and C*
smooth in H'(IRN). Concretely, from [17], we have the following simple modification of the
standard logarithmic Sobolev inequality:

2
a
| wttogudx < [ Vul}3 + (log |[u]} — N(1+loga)) |ul} 22)

for any u € H'(RN) and a > 0. It follows from (2.2) that J(u) > —oo for all u € H!(RYN), but
there exists u, € H'(RN) with [y u? logu?dx = —co.

Recently, many scholars have tried to find some different techniques and methods to over-
come the above given difficulty. For instance, in [7], Cazenave’s main idea was to find a
suitable Banach space endowed with a Luxemburg type norm. On account of the definition
of Luxemburg type norm and some special properties, the functional J(u) is finally well de-
fined and C! smooth. Another way to overcome it comes from [15], the authors penalize the
nonlinearity term around the origin and obtain a priori estimates to get a nontrivial solution
at the limit.
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In what follows, by a solution to problem (1.1) we shall usually indicate a function u €
H'(RN) such that u?logu? € L'(RN) and

_ 2 00 N
/]RN(VM -Vo+ V(x)uv)dx = /]RN Q(x)uvlogu dx+/]RN f(x,u)vdx, forany v e Cy’(RY).

In this paper, we take the approach from [22], although J(u) is not smooth, we split the
functional J(u) into the sum of a C! functional and a convex lower semicontinuous functional.
In order to split J(u), we define the following two functions for § > 0:

0, s =0,
Fi(s) = { —1s?logs?, 0<|s| <94,
—1s2(log 0% +3) +26[s| — 1%, |s| >4,
and
0, 5] <9,
Fz S) =
o {—§%%MM%+MM—%L&ﬁ/M>d

Then F(s) — Fi(s) = 3s?logs? for all s € R. Thus, the functional ] : E — (—o0, 40| can be
rewritten as
J(u) = ®(u) + ¥ (u),u € E

where

B(u) = %HMH% —/]RN QU)Es(wdx— [ Flxu)dx 2.3)

IRN
and

¥ () = /1R Q)R (u)dx. (2.4)

In the sequel, we list some properties about Fj(s), F»(s) that shall be useful for our proofs later,
which were proved in [16,22].
Proposition 2.1. If § > 0 is sufficiently small, then the following results are true:

(i) Fi(s), F(s) € CY(R,R).
(ii) The function Fy(s) is convex, even, and
Fi(s) >0,F(s)s >0, Vs € R. (2.5)
(iii) For each fixed q € (2,2%), there is a constant C > 0 such that
IF(s)] < C|s|7!,  VseR. (2.6)
Hereafter, 6 > 0 is fixed and sufficiently small such that the above properties of F;, F, hold.

Corollary 2.1. Assume that (V1)~(V2) and (f1) hold, then ® € C'(E,R).

Proof. Let ®(u) = 3|lul|2 — [gn Q(x)F2(u)dx, according to Lemma 3.10 in [27] and (2.5), it is
easy to show that ® € C!(E,R). Since

d(u) = d(u) —/ F(x,u)dx,
RN
we just need to prove [y F(x,u)dx € C'(E,R). By condition (f1), there holds
F )] < geltf + O, @7)

which implies [y F(x,u)dx € C'(E,R). Thus ® € C!(E,R). O
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Corollary 2.2. The functional Y admits the following properties:

(i) The functional ¥ (u) is convex, ¥ > 0 for all u € E, and ¥(u) = +oo for certain u € E.
Furthermore, Y (and hence | ) is lower semicontinuous.

(ii) If Q C RN is a bounded domain, then the functional ¥ (and therefore | ) is of class C* in H'(Q).
Proof. (i) By the definition of the function F;(s), we get ¥ > 0. Since Q(x) > 0 and F(s) is
convex, then for all A € [0,1] and uy, up € E, there holds

Y (Auy + (1— M) :/ Q(x)Fy (Mg + (1 — A)ua)dx

< /\/ ) Fy (u1)dx + (1 — A) /RN Q(x) Fy (12)dx
— A¥ (1) + (1 — A)¥ ().

This implies that ¥ is convex, and ¥ (1) = +co for certain u € E. Moreover, there exists so € E,
for all sequence {s,} with s, — sp as n — +oo. It follows naturally from the Fatou’s lemma
that

nngrrloo inf¥(s,) = hrJrr100 inf (/]RN Q(x)F (sn)dx>
> / lim inf Q(x)F;(sy)dx = ¥(sp).
R

N n—-4o0

Thus ¥ is lower semicontinuous, and the functional | is also lower semicontinuous.

(ii) By the definition of the function F;(s), we have |F](s)| < C(1+ [s|P~!) for p € (2,2%).
Then it follows from Lemma 2.16 of [27] that the conclusion is true in H}(Q)) but the argument
remains valid in H(Q). O

According to some arguments in [24] and by Corollary 2.1 and Corollary 2.2, we also give
the following definition:

Definition 2.3. Let E be a Banach space, E' be the dual space of E, and (-, -) be the duality pairing
between E' and E. Let | : E — R be a functional of the form J(u) = ®(u) + ¥(u), where ® €
CY(E,R) and Y (u) is convex and lower semicontinuous. Let us list some definitions:

(1) The sub-differential 0] (1) of the functional | at a point u € E is the following set

{weE :(®u),v—u)+¥(0)—¥Y(u) > (w,0o—u), Vo € E}.

(2) A critical point of ] is a point u € E such that J(u) < +ocoand 0 € 9] (u), i.e

(®(u),v—u)+¥(v) —¥(u) >0, VoekE.

(3) A Palais—Smale sequence at level ¢ for | is a sequence {u,} C E such that J(u,) — c and there
is a numerical sequence T, — 0" with

(D (un), v —up) + ¥ (0) = ¥Y(uy) > —Tullv — tnllE, Vv € E.

(4) The functional | satisfies the Palais—Smale condition at level ¢ ((PS). condition, for short) if all
Palais—Smale sequences at level ¢ have a convergent subsequence.

(5) The effective domain of | is the set D(]) = {u € E : J(u) < +o0}.
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In the sequel, for each u € D(]), we set the following functional J'(u) : H}(RN) — R
given by

(1), 2) = (@ (u),2) + /}RN Q(x)Fl(u)zdx for any z € HI(RY),
where H (RN) := {u € H'(RY) : u has compact support}, and define
17 ()| = sup{{J' (1), z) : z € H;(RY) and ||z[| < 1}.

Hence, J' (1) can be extended to a bounded operator in E when ||J'(u)| is finite, and it may
be seen as an element of E'.

In order to prove Theorem 1.1, we will use the following Lemma 2.4, whose proof can be
found in Lemma 2.4 of [22] .

Lemma 2.4. Ifu € D(]), then 9] (u) # @, i.e. there exists w € E’ such that
(@ (u),v—u)+¥(v) —¥(u) > (w,o—u), forallv e E.
Moreover, this w is unique and satisfies
(@' (u),z) + /RN Q(x)F|(u)zdx = (w,z), forall z € E such that F{(u)z € L}(R").

As an immediate consequence, we know that the unique element w € E’ introduced in
Lemma 2.4 will be denoted by J' (). Moreover, there holds

/ _ 2 2 N 2 27y
(J'(u),uy = /}RN(|Vu| + V(x)|u|*)dx /]RN Q(x)u”logu“dx /]RNf(x,u)udx, (2.8)
for each u € D(J) with ||J'(u)|| < 4o0. Thus solution of problem (1.1) is equivalent to a

nontrivial critical point of the functional J.

Theorem 2.5 ([27, Theorem 1.8], Sobolev imbedding theorem). The following imbeddings are
continuous:

HY(RN) — LP(RY), 2<p<oo,N=1,2,

HY(RN) — LP(RN), 2<p<2*,N>3,

D2(RN) — L2 (RN), N >3.
According to the norm in the space E and L?(RY) respectively, we have |u|3 < [u%. In

particular, the best constant for the Sobolev embedding E — L2(RN) is given by
2

_ Jull2
ueb\{0} [|ull3

2.9)

3 Proof of Theorem 1.1

In what follows, we will show that the functional | satisfies the Mountain pass geometry. The
following two conclusions can be found in Theorem 3.1 and Corollary 3.1 of [1], which are
crucial in our approach.

Theorem 3.1 (Mountain Pass Theorem without (PS) condition). Let X be a real Banach space and
J : X — R be a functional such that:
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(i) J(u) = ®(u) +Yu),u € X with ®(u) € CY(X,R), and ¥ : X — R is convex, ¥ # oo and
is lower semicontinuous (1.s.c);

(ii) J(0) = 0and J|38, > ao, for real constants p,ao > 0;
(iii) J(e) <0, for some e ¢ B,(0).
If

=inf sup J(y(t)) 2 a0 >0, TI'={yeC([0,1],X):7(0) =0,](¥(1)) <0}
yel te[0,1]

Then, for a given € > 0, there is u. € X such that

(D (ue),v—ue) +¥(v) — ¥(ue) > —3ello—uel, VoekX, (3.1)
and J(ue) € [c —€,c+ €.
Corollary 3.2. Under the conditions of Theorem 3.1, there is a (PS). sequence {u,} of the functional
J(u), that is, J(u,) — ¢ and

(D (uy), 0 —up) +¥(0) = ¥Y(uy) > —7lv — un, Vo e X,
with t, — 0T,

Lemma 3.3. Assume that (V1)-(V2) and (f1)~(f2) hold. Then the functional ] (u), defined with ®(u)
and ¥ (u) in (2.3) and (2.4), has the Mountain pass geometry.

Proof. Now we will show that the functional | satisfies (i), (ii) and (iii) of the Theorem 3.1.

(i) For each u € D(]), the functional J(u) defined with ®(u) and ¥ (1) in (2.3)~(2.4), respec-
tively. According to Corollary 2.1-2.2, then ®(u) € C!, ¥(u) is a convex lower semicontinuous
function and ¥ # +oo0.

(ii) Obviously, J(0) = 0. It follows from (2.5)—(2.7), and embedding theorem that there
holds

J(u) = 1HuH%—/RNF(x,u)dx—/RNQ( R+ [ QR (Wi
> 3 ul} - / Flxuydx - / L Q) Bx(u)dx

> Ljup - / |u2dx—fC )/RN\uV’dx—/RN Q(x)F>(u)dx.

> ||E—2e||u||2—;c<s>|rur|,’:—cczwnuuz

C(e
 Jull — 1wl

b—\l\)

—_

S llullz = llullf -
25

(1 e C(e) ,p-2 q-2 2
_<2 25~ gt IHE = CumllE? ) i

where Qq := |Q(x)|« and C; is a positive constant. We may choose ¢ = 5 and p sufficiently
small (i.e. p is such that 1 — %ppq — C1Qwop?™% > 0), thus
p 2

1 C(e) ,_ -
J(u) > <4—pé;p” 2 — C1Qup" 2) p*: =ag >0, foranyu € 9B,
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(iii) We may choose u, € D(J) with u, > 0 and supp(¢) C Br(0) for some R > 0. By the
condition (f2) we know that there exist constants Cp, C3 > 0, such that |F(x, u)| > Cy|u|? —
for any u € R™. Then let e := tu, for any ¢ > 0, there holds

T(e) = J(tu.) = ||tu*\|E 5 / (x)Pu log (fuy 2dx — / F(x tu)dx
R
1
<2 (I(u)-= 1 t2d>—Ct2</ 2dx + 2d)+c
< < (uy) 5 NQ(x)u* ogt-dx 5 5e(0) uidx RN B (0 uidx 4
< #? (I(u* —logt/ Yu dx—Cz/ uidx) + Cy
Bg(0)

— —00 ast — +oo,

where I(u,) = u.]|2 — 3 [gn Q(x)u2logu?dx is the energy functional of (1.4). Therefore
there exists enough large to > 0 w1th lel|e = ||tou«||E > p, ie. e & B,(0) such that

J(e) = J(tou.) < 0.
So the proof of Lemma 3.3 is now completed. O

By Theorem 3.1 and Lemma 3.3, J(u) admits a (PS), sequence, where c is the Mountain
level of J(u).

Lemma 3.4. Assume that (V1)-(V2), and (f1)-(f3) hold, then all (PS). sequence {u,} are bounded
in E.

Proof. If {u,} is unbounded in E, then we can take, passing to a subsequence if necessary,
that ||u,||g > 1. Since {u,} C E is a (PS). sequence, then {J(u,)} is bounded above and
(J'(un), un) — 0 as n — +oo. Thus

(J'(un),z) = 0,(1)]|z|lE, Vz € E.

Since Q(x) > 0, then take /Q(x)u instead of u in (2.2), there yields

Q(x
2
< IV (/U -+ (1og |y/QErul} - N1 + loga) ) |/ QoulB. (32
From Lemma 2.2 of [3], there exists a positive constant Cs such that
N(1+loga) [} < (log ul}3) ]} + Csull3 53)

Then taking a > 0 enough small, there exists a positive constant C¢ such that
1
/}RN Q(x)u*logu?dx < || Vul[3 + Co(log f[ul3 + 1) |ull3. (34)

We have exploited the fact that the function t — logt (¢ > 0) is increasing. Then for r € (0,1),
there is a constant C; > 0 satisfying

tlogt| < Cy;(1+ [t|'T), foranyt > 0.
|tlog y
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Therefore there exists a positive constant Cg such that
lanl13 10g ([lunl3) < C7(1+ (luull3)™") < Co(1 + [Junlle)*". (3.5)

From (3.3)-(3.5) and Theorem 2.5, there holds

1
/]RN Q(x)u?logudx < || Vull3 + Co(1 + [|uu|£) ", (3.6)

where Cg is a positive constant. By the condition (f3), there exists a constant My > 0 with
lu| > My such that f(x,t)t — aF(x,t) > —0]|t|? for all [t| > My, x € RN. Let O, = {x € RN :
|u| > Mp}. It follows from (2.1), (2.8), (3.2) and (3.6) that

el > Tee) — {1 (u), )
2/ (IVital? + (V(x) + Q(x ))ufz)dx—l/ (Vi Pdx + V (x)u2) dx
+ <1—>/ Q(x)u? log uzdx + ~ / (x, ) uy — aF(x,uy,)) dx

e
1
2= 3) (319l + Colt + )

1
> (3= 1) i+
—</ / )\un\zdx
RN\Q,
1 1 1\ /1 N6
> (5= Ml (5= 3) (31l + ot Il ) = 3 [ s = o

1 1 6 1 1 -
>(-- 2 _ 2 2 (1 1 -
- <4: 20( SDC) ||uI’ZHE+ (lX 2> C9 (1+||un||E) ClO/

where Cyy is a positive constant. Divide both sides of this inequality by the norm ||u, %, then
this leads to the following contradiction:

S(e—2)—46

0
T

>0,

and the proof of Lemma 3.4 is completed. O

Since the sequence {u,} is bounded in E, it has a weakly convergent subsequence in E.
Without loss of generality we can assume that there exist # € E and a subsequence of {u,},
still denoted by itself, such that

u, -~ u inkE,
up, —»u inLl (RN), pe(2,2),

u, —»u ae xeRYN,

as n — 0.

Lemma 3.5. Assume that (f1) satisfies, then there hold

lim Fz’(un)undx:/ E(u)udx,
RN

n—+oo JRN

lim fx, uy)updx = /]RN f(x, u)udx.

n——+oo JRN
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Proof. It follows from (2.6) that we know |F;(s)| < C|s|771, then

’/ Fﬁ(un)undx—/ F (u)udx
RN RN

< /NC|]un|q—|u|q|dx—>0, as n — +oo.
R

By the condition (f1), there holds

/1RN (f (x, up)uy — f(x,u)u)dx

< ’/ (elun|* + C(e)[un|? — elu* — C(e)|ul?) dx
RN

<e [l = P dx+C(e) [ [l = lul?|dx =0,
RN RN

as n — +o0. The proof of Lemma 3.5 is completed. O

Lemma 3.6. Let {u,} bea (PS), sequence of | in E, then u, — u in E.

Proof. By Lemma 3.4, the sequence {u,} is bounded in E. Then without loss of generality we
can assume that u, — u in E, recalling that (J'(u,), n) = 0, (1)||us| £ yields

[ I7ul+ (Vi) + dx+1/ X)F (1t
RY (3.7)
—/ fx,uy undx—i—/ x)Fy () undx + 0, (1).
Moreover, limy, o (] (1), uy) =0, i.e.
/ [1Vul?+ (V(x) + dx+/ u)udx
RY (3.8)

—/ fxuudx+/ u)udx.

By the Lemma 3.5, the right-hand side of (3.7) and (3.8) are equal. Therefore, there holds
el + [ QOB (wn)undx +0,(1) = ullE + [ Qo) (w)ud.

Without loss of generality we have [y Fi () undx — [y F{(1)udx, and
lunllE — luliE,
as n — +oo. Thus we can conclude that u, — u in E. O

Because {u,} C E is the (PS), sequence of the functional J(u), and by (3) of Definition 2.3,
then there exists a function v € C° (IRN ), for T, — 0" such that

Tl — g < /RN (Vi V (0 — 1) + (V(x) + Q(x) )1t (0 — 10)] dx —/IRN £ 1) (0 — 11 )dx
— / Q(x)Fy(uy) (v — uy)dx —|—/ v)dx — / Q(x)Fy (uy)dx.
RN RN
Since ¥ is lower semicontinuous, then

Y(uy) > lim inf¥(u,) > ¥(u).

n—00
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It follows from Lemmas 3.5-3.6 that there holds
lim (o —ule) < [ [VuV(o—w) + (V(x) + Q)u(o - u)] dx
[ frwe-wd— [ QwBwE-wd (9
+ [ QWA — [ Q)R (u)dx
The above formula (3.9) is equivalent to

(@' (u),v—u) +¥(v) —¥(u) >0.

It can be seen that it satisfies (2) of Definition 2.3. This implies that u is the critical point of
the functional J(u). Therefore, u is the solution of problem (1.1).
In what follows, we mainly prove that the solution u is nontrivial and reachable.

Lemma 3.7. Assume that (V1)-(V2) and (f1)—(f3) hold, then the functional J(u) satisfies (PS). con-
dition, and u is a critical point of . Furthermore, u is nontrivial solution of equation (1.1).

Proof. 1f u = 0, then u,, — 0 in E. One of the following two cases is always true.
(1) uy, — 0,asn — 4oo.
(ii) liminfy oo SUP,cpny oy S5, () [1nl*dx > 0.

Now we next will prove that neither (i) nor (ii) is true:

If (i) is true, then J(u) — 0, but J(1) — ¢ (¢ > 0), which leads to a contradiction. Therefore
(i) is true. Let p := liminf, oo SUP,cRrN (o) fBr(y) |uy|?dx > 0. Choose A, := {x € RN\
B,(0) : V(x) < ap}, as ¥ — +oo. It follows from (V1) that meas(A,) — 0. There exists a
constant r* such that if r > r* and q* € (2,2*), and according to the Holder inequality and
Sobolev imbedding inequality, we have

/ |un|?dx < </ |un|‘7*dx> ' </ 1dx> '
A, A, Ay (3.10)
7' -2 ﬁ

< Cllua|t (meas(4,)) 7 < 2.
Take D, := {x € RN\ B,(0) : V(x) > ap}, as ag is enough large. Then there holds

1 c B

2dx < / 2dy < — < £, .
/Dr]un| dx < e [ VOl < o < (3.11)

It follows from (3.10) and (3.11) that

= liminf su |y |*dx
ﬁ n—+oo yeIRNI\){O} B, (y) .

< liminf |y |*dx
n—-4o0 IRN\B, (0)

= lim inf (/ ]unlzdx—i—/ ]unlzdx> < é,
n—-4o0 D, A, 2

which leads to a contradiction. Thus we have 1 # 0. The proof of Lemma 3.7 is completed. [J
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Proof of Theorem 1.1. By the statement in Section 3, we admit that the sequence {u,} C E is
the (PS). sequence of the functional J(u). From Lemma 3.7, the weak limit of (PS). sequence
is nontrivial, we easily infer that the weak limit is the desired ground state. On the one hand,
since u, — u (n — o0), the norm ||u||g and ¥(u) are lower semicontinuous, it follows from
(2.1), (2.3), (2.4) that

J(u) = ®(u) +¥(u)
1
- f||u||%—/ Flruwdx— [ QRdx+ [ Q)R (u)dx
RN RN
f||u||E 1nf/ (x,u dx—mf/ x)Fa(u dx+/ x)Fy(u)dx
< lirgigofEHuHHE —lirgigf/ﬂw F(x,uy)dx — liminf o Q(x)F(uy)dx

n—+00

+ liminf Q(x)Fy (uy)dx
RN

n—r—+00

= l%glir.}of](un) =c.

Then we can get J(u) < c¢. On the other hand, by the definition of ¢, we have J(u) > c. Hence
J(u) = c. In a word, we deduce that c is attained and the corresponding minimizer is a ground
state solution of problem (1.1). The proof of Theorem 1.1 is completed. O
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