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Abstract. We consider the existence of normalized solutions for a fractional coupled
Hartree system, with the upper critical exponent in the sense of the Hardy-Littelwood-
Sobolev inequality. Particularly, in an L?-subcritical regime or an L2-supercritical
regime, we establish the existence of positive normalized solutions for the two cases,
respectively. Furthermore, we prove the nonexistence of positive normalized solutions,
under the nonlinearities satisfying the Sobolev critical growth.
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1 Introduction

This paper is concerned with the existence of solutions (A1, Ay, u,v) € R? x H*(RN,R?) to the
following fractional critical Hartree system:

(=) = Au+ gl prful2ufol + (Lox o) [ul="2u, - inRY, |
(=A)*0 = A0 + pa|v|P~20 + Bra|o|>2o|u|™ + (Ip * |u|?s)|v|? 20, in RN, '
satisfying the additional conditions
/ u?dx = a%, and / v?dx = b2 (1.2)
RN RN

The masses a,b > 0 are prescribed and the parameters py, pp, f > 0. Here (—A)° is the
fractional Laplacian, s € (0,1), 25 < N < 4s, a € (O,N), 2;, = %\]N_ —; is the upper critical
2N

exponent due to the Hardy-Littlewood-Sobolev inequality, 27 = §—5; is the fractional Sobolev

critical exponent, 1,72 > 1, p,r1 + 12 € (2,2%] with p < r1 +r; and * stands for the convolution
on RN with I, : RN\ {0} — R is the Riesz potential,

LX(X) = x:x with Ay, =
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The fractional Laplacian operator (—A)* is defined for any u : RN — R sufficiently smooth by

(=2)u(x) = C(N,)P.V. | Wdy,

where P.V. stands for the Cauchy principal value and C(N, s) is a positive constant depend-
ing only on N and s. Recently, a great attention has been devoted to study the nonlinear
problems involving fractional elliptic operators, both for the pure mathematical research and
applications. We refer to [3,11,16,37] for a simple introduction to basic properties of the frac-
tional Laplacian operator and concrete applications based on variational methods. Moreover,
fractional Choquard type equation with critical growth has been studied by many researchers,
see [1,22,23,35,36] and references therein.

The problem under investigation comes from the research of solitary waves for the follow-
ing physical model:

(=8) g1 = =%+l [P72r + Brilga 17291 |9a]" + (L |9a2[%5) [ %2, (1.3)
(=A) g2 = =i + palpalP 22 + Bral ol 2| pr |t + (Lo  |@1]2) 2[4 ~2,
where i = —1 and ¢;(j = 1,2) is the wave function of the j; component, and y;,  denote

the intra-species and intra-species scattering lengths. In particular, the interaction of states
is attractive if B > 0, while the interaction of states is repulsive when g < 0. Solitary wave
solutions of system (1.3) are solutions having the form

P1(x,t) = eMu(x),  ¢a(x,t) = eMlo(x),

where A1, Ay € R are the chemical potentials and (u,v) solves (1.1). Since ¢1(x,t), p2(x, 1)
retain their masses over time, we consider this problem from two aspects: one can either
regard the frequencies Aj, A, as fixed, or include them in the unknown and prescribe the
masses.

Fixing the parameters A1, Ay in (1.1), we call it the fixed frequency problem. The two-
component system with Hartree-type nonlinearities describes the boson stars in mean-field
theory [18,27], which appears naturally in optical systems [30] and is known to influence
the propagation of electromagnetic waves in plasmas [7]. Moreover, the non-locality of the
critical term also plays an important role in the theory of Bose-Einstein condensation, where
it accounts for the finite-range many-body interaction [15]. The Hartree type systems, mainly
on Ay, Ay are prescribed, have been widely studied. We refer to [20] and references therein.
However, much less is known when the masses are prior prescribed. In this case, A, A2 € R
are unknown quantities arising as Lagrange multipliers. In recent years, since physicists are
interested in normalized solutions (which L?>-norms of solutions are prescribed), mathematical
researchers began to investigate the solutions of various classes of Schrodinger equations or
systems having a prescribed L?-norm, that is a solution which satisfies f]RN ]u\zdx = c for a
priori given c.

When s = 1, i.e. the fractional Laplace operator (—A)® reduces to the local differential
operator —A, the literature for the normalized solutions of Schrodinger equations or sys-
tems is abundant. Starting from the seminal paper by Jeanjean in [25], he firstly studied
L2-supercritical case, and dealt with the existence of normalized solutions when the energy
functional is unbounded from below, by using the mountain pass lemma and a skillful com-
pactness argument. Furthermore, for the particular case of a combined nonlinearity of power
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type, in [38], Soave considered the existence of normalized solutions and orbitally stable for
the following problem:
—Au = Au+ plu|T?u + |ulP~2u,  inRN, 1.4
S |u?dx = ¢, in RN, '

where N > 1, q,p € (2,2%) and g < p. Moreover, when p = 2* in (1.4), in [39], the Sobolev
critical case was studied by Soave, where he considered the energy level less than a certain
number to get the compactness, and obtained the existence and nonexistence of normalized
solutions. For the system case, Bartsch, Jeanjean and Soave investigated the following elliptic
system

—Au = AMu + uud + puv?, in IR3,
—Av = Ao + ppu® + Bou?, in R3, (1.5)
Jgs [u|?dx = a, [s |0|?dx = b,

where pq, p2,a,b > 0. In [4], Bartsch, Jeanjean and Soave obtained the existence results for
different ranges of B > 0 and stability properties of (1.5). Furthermore, in [6], Bartsch and
Soave considered the case B < 0 of (1.5) and showed phase separation occurs for the solutions
as B — —oo. In particular, Bartsch, Li and Zou [5] studied the normalized solutions for
a Schrodinger systems with Sobolev critical nonlinearities. Specifically, in [5], they proved
the existence and nonexistence results and obtained the asymptotic behavior as § — 07 or
B — +oco. When 3 < N < 4, in [29], Li and Zou obtained the existence of positive normalized
ground state for (1.5). For more researches of the normalized solutions of the Laplacian
systems, we refer to [31,34] and references therein.

The situation is different when s € (0,1), and few results are available. We note that the
L2-critical exponent for fractional case is p := 2+ £. In [32], Luo and Zhang studied the
existence and nonexistence of normalized solutions for the following fractional problem

(—=A)u = Au+plul"?u+|ulP?u, in RV, 16
S u)?dx = ¢, in RN, '

where q,p € (2,25), g < p and y € R. Moreover, when p = 2! in (1.6), Zhen and Zhang
[44] proved the existence and nonexistence results of the normalized solutions by using the
Jeanjean’s skill in [25], and they also considered the behavior of the ground state obtained as
# — 0T. Furthermore, in [24], He, Radulescu and Zou showed the existence and nonexis-
tence of solutions for a fractional equation with the upper critical exponent, among 3 cases:
L2-subcritical, L?-critical and L2-supercritical. In the case of fractional systems, Zuo and
Radulescu studied the following problem

(—=A)u = Aqu+ pg|uP2u + |ul® ~2u + yalu|*2ulv|f,  in RV,
(—A)*0 = Av + p2|0]7 20 + |0|% 20 + yBlv|*2v|ulf, in RN, (1.7)
Jn [ulPdx = a, [pn [0]2dx = b, in RN,

where s € (0,1), p,qa+ B € (p,2F). In [45], Zuo and Ridulescu showed the existence
of positive normalized solutions when < is big enough, and obtained the nonexistence of
positive normalized solutions if p = ¢ = « + = 2. Li [28] studied the existence of positive
radial solutions for a fractional Hartree-Fock type system in L2-subcritical case, L2-critical



4 S. Deng and W. Luo

case and L2-supercritical case, but without the upper critical exponent in the sense of the
Hardy-Littlewood-Sobolev inequality (see Lemma 2.1).

Inspired by the above mentioned works, in the present paper, our goal is two-fold. On one
hand, we show the existence of normalized ground states for p € (2,2%), and r1 + 12 € (p,2);
on the other hand, we obtain the nonexistence result for p = r; +r, = 2;. Compared to the
Laplace operator, the fractional Laplacian problems are nonlocal and more challenging. More-
over, since the compactness of system is closely related to (see Proposition 4.9) the following
problem

Sy — -2 ; N
{(—A) u=Au+ plulP~*u, in RY, (1.8)
Jry uldx = 2,

we may be more careful to the energy level and solutions of (1.8). However, for p = p and
¢ > 0, the Pohozaev manifold related to (1.8) is indefinite (see Lemma 5.2), which makes it
difficult to construct the geometry for the related energy functional.

Before we state our main results, we introduce some notations for the fractional Sobolev
space H*(RY). Let s € (0,1). We denote by DS(IRN ) the completion of CZ°(RN) with

)|2dxd
R2N ]x—y]l\”zs Y

The fractional Sobolev space is defined by
H(RN) := {u € L*(RN) : [u] < o},

with the standard norm and inner product

Jul? = P+ [ luPdx, and (w) = [

R

Nlw

It is well known (see [2]) that the embedding H*(RN) < LI(RN) is continuous for all g €
[2,2}], locally compact for all g € [1,2) and D*(RN) — L% (RN) is continuous. Then we
define the working space H as

u(—A)2¢ + ugo)dx.

H:= {(u,v):u € H(RY),v € HS(RN)},
endowed with the norm
1(u,0) |13 = HM||2+ o],

and related inner product is, for any (¢, ¢) € H

)
((w,0), (¢, 9)) == (u, ) + (v, 9).

By using the variational methods, a classical way for studying the normalized solutions of
system (1.1) is to look for critical points of the following C!-functional

_ 1 2y _ 1 p p "iglr 1 205) |p|2s
J(0,0) = 50+ o) = Gl + palol) = B [l oldx = 5o [ (o ) oo,

constrained on the set
S:={(u,v) € H: (u,v) €S, X Sp},

1
where |u|, = ( [gn |u["dx)" and S, := {u € H*(RN) : [pn [u|?dx = a*}. The main results of
this paper can be stated as follows:
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Theorem 1.1. When 2s < N < 4s, p € (2,p) and r1 + 12 € (p,2%), there exists B* > 0 such that
for 0 < B < B*, there exist i = ui(B), us = us(B), such that for any u; € (0,u7), 12 € (0, 13),
(1.1)—(1.2) has a normalized ground state (u,v), which is a positive and radially symmetric function,
for some Ay, Ay < 0. Moreover, (u,v) is an interior local minimizer on the set

B.(a,b) := {(u,v) € S : ([u]* + [0]2)% <r},

for a suitable r > 0 small enough; and any other ground state solution of J(u,v)|s is a local minimizer

of J(u,v) on B,(a,b).

Theorem 1.2. When 2s < N < 4s, p € (p,2%) and r1 + 12 € (p,2%), there exists By > 0, such
that for any B > Bo, (1.1)—=(1.2) has a normalized ground state (u,v), which is a positive and radially
symmetric function, for some A1, Ay < 0, and (u,v) is a Mountain Pass type solution.

Theorem 1.3. When 2s < N < 4s, suppose p = r1 + 1y = 2%, then the system (1.1)—(1.2) has no
positive normalized solutions.

Remark 1.4.

(I) In Theorem 1.1, we consider 3 cases: 11 +12 € (2,p), r1+1r2 = pand r1 + 12 € (p,2%).
These different situations are mainly reflected in Lemmas 4.3 and 5.3.

(II) From the processes in our proof, one difference between Theorems 1.1 and 1.2 lies in
their respective geometric structures. In fact, when p changes from L?-subcritical to L2-
supercritical, it changes the geometry of J(u,v)|s and prevents the existence of a local
minimizer in Theorem 1.2.

(IIT) Compared with the result in [24], we need an elementary inequality (see Proposition 4.9),
which combined the single case (1.8) with the coupling case (1.1), to ensure compactness
result. Theorems 1.1, 1.2, 1.3 seem to be the first results of normalized solutions for a
fractional coupling systems with the upper critical exponent in the sense of the Hardy-
Littlewood-Sobolev inequality.

The paper is organized as follows. In Section 2, we give some preliminaries for the func-
tional space. In Section 3, we will briefly introduce the properties of a single case (1.8), which
plays an important role to the proof of Palais-Smale condition in our problem. In Section 4,
we prove Theorem 1.1. In Section 5, we obtain Theorem 1.2. At last, we show the nonexistence
for Theorem 1.3 in Section 6.

2 Preliminaries

Following, for the convenience of the reader, we recall some basic properties, which we shall
need in the sequel. Let us first recall the well-known Hardy-Littlewood-Sobolev inequality.

Lemma 2.1 ([30]). Lett,r > 1,0 < a < N, with 1 + £ +1 =2 f € LY(RN) and h € L"(RV).
There exists a sharp constant C(N, t,«, ) independent of f and h, such that

/R W) < (N, & a, )| Flililh, 2.1)

N RN \x—y\”‘
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where | - |, stands for the L1(RN)-norm for q € [1,400). If t = r = 52 then

C(N,t,a,r) = C(N,«) :n%w
757 7 7 r(N—%)'

Besides, there is a equality in (2.1) if and only if f = (constant.)h and

h(x) = C(y* +[x —a?)~"7,

for some C € C, v # 0and a € RN.

According to Lemma 2.1, the functional

dd,
/RN/RN |x—y|w o

is well defined in H*(RN) x H5(RVN) if 2872 < p < N2 We often call 2% is the
lower Hardy-Littlewood-Sobolev critical exponent and Z¥-2 is the upper Hardy-Littlewood-
Sobolev critical exponent. From Lemma 2.1, we define the best constant

S inf [
hl = 1
Ds(RN\{0}) (foN(Ia s 10|25 ) [u) 2 d ) %as

1 7

and from [23], we know S, is attained by the function

dey = CNasley, XY E RN, and e >0,

such that .
[ﬁe,y]2 — Sé\jaﬂs

4

with i , satisfying this equation
(=A)°u = (Iy*|u
y|2)~"2" solves

Su=|ul*2u, inRY,

2xs) |u|?s~2u, x € RN,
The function u,, = x(e* + |x —

and achieves the infimum of
: [u]?

N on) ]2
Ds(RN\{0}) [u5,
with oo
— SEI(N)\ ™
Spy=SCy™ and k= "F5——= .
N,a,s <7_[1511_.(];])

In order to prove our problem, we shall make use of the following infimum

[u]? + [o] 22)

7

*
205

S* = ll‘lf
(u,0)eDs(RN) x D$(RN) N *
(o ol

and from [43, Lemma 2.2], we know
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Lemma 2.2. We have
t = zsh,]/

and S* is achieved if and only if, for C > 0,
U =10 = Cugy.
Then we recall the fractional Gagliardo—-Nirenberg-Sobolev inequality, which can be seen
in [19].

Lemma 2.3. Let N > 2s and p € (2,2}), then there exists a constant C(N, p,s) > 0, such that for
all u € H*(RN),

N(p—2) N(p-2)

ulp <C(N, p,s)|(=D)3ul, = |uly = . 2.3)

Defining Tp = %, it is easy to see
<2, if2<p<p,
Py =2, if p=p, and Yo =1,
> 2, ifp<p<2;.
and 1
ulh < C(N, p, )| (—A)uly ™ [ulp 7). (2.4)

Following, we obtain the corresponding PohoZaev type identity for system (1.1). Before the
statement of this result, we introduce the s-harmonic extension (see [11]) techniques. Denote
RN = {(x,y) : x € RN,y € R} and define X = X*(RY*!) x X*(RY ™) under the norms

1
2
||(Ll, V)HX = <Ks /}RIXH y1—2s’VU’2dxdy+Ks /]RIJ\!+1 y1—25|vV|2dxdy) )
where X*(RY*!) is the completion of CP(RY ™) with the norm
1
2
HUHXS(]RIJ\rPrI) = <KS /I;IJ\:Jrl y125|VU|2dxdy> .
Let (u,v) € H be a solution of (1.1) and define (U, V) € X be its s-harmonic extension to the

upper half space RY™, then u = U(x,0), v = V(x,0) and (U, V) is a solution to the following
problem

—div(y!=>VU) = 0; —div(y!>VV) =0, in RV,
—% = A+ pq [u|P72u 4 Broul "2ulo| + (I, * |o]%s)|u|?s~2u,  on RN, (2.5)
—% = A0 + 12| 0[P 20 + Bra|v| 220 ul + (I, * |u|?s)|v|%s 20, on RN.

From [8, Proposition A.1] and [42, Lemma 4.1], we have the following result.
Proposition 2.4. Let (11,v) € H be a weak solution of (1.1), that is (u,v) satisfies:
0= (u¢)+ (v,p) — /H{N()\luq) + Apuip)dx
— [ Gl g+ palol? 2og)dx — B [ (ralul"2ulo]g + raful" o] 2op)dx
- /]RN[(L" « [02) [l 2ug + (L * |uf?s) o 2opldx, V(g 9) € H,
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then we have (u,v) satisfies

S0 (-8)5uP + (=)o )dx

_N 2 2 N/ p p
= 5 Jo P+ AafoPyeet =5 [ Gl + ol e

2N —«a " N
I * |u|?s) |o|?esdx.
3 Jo e x o

+[3N/ |1 |o] 2dx +
RN

Proof. If (u,v) € H is a weak solution of (1.1), from [2, Proposition 3.2.14], we have (u,v) €
L®(RN) x L®(RN). Using the same arguments as in [13, Proposition 4.1], we get (u,v) €
C*™(RN) x C>*(RN) with T depending on s. Let (U, V) be its s-harmonic extension and
satisfy (2.5), then (U, V) € C3(RY*) x C2(RY ™).

Set Dy, == {(x,y) € RN*! : |(x,y)| < m} and Q, = D;} U (D, N (RN x {0})), where
D} = D, NRY*L. Let 9 € CP(RN*!) with 0 < ¢ <1, ¢ = 1in Dy, ¢ = 0 outside D, and
V| < 2. For R > 0, define

vt = (B2, where y = gl

Multiplying (2.5) by ((x,y) - VU)yr and ((x,y) - VV)iPr respectively, we obtain from [8,
Proposition A.1],

N
I P2y (x,y) - VU d:——/ Pdx.
R oo DZRQ(IRX{O})‘“‘ u-(xy) Prax p ]RNlu‘ *
N
I (x,y)- VU d:——/ 24y,
A L mcon (xy) Prdx 5 ]RNIMI X
and N
li o|P 20 (x,y) - VVirdx = ——/ v|Pdx.
Lim DZKQORNX{O})I | (x,y) ¥R ” IRNI |
) N ’
I%l_r}c}o D (R x{0]) v (x,y) - VViprdx = " e |v|“dx.
Moreover,
lim (r1]o2[u|""2u - (x,y) - VUYr + ro|u|" 0|2 20 - (x,y) - VVipg)dx

and

R=c0 JDopN(RN x{0})

- —N/ |t o] 2dx.
IRN

lim yIEVUV[((x,y) - VU)yrldxdy = — N—2s
R—00 JQyr 2

lim yIBEVVV[((x,y) - VV)yrldxdy = — N =2
R—0 JQyr 2

1-2s 2
/Mﬂy VU |?dxdy,

1-2s 2
/M“ B |V Pdxdy.

Furthermore, combining with [42, Lemma 4.1], we have

li I, * o] Zis=2 . (x,y) - VU
B [ (e Pl () T
+ (L x [u) [0 2 (x,y) - VVig)dx
= 2 [ x ) fofd

RN

*
2uc,s
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Multiplying (2.5) by Uyr and Vipr respectively, and using the same techniques of [8, Propo-
sition A.1], we firstly obtain

/ y' | VU |Pdxdy = / A)2ul?dx,
]Riprl
/ y " F|VV Rdxdy = / A)3o|dx,
]Rf-%-l
and then we finish this proof. O

Lemma 2.5. Lef (1,v) € H be a weak solution of (1.1), then we have PohoZaev manifold
P, = {(u,v) €S : Py, (u,0) =0},
where
Py (,0) = s([ul? + [0]%) = smp (|l + plol}) = sB(r1 +72) V1) /}RN ] o[ 2dx

o 2.6)
—25/ (I # [u]s) [0 sdx.
RN

Proof. Since Proposition 2.4, we have (u,v) satisfies
B2 [ U0+ |(-a) ko)
2 RN
_N 2 2 N/ p p
= /]RN(MM +daloPydx [ Galul” + pofol)dx

2N — X 2% 2%
3 e o,

#BN [l foldx +
RN
and
AY3 412 AV 2 _ 2 2 [4 p
S IR P+ [(=8)5ox = [ (Ml +Aafol)x+ [ (rlul? + pafo]")dx

‘|‘,3(7’1 ‘|‘7’2) /IRN ‘u’71|v‘r2dx—|—2/]RN<Lx * ’u’ZZS)‘U‘ZZSdX.

Thus,
s [ ((=8)1up 4| (~a)50f)dx
RN
=57y [ (nlul? + pafol?)ex + Bs(r + 12074y [ Il ol
+25/ (I % ||| 0| dx,
RN
and the conclusions follows. O

Under the L2-invariant scaling introduced by Jeanjean in [25],
tru=eZuelx), and ftx(u,0):= (Fxut*0),

it is natural to study the fiber maps

S t

e2st esPY

P o (8) = (5 (,0)) = —([u]* + [0]*) -
B eyt /}R Jul ol 2.7)
227 st

2*

a,s

(pafulp + p2lolp)

e

[ o e o P,



10 S. Deng and W. Luo

satisfying ¥}, .., (£) = Py, (t % u, t x v), that is

Py = {(0,0) € §: ¥}, ,(0) = 0}

We decompose P, 4, into 3 disjoint unions Py, ,, = P;-  UPY  UP,

12 11,12 l i defined by

P,Ij_ll,UZ = {u - P"‘l/]"Z :1{];’51/1/12 (0) > 0},
Plglfﬂz = {u < PﬂlfVZ :Tgl,ﬂz (0) = 0};
P = {u € Py, :‘FZWZ(O) < 0}.

Set m(a,b) = infp, , J(u,v) and m*(a,b) = L J(u,v), respectively. The main idea
of this paper is to show whether m(a,b) is achieved.

3 The relevant results
Before solving problem (1.1) and (1.2), we study the following problem:

{(—A)Su = Au+ plulP~?u,  inRY, 3.1)

fIRN utdx = c?, u € H (RV),

where p,c > 0, p € (2,25) \ {p}. The standard method obtaining the normalized solutions of
(3.1) is to search for the critical points of

WP —E [ julrdx,

IM(”) = p Jrn

N[ —

constrained on S, := {u € H*(RYN) : |u|3 = ¢?}. By the same arguments as in Section 2, the
Pohozaev identity related to (3.1) is

Pyc(u) = s[u]* — wypslulp,
and the corresponding PohoZaev manifold is
Ppc = {u € Sc: [u]* = uyplulh}.
Moreover, we have

p2st ) yepﬂypst
= t = — - Pdx,
Fe(t) := Dyt + ) = —-[u] ; /]RNIMI x

and P, can also be divided into 3 disjoint unions Py, = P,/ U Pﬁ/c U P, where

Pue:={u€Puc:¥,.(0) >0}

PS,C ={u € Pyc: ‘I’ZC(O) =0};

Prei={u € Py lI’Z/C(O) < 0}.
Define m(c) = infyep,, Luc(u) and let m(a,0) = my, (a), m(0,b) = my,(b). From Lemma 2.3,
for any u € S, there is C; := C1(N, p,a,s) > 0, such that

Prp

[ Il < €N p,) uly T ) = i)™ < o + o) (3.2)
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In particular, when p < p, from (3.2) we get

1 1 C
hua) = gl =5 [ lulfidx > S = ZE = h(lu)
where
hp) = 2p? — g, (3.3)
2 p
Setting

1
px = (Crpryp)> 7,
we have that h(p,) < 0, h(p) is strictly decreasing in (0, p.), and is strictly increasing in (ps, ©0).

1

If we denote Ry = (x%)zfm, then /1(Rg) = 0 and h(p) < 0 iff p € (0, Rp).
From [44], we have the following already known results. For the mass subcritical case:

Theorem 3.1 ([44, Theorem 1.1]). When 2s < N < 4s, p € (2,p) and u,c > 0 in (3.1), there is
ft >0, for any u € (0,f1), then I, |s, has a ground state solution u,, for some A < 0. Moreover,

my(c) = ulgsi Lic(u) = Lic(uy) <O,
and u,, is an interior local minimizer of I, . on the set
Br, := {u € S¢ : [u] < Ro}.
Besides, any other normalized ground state solution is a minimizer of I, on Bg,.

Remark 3.2. We set fiy, fi; to obtain Theorem 3.1, under 4 = y1,c = aand y = pz,c = b in
(3.1), respectively.

For the mass supercritical case:

Theorem 3.3 ([44, Theorem 1.3]). When 2s < N < 4s, p € (p,2%) and y,c > 0 in (3.1), then
Lic|s, has a ground state solution u, for some A < 0. Moreover u, is a critical point of Mountain Pass
type and

my(c) = ul?SfE max Lic(t*u) = max Lic(t*uy) = Lye(uy) > 0.

In order to proceed our proof, we also need the following monotonicity result which is
essential for Lemmas 4.6 and 5.7.

Lemma 3.4. m,, (a) is non-increasing with respect to a, that is
my, (a) < my,(ar), forany 0 <a; <a.
Proof. We will prove for any 0 < a4; < a and an arbitrary ¢ > 0,
my, (a) < my, (a1) + ¢

We divide this proof into two cases.

Case 1: 2 < p < p. For this case, from the definition of Ry in (3.3), we see Ry is increasing as a
is increasing. Hence, by Theorem 3.1 and a; < g, there exists a Ry with Ry < Ry, such that

my,(a1) = inf I, (u).
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Letu € BRU C Bg, be such that I, (1) < my, (a1) + 5. Setting ¢ € C5(RN) be a cut-off function

satisfies 0 < ¢ <1 and
0, if|x|>2,
X g
o) {1, if [x] <1.

For 6 > 0, defined us(x) = u(x)¢(éx), we get us — u in H(RN) as 6 — 0. Thus, for
7 = £ >0, there exists § > 0 such that

&
i (5) < Ly (w) + 2, and [us] < R~ Rio (3.4)

Taking ¢ € C{(RY) satisfies supp(¢) C Ol+§ (0) \O% (0), where O,,(1) means a ball in RN
with radius m and centered at n. Let

(@ — usl3)}
w(x) = ————2127
() ="Tp,

7

then for t < 0,
supp(us) Nsupp(t xw) = @.

Therefore, we get u; +t* w € S,. Moreover, as t — —oo, we have

L, (txw) < -, and [t*w]gRl. (3.5)

0

N m

H1

By the Holder inequality, we obtain

U xw)(x) — (us % W 2
s+ ewp = [[ | ! )‘i)_yﬁmft JOP gy

. _ 2 % « P
L. '”jix_yféi(zs)‘ way+ [, 1 w>,i ) y,z(@zf”)(y” iy

b ff O O (00

x — y[NF2s

<[us)® + [t * w]? + 2[us][t * w)]
= ([us] + [txw])?,
then [us +t *x w] < Rg. Now from Theorem 3.1, m,, (a) = inf I, (u), by (3.4)—(3.5), we

obtain

MGBR

my, (a) < Im(u(s%—t*w) < Im(u(g) + L, (txw) + [us][t * w]
<ty (@) + = 5 +- g + g +2 g < m(m) +e
Case 2: p < p < 2{. In this case, py, > 2, and by the definition of m,, (a;), there exists
u € Py, such that
L, (u) < my, (ar) + %
From Theorem 3.3, we have u is bounded in H*(RN) and

[u]? = pryplulp.
Since (3.2) and a; < a, we get

_1 _1

o e) )
ul > > )
Vlr)/PC(N/ pls>a§7(l_7p) Vl’)/pC(N’ p/s)ap(l—’h;)
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Hence there are C,C > 0, which are independent with ay, such that [u] > C, and |ul, > C.
Later we may assume ¢ < C. Same definitions as in Case 1, we have u; — u in H*(RN) as
0 — 0 and from Theorem 3.3, t,, x us — t, * u in H* (IRN) as 6 — 0, where t, means strict
maximum point of ¥, (t) and the map u — t, is of C! class. Then, for fixed § > 0, there
exists C > 0 such that

1,41

€ -
Ly, (g * us) < I, (u) + o [us) <C, and |uslhb >C— . (3.6)

Choose ¢ € C°(RYN) with supp(y) C OH%(O) \O% (0), where O,,(n) means a ball as defined
on the previous page. Set

(@ |ugl3)?
AR

Then for T < 0, we have
supp(us) Nsupp(T *x k) = @.

Letu,:=us+71t+x €S, and as T — —oo,

/ |u7|pdx:/ |u(5]pdx+/ |T % x|Pdx
JRN RN RN

:/ ]u(;]”dx—I—epW”/ elbdx — [ug|?.
RN RN
Similarly, we obtain

[u)? < [us]? + [T x]* + 2[us] [T * «]
= [us]? + e [k]? + 2¢°[us][x] — [us]?.

From Theorem 3.3, there exists t; such that Py, 4(t; * 1) =0, i.e.

1
Sy el = Tl

Then as T — —o9,

& &

e(Prp—2)ste _ [uT [uts )
’Ypl/‘1|”f|§ B 7pﬂ1|”5|5

Combining with (3.6), we get t; is bounded from above as T — —oco. Hence, for T < —1
sufficiently small, there exists C* > 0 such that

€

, and [(tT+T)*K]<6C*.

[texus) < C*, L, ((te + 1) *x) < (3.7)

N m

Thus from (3.6) and (3.7), we obtain

Then, we complete this proof. O
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4 Thecase:2 < p<p,p<(rn+mr)<2}

In this section, we consider the mixed exponent case. For any (u,v) € S, from (2.2), the
Holder inequality and (2.4), there are C; = C2(N, p,b,s) > 0, C3 = C3(N, (r1 + 12),s,4,b) and
C4 = (§*)%s, such that

[ Jeltdx < CN,p, )yl = Colel ™ < Calfol® + ) ¥, (4.1)
/lR |u|"|o|"2dx < |u\ (nt72) | | (n+7)
S C(N, (7’1 + rz),s)|u|;1(1*')’(r1+r2))[u]i’1’7(y1+r2)|,U|;2(1*'Y(r1+r2))[U]i’z'Y(rl+r2) (42)
(r14+12)Y (py 4y
<GP+ [P 2,
and
/RN(Ia s |02 [uPreda < (S*) 72 ([u]? + [0]?)% = Cy([u)® + [0]?) . (4.3)

Hence, substituting (3.2), (4.1)-(4.3) into J(u,v), we obtain

J(u,0) = %([ 2+ [v]?) — M([u]z+ W]2)F — BCs([u]? + [U]z)%
' (4.4)

([u]? + [0]?)%.
Then we introduce the function k : Rt — R by

2 #11C1 + Gy P 5C3t(r1+r2)7(71+y2> o Cy tzzzs (4.5)
p 255

and k(07) =07, and k(400) = —o0.

Lemma 4.1. There exists B, > 0, such that for any B € (0, B«), there exist yi . = p1.(B) > 0 and
Ho = M2+ (B) > 0, for any uy; € (0, 1), p2 € (0, o), the function k(t) has exactly two critical
points, one is a local strict minimum at a negative level, and the other one is a global maximum at a

positive level. Further, there exist 0 < Ry < Rj such that k(Rp) = k(R3) = 0, k(t) > 0 if and only if
t e (Rz, R3).

Proof. Since the monotonicity of k(t) will be strongly affected by the comparison of p and
r1 + 12, we may divide this proof into 3 different situations.

Case 1: 2 < p < (r1 +r2) < p. In this case, we have py, < (r1 +12)Y(s,+r,) < 2 and

k’(t) = tp'Yp_l[tz_p'Yp _ C3ﬁ(71 + r2),),(r1+r2)t(”1+72)'7(r1+r2 —PYr _ 2C4t22as PYr ’)’p(,ulcl + ﬂZCZ)]

Denote
k() == 2=rrp _ Cap(r1 + rz),y(rﬁrz)t(r1+rz)7<r1+72rmp 2, 1%,
then
]z’(t) — t(r1+r2)7(r1+r2)_p7p_l [(2 _ p,)/p)tZ_(r1+r2)'7 r1+17) 2C4( p,)/p) (r1+72)7(r1+r2)

— G3B(r1 +72)Y (1 112) (11 +72) Y1y 412) — PYP)]-
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Let
i%(t) - (2 . p,)/p)tZ*(ﬁwLVz)'Y(r]-*—rz) _ Zc4(22;,5 _ p,)/p)t222,s*(7’1+7’2)'7(71+r2)’ (46)

then

~

k/(t) — tl—(r1+rz)7(r1+rz) [(2 — p’)/p)(z — (1’1 + 72)7(r1+r2))
—2C4(225 o — prp) (225 — (11 + 12) Y (ry 1) ) 2.
We see from the definition of k(t) that k(t) has a unique critical point t in (0, +-00) satisfying

20572 _ (2= prp) (2= (11 +72)Y(ry410)
0 T 2GR - ) @ — ()T

Moreover, since pyp < (r1 4 12)Y (s +1,) < 2, we have k(4c0) = —o0, k(07) =0~ If

k(to) > CaB(r1 + r2)Y(ry ) (11 + 12)V(ry 410 — PYO)

]z(to) > ’)’p("l/llcl + HzCz), and k(to) >0, @7
ie.
2-(11472)Y(ry 41y)
2= prp) (2= (r1+12)Y(ry41,)) 17 = (2—pyp)(22;5-2)
{2C4(2225,s = Prp) (225 — (11 +12)Y (1, 41,)) | 223 o — (11 +12) Y (ry41,)
> Ca3B(r1 +12) Y1y 1r0) (11 +72) V(11 400) — PYp)

Prp

[ (2=prp) (2= (11 +72)Y(ry4ry)) 12552 {1 =)= (A1) Y (4r) }
2C4 (222,5 - pvp)(zzja,s - (1’1 + rZ)'Y(rlJrrz)) | (22;,5 - PWp)(zZZi,s - (7’1 + 72)’7(r1+r2))
> Yp(1Cr+ 12C2) + C3B(r1 +12) V(1 11y

(V1+72)7(,1+,‘2)*}77p

y { 2=prp) 2= (11 +72)Y(r141) ] 252
2Cy (2232,5 - p’)/]ﬂ)(zzz;c,s - (”1 + 72)7(r1+r2)>

22;’5
(2= prp) (2= (r1 +12)Y(ry41,)) ] 22 c, [ (225 s —prp) (2255 — (1 +12)7p) 1 }
)

|:2C4(22j¢,s - p’)’P)(zzx,s - (71 + 72)7(r1+r2 (2 - P'Yp)(z - (71 + rZ)’Y(rlJrrz)) a g,s

P7,
L MG+ G { (2=prp) (2= (11 +72)Y(ry41y)) } 2
p 2C4(22;5 5 — prp) (2255 — (11 +72)Y(ry 1))

(rq +'2)7(71 +rp)

+BC [ 2=prp)2—(r1+ 7’2)')”(r1+r2)) } 2552
12C022 s — prp) (225 — (1 +72)Y (11 1ry)) '

7

(4.8)
then the function k() has exactly two critical points, one is a local minimum at a negative
level, the other one is a global maximum at a positive level. Therefore, there exist Ry, R3 with
0 < Ry < Rz such that k(Ry) = k(R3) =0, k(t) > 0 if and only if t € (Ry, R3).

Case 2: 2 < p < r1 +ry = p. This implies py, < (1 +72)Y(r,4+,) = 2. We choose B such that
C3B < } and k(t) turns to be

K(t) = <; B C3,B> 2 P‘lCll;MCZtm,, _ %fzzj"‘“-
a,s

Taking a similar argument as in Case 1, first we have

K(t) = P11 (1 — 2C3B) 12 P — 2Cqt*ns P10 — o, (u1C + p2Ca)].
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Denote |
k(t) = (1 —2C3B) 12 PIr — 2C4 %%~ P,

and
F(t) = 7P [(1 - 2C3B) (2 — pyp) — 2C4(225 5 — pryp) 222,

Thus there exists t; € (0, +0) satisfying
2;,-2 _ (1-2GC3B)(2— pvyp)

t ’
! 2C4(225 s — prp)
and if
k(tl) > ’)’p(;l/llcl + VzCz), and k(tl) >0, (4.9)
that is
2 — Py (222‘%?—}72) PYp =224 PYp =225
(2382) ™ 2t =222 = ) T > (a1 - 268) T
. PYp—225
<22zx,s - p’)’p . 1)C4 > ,Mlcl + ]42C2 (1 — 2C3‘B)(2 — p’yp) 225 52
2— Py 2;,5 2C4 (22;,5 - p’)/]ﬂ) ’
(4.10)

then we get the same conclusions as Case 1.

Case 3: 2 < p < p <ry+ry <2{. Inthis case, pyp <2 < (r1 +72)Y(s,4r,)- Similarily, we have

k(t) == 2P — C3p(r1 + rz),mﬁrz)t(r1+rz)'r<,]+,2>—p'rp TN o Tl

and
R() = 777 (@2 = prp) = CoBr1 +72) Yy (71 + 72 Yy ) — prp)t 27072
—2C4(225 5 — pyp) P22,
Therefore, k(t) has a unique critical point t, € (0, +oc0). If
k(t2) > vp(11C1 + u2Ca), and  k(t2) >0, (4.11)

we obtain the same conclusions as Case 1. Following, we get an estimate at t,. Let

(11C1 + 12C2)d (11 + 12) Yy 4r0) — PYp) | Z00

* = ,

2—=pp
; : Tp(2=p7p)
where d will be fixed later. If £, > ¢, and d > [CEEAE— we get
(7’1+7’2)'Y( 22%

(11C1 + 12Co)ypth " + C3B(r1 + 12)Y (r4r) Ea A Je
2—prp

12 < 13,
(7’1 + 72)7(r1+r2) - p')’p 2 2

< (mCi + Hzcz)’yptf%_zt% +

2(r1+72) V(1) +19)
PUr+72) 7y ry) =27

and if d >

#1C1 + u2 Gy N (M+r2)Y(ey4ry , Ca 225,
— 1

+ Cspt, +:24
204,5
2 — C C — 1
< Py B4+ M1z 2 Ly
(11 +12) Y1y 4r) (11 +12) Y (11 4m) — PV 2



Normalized solutions for a fractional Hartree system 17

2(1’1 +72)’7(71 +rp)
(71 +r2)7(r1 +1p) _2) !

Therefore, if we choose d > o we get (4.11). Hence we only need t, > t,. By

the definition of t;, we need

r1+r ) —2
(2= prp) > C3B(r1 +12) Y (ry4r) (11 +72) Y (ry47) — P“Yp)fi Py

+2C4(225 — pyp)tae Y,

that is,
(’1*’2)7(71%’2)*2
(11C1 4+ p2Ca)d((r1 +72) Y (ry470) — PYp) G
Py
X {Cﬁ(ﬁ +72)Y (11 412) (11 +12) Y (1 512) — PYp) (4.12)

+2C4(22; s — Prp) (

25 -2
(11C1 + p2Co)d((r1 +12) Y (ry4ry) — P%)) 7y
2—pyp .

To sum up, there exists . > 0, such that for any g € (0, B«), there exist p1. = p1,.(B) > 0
and po. = po.(B) > 0, for any py € (0,u1,+), p2 € (0, pi2,4), then (4.8), (4.10) and (4.12) are
satisfied. We complete this lemma. O

We now study the structure of Pohozaev manifold. Recalling the decomposition of P, ,, =

UPY UP .., we have:

+
P Hi,M2 Hi,M27

Hi,H2

Lemma 4.2. There exists B. > 0, such that for any B € (0,B.), there exist fi; . = fi1.(B) > 0
and fiy . = fia(B) > 0, for every p1 € (0,fi1,+), H2 € (0, fiz), then 73]91/”2 = @ and Py, u, is a
Cl-submanifold in H with codimension 3.

Proof. Firstly, assume by contradiction that there exists a (u,v) € 77;91,”2

satisfying
([u? + [02) = 1p (alulp + p2olp) + B(r1 + 72) V5, 13) /}RN ] o] dx

o (4.13)
+2/ (Lo % |1)%e) [0 25 dx,
IRN

and

2[u? + [012) = pr3(ululf + walolp) + Bl + 72702, oy [l ol d

(4.14)
+42;§s/ (I  [u]) o] %sdx.
< o

Following we define

(6) = 0¥} 0(0) — ¥, (0)
= (o= 2)([ul* + [0]*) = 1p(p — prp) (palul} + p2|o[})

—2(p—22;§S)/N(1,1* 0 [26Y [0 Posdx (4.15)
IR

— B(r1 +12)Y(ry4r) (0 = (11 +72)V(1y412)) /IRN lu|"t[v]2dx =0,
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and let
n = (WP + [0?)%.

Case 1: When p < r1 +r2 < p, we have py, < (r+ rz)'y(r1+,2) < 2. From (4.15) and (4.3), we
have 71((r1 +72)¥(s,4r,)) = 0 and
(2= (11 +12) Y |17 < 22255 — (114 12) Y51 /]RN(LX 5 || )| o) 2esdx

< 2C [22:(,5 - (71 + 72)7(r1+r2)] 1722;'5'

(4.16)

2—(r1+72)Y(ry 41y)
2C4(225 = (r1+72) V(1) 1ry))

1
It follows 7 > | | %72, Moreover, by 1(22; ) = 0, from (3.2), (4.1) and

(4.2),we obtain

(225 = 2)1% = 7p(225 s — prp) (alulp + p2fv]})
+ B(r1 +12) Y () (2205 — (11 +12) V(11 1m2)) /RN |ul" [o]dx
<7p(22,s — prp) (1 Cr + p2 o)t
+ C3B(r1 +72) Y (r141) (225 — (1 + rz)'y(rﬁ,z)} 12y 41y)

that is

prp—2

2—(r1+ r2)'7(r1+r2) } 25,2
2C4(225 s — (1 +72)Y(ry41))

("1*’2)7(;/14#2)*2

2 - (7’] + 72)7(r1+r2) :| 22‘?572
22;,5 - (1’1 + 1’2)’)/(r1+,2))

225 s =2 < 9p(225 s — pp) (11C1 + 2 Cr) {
4.17)

+ CBAB(rl + 7’2)’)’(r1+r2) |:2C4(

Hence, we can choose . > 0, such that for any B € (0, .), there exist fi; . = fi1(B) > 0
and fip . = flo«(B) > 0, for every u; € (0, fi1,+), p2 € (0, fin«), such that (4.17) can not happen.

0 _
Therefore, 7);41,;12 = Q.

Case 2: Asinp <r +1r = p, we get py, < (r1 + rz)'y(rlJr,z) = 2. Similarly as in Case 1, from
(4.1)=(4.3) and (4.15), we have 7i(py,) = 0, i.e.

(2= p1) = BU1 + 121V [+ 12000 = P [ ] o]
+2(2215 = pry) [ (o ufe o (418)
< 2C3B(2 — prp)i® +2Ca (2255 — pyp)nes.
From 7(22; ;) = 0 we get
(2235 = 2)11% < 7p(Cr + 12C2) (224 — pyp) ™ + 2CaP(22; 5 = 2)1°. (4.19)

Combining with (4.18), we first suppose 1 —2C38 > 0 and then

(1-2GB)(2 — mp)} 7. < [w(mCl +12C2) (225 s — PYp) =
2C4 (225 s — pp) (22: —2)(1 —-2C3B) '
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<2 — 1y > 2—=prp (222/5 _ 2) 22; -2 < 1 > 22, —pp
2C, Yp 225 — Py

9 2 1 22:,s_p')/p
<(u1Cr+ paCa) ™™ <1—zc3/3>

that is

Similar argument as in Case 1, choose appropriate B, fi1 « = fi1«(B), fiz« = fia«(B), such that

the last inequality may not happen. Therefore 73]91,]42 =Q.

Case 3: If p < p < 11+ 12, then py, <2 < (r1 + 72)’}’(r1+r2)- Also by (3.2), (4.1)—(4.3) and (4.15),
since f1(py,) = 0 we have

(2 - p’YP)”/z < C3,3(7’1 + 7’2)’)’(71+r2) [(1’1 + 7’2)7(r1+r2) — p’yp]q(y1+rz)7(71+rz)

* o (4.20)
+2C, (2211,5 - p’)’P)T] s

By the definition of ¢, and t, in Lemma 4.1, we need

(1 Cr + p2Co)d((r1 + 12) Yy 41y) — P’rp)] =

7 2—pryp

Besides, from 7((r1 + 2)Y(,4r,)) = 0 we have

("1 4 72)Y(rra) — 217 < 1p(1C1 4 p2Ca) [(r1 + 72) Y (ry409) — PV 1P (4.21)

ie.

1
e (€1 p2C2) ((r1 + 12) Yy 4y) — P'Yp)] s
((1’1 + rz)r)/(f’ﬁ-rz) o 2)

2(r1+r2)7(71+r2)
(r1+72),)/(r1+72)—2)
fit« = fi1«(B) = p1,« and fip« := fiz«(B) = 2.+, to make sure t, > t. and 73]91’#2
B, M1, and Mo, are from Lemma 4.1.

Following, we prove Py, 4, is a C!-submanifold in H with codimension 3. For any (u,v) €
7)]’[1,]12/ we have PﬂlfVZ(u’ U) = OI G(”) =0 and F(Z}) = O, where

G(u) == /]RN u?> — a’dx, and F(v) ::/]R

<]

This is a contradiction with d > o in Lemma 4.1. Hence, we can fix B, = B,

= @, where

v* — b2dx.
N
Then we need to prove

d(Pyy u, (1,0),G(u), F(v)) : H— R is surjective.

If not, there exist v1, 12 € R, for every (¢,0) and (0, ¢) in H such that

2s /]RN(—A)%M(—A)%godx = sp7p /]RN yﬂu!’”’zugodx +sB(r1 + rz)'y(r1+r2)rl /]RN |u\71’2u<pdx

+ 252, /IRN(LX s 0] %0 ) |u|?s"2ugpdx + 2v, /]RN u@dx;

and

2s /H{N(—A)%v(—A)%zpdx =spyp /]RN yzyv|l’—20¢dx +sp(r + rz)’y(,1+,2)r2 /}RN ‘v’rz—zmpdx

+252; /]RN(L" 5 |u|2es ) 0|0 ~2owpdx + 2o /IRN vipdx.
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From which (u,v) is a weak solution of the system in RN

25(—A)u = 2vqu + spyppa |ul? 2u + sp(r1 + rz)'y(r1+r2)r1|u|r1_2u|v|r2
+252; (I * 0% |u |20,

25(—A)°0 = 2050 + spyphalol? 20 + B + 72)7(ry o ralol’2ul

+2525 o (L [u[?e) Jo 220,

/ lu|?dx = a2, / lv]2dx = b>.
\ /RN RN

The related Pohozaev identity of the above system is

2[ul+ [01) = pr3(uslull + alol}) + Blrs + 720272,y [l 0]
420 [ (Taxufio)foPisds,
o Jo

thus Pgllyz(u,v) = 0, which contradicts with ’Pglm = . We complete this lemma. O

From Lemmas 4.1 and 4.2, we can have the geometry of ¥, ,,.

Lemma 4.3. For every (u,v) € S, the function ¥, ,,,(t) has exactly two critical points s, < t;, € R
and two zeros ¢y, < dyy € R with s, < €0 < tyy < dy . Moreover,

(i) syo* (u,0) € Pt

i AN by x (1,0) € Py
t=tuo

1o A if % (1,0) € Py, then either t = sy, or

(i) ([t % u]?®+ [t*0]?)2 < Ry (Ry is from Lemma 4.1) for every t < ¢, and

LS

J(sup % (1,0)) = min{J(t* (u,v)) : t € R and ([t*u]®+ [t*0]?)2 < Ry}.

(iii) We get J(tyo * (u,v)) = max{J(t* (u,v)) : t € R} > 0and ¥y, ,,(t) is strictly decreasing
and concave on (t,y,00). In particular, if t,, < 0, then Py, ,,(u,v) < 0.
(iv) The maps (u,v) > Sy, and (u,0) = t,, for any (u,v) € S are of class C'.

Proof. Let (u,v) € S, then t x (u,v) € Py, y, if and only if ¥, () = 0. By (4.4)-(4.5),

Y () = J(t 5 (1,0)) > k(e ([u]? + [0]2)2),

thus from Lemma 4.1, ¥, 4, (t) is positive on

(s_l In _ R s 'In __Rs >
17 1 °
([u]? + [0])2 ([u]? + [0]?)2
Since py, < 2, we see ¥, ,(—o0) = 07 and ¥, ,(+0) = —co. Then ¥, 4, (t) has at

least two critical points. Therefore, ¥, 4, (t) has a local minimum point s, at a negative
level in ( — 00,57 1In Ry ), and has a global maximum point #,, at a positive level in

. (12 o)
(s'In m,s_l In m) We claim ¥, 4, (t) has exactly two critical points. Let
Y, 1 (t) = 0, namely

Y (£) = 5 ([U]? + [0]%) — 57y (ualull + pafo]}) — 25 /]RN(I"‘  [ufPes) o Predx

—sB(r + 1’2)’y(rl+r2)es(r1+72)7('1+’2>t /IRN |u|""|v|"2dx. (4.22)
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Case1: 2 < p < ry +ry < p. From (4.22) we have

P (t) = eSP vt [:se(z’m")“([u]2 + [0]?) — sB(r1 + rz)f)/(y]+r2)es[(r1+7’2)7(r1+r2)*p'}’ﬂ}t /]RN |u|"t|o|"2dx
— 25t [ (L ) olPed — sy, Guaul} + palol})]-

Denote
1(1) 1= se @ (u]? o) — 250 [ (1 e o
R

1 4r0) —PYpE
_ S'B(i’l —|—72)r)/(r1+r2)es[(1’1+7’2)7(»1+r2) P'Yp} /IRN |M|r1|U|r2dx,

then
gi(t) — ol Fr2) Yy ) —p1plst (2-— p'yp)sze(z_(”+r2)7(’1”2>)5t([u]z + [0]2)

—2(22  — p,},p)sze(zzi,s*(m+r2)7<71+r2))st / N(I“ « |u|2§'5)|v|2§'5dx
' R
o [(rl + rz)V(thfz) B p’yP]Sz(rl + 7’2)’)’(r1+r2),3 /]RN ’u‘rl ’v’rzdx:| .

Now define

filt) i= (2= pyp)ste T ([u]? + o))
—2(22; —P’Yp)sze(ﬂ:‘/s_(rﬁ_rz (ry-+r2))5t /]RN (I * ‘u|2“)|v|2asdx

thus
fit) = BT B (2 = pyy ) (2= (11 4 72) Yy 4))5° (] + [o]F)
—2(225 — PYp) (225 — (F1 + 12) Y (1 ry) )57 P20 2t /1RN(I“ # [u|?0s) [o]dx |
We see f1(t) has only one critical point , which is also a maximum point. Therefore if

F1(E) < [(r1+72) Vi) — PYIS (11 72) Y 5y 41) B /]RN |ul"|o|2dx,

we have ¢/(t) < 0 and g;(t) is strictly decreasing in R\ {f}. Since g1(—c0) = 0~ and
§1(-+00) — oo, we get
g1(t) <0 < syp(afulp + p2lvlp),

and hence ¥/ < 0, which means ¥, 4, (t) has no critical points. On the other hand, if

jpua (F)
F1E) > (11 4+ 72) Y (ryr) = PYPIS (11 72) V(1140 B /]RN |ul |o|dx,
then by f1(—o0) =07, f1(4+00) = —oo, there exist two constants f; < < f,, such that
A1) = AilE2) = [0+ 121V 11) = PYRIS (1 720 ) [ [l ol
Therefore, we find from the definitions of g () and ¥, ,,,(t) that

g1(t) = syp(pluly + pafol),
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has at most two critical points, which implies ¥, ,,,(t) has at most two critical points.

Case 2: 2 < p < (r1 +r2) = p. In this case, (4.22) becomes

Wint) = 5 (24 (o =28 [ "o )2 s, Gaulf + pafol)

(4.23)
— 250%2usst /]RN(L,é s |u|?s) o] 2esdx.

If
2 2 r T
WP+ =2 [ |ul"[ol”dx <0,

we see ¥’

1 (t) < 0and ¥y, 4, (t) has no critical points. Now we suppose

2 2 r T
[u)? + [o] Zﬁ/H{N\qul 2dx > 0,

Then similarly as in Case 1, we conclude ¥, 4, (t) has at most two critical points.

Case 3: 2 < p < p < r1 + rp. From the definition of g;(f), we have
81(0) = e 7% (2 — gy )2 (u? + [o]?) ~ 252224 — pry)e®is D [ (1 ) oo

_ 325(r1 + rz)')f(,lJr,z) [(r1 + rz)'y(,ﬁrz) — pryp]e((r1+rz)7(r1+r2)*2)st /}RN | |v|r2dx}
=1 e@ P2 — pyy)s* (U] + [0]?) — Q(1)],

where
Q(t) = 252(22:‘5 _ p,),p)e(ZZZ,s*Z)st / N(Ia % \u|2;/5)|v|2;/5dx
’ R
+s2B(r1 + 12)Y (ry4r) [(11 +72) Y (ry47) — p«yp]e((r1+72)7(rl+r2)*2)St /RN ([ |o|"2dx.

Moreover by
prp <2 <min{ (11 +12)Y(r41y), 2205

we see Q(t) is strictly increasing in IR. Therefore ¢ () has a unique critical point #, which is
also a maximum point and g1 (#) is strictly increasing in (—oo, f), strictly decreasing in (#, +o0).
On one hand, if

s1(F) < syp(plull + pafolp),

we have ¥, ,, () has no critical points. Besides, if

g1(F) > syp(palully + p2lolh),

then ¥}, ., (t) = 0 has at most two solutions, that is ¥, 4, () has at most two critical points.
Hence, ¥, ,,(t) has exactly two critical points s,,, < ty,.

By the definitions of Py, 4, (1, v) in (2.6) and ¥y, 4, (t) in (2.7), we find ¥}, ,, (£) = Py p, (£
u, t xv). Therefore we know P, ., (t * u,t*v) = 0 if and only if ¢ is a critical point of ¥, ,, ().
From above we find ¥, ,,(f) has exactly two critical points s, o, t,,,, then we have Py, ,, (t *
u,t*v) = 01if and only if t = s,, or t = t,,. Moreover from Lemma 2.5 the definition of
Py, here, by (t*u,txv) € S we see that (t xu,t xv) € Py, 4, if and only if t = s, or

t = typ. Noticing ¥}, ., (su0) > 0, ¥} ., (tuo) < 0and 7321,”2 = @, we obtain s, * (1,0) €
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Pl and typ * (w,0) € P, . By the monotonicity and the behavior of ¥, ,,(t), we see
Y, 1, (t) has exactly two zeros ¢, < dip € R with s, < ¢y < typ < dup, and ¥y, 4, (t) has
exactly two inflection points. Moreover, ¥, ., (t) is concave on [t,,, ), and if t,, < 0, then
Py, (u,0) = tF;llrllz(O) < 0. Finally, we app/ly implicit function theorem on t}/}e C! function
d(tu,v) = ‘Ym,uz(t)' then ®(s,,,u,0) = ‘I’yl,m(su,v) =0, 0:P(sy0,u,0) = Tyl,y2<su,0) > 0.
Therefore we know (u,v) — s, is of class C!. Similarly, (u,v) — t,, is also of class C!. [

For r > 0, define

B,(a,b) := {(u,0) € S: ([u]*+ [U]Z)% <r}, and i(a,b):= inf  J(u,0).
(u,0)E€BR, (a,b)

From Lemma 4.3, we can deduce the following conclusion directly.

Corollary 4.4. The set 73;1,142 C Bg,(a,b), and

sup  J(u,v) <0< inf J(u,0).
(1,0)EP uy (1,0)EPyy

Lemma 4.5. We have 1ii(a,b) € (—o0,0), moreover

1i(a,b) = m(a,b) =m"(a,b) and i(a,b) < inf J(u,0),
BR2 (”/b)\Bszé(a/b)

for & > 0 small enough.

Proof. For any (u,v) € Bg,(a,b), by (4.4) and (4.5), we get

M=

J(u,v) > k(([u]* + [0]*)2) > min k(t) > —oo.

te [O,Rz]

Hence 1ii(a,b) > —oo. Moreover, for any (u,0) € S, when t < —1, we have ([t * u]*+

[t %0]2)2 < Ry and J(t* (u,v)) < 0. Hence #i1(a,b) < 0. From Corollary 4.4, P/ .., C Br,(a,b),

then 7f1(a,b) < m™(a,b). On the other hand, for any (u,v) € Bg,(a,b), from Lemma 4.3 we get
m*(a,b) < J(suo* (1,0)) < J(u,0).

Thus m*(a,b) = #i(a,b). Since J(u,v) > 0 on P, ., we know m(a,b) = m*(a,b). Finally,

by the continuity of k(¢) and k(Rz) = 0, we see from —oco < #1(a,b) < 0 that there is 6 > 0

satisfying k(t) > @ if t € [Rp — 9, Ry]. Thus

J(u,0) > k(([u)? + [0])2) >

for any (1,0) € S with Ry — 6 < ([u]? + [0]?)2 < R,. This completes the proof. O

Similarly from Case 1 in Lemma 3.4, we obtain the monotonicity for this problem (1.1)-
(1.2).

Lemma 4.6. There exists B, > 0, for B € (0, B.), there are fiy . := fi1.(B), o := fla.(B) > 0,
for any py € (0, f11,+) and pp € (0, fip,), the level satisfies m(a,b) < m(aq,by) for any 0 < a; < a,
0< b <b.
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Proof. We also divide this proof into 3 cases.

Case1: 2 < p < r1 + 12 < p. From Lemmas 4.1 and 4.3, we have m(a,b) = infp, (4,b) J(u,v) and
_ 2= p71p) 2= (" +72)Y(r141) R
2C4(225 s — pyp) (2255 — (11 +72) Y (r1412))

which is independent with a,b. Besides, from (3.2), (4.1) and (4.2), we get C;,C; and C3
are increasing when a,b are increasing. Hence, we can choose . = min{B., B}, fli. =
min{ 1 «, fi1«} and flp . = min{pq 4, fi1 « }, such that there is (u,v) € By, (a1,b1) with J(u,v) <
m(ay,b1) + 5, for ¢ is arbitrarily small. Using the same argument as Case 1 in Lemma 3.4, we
get this result.

to

7

Case 2: 2 < p < r1 + r, = p. Similarly, we have m(a,b) = infp, (4,b) J(u,v) with

t1 =

(1-2C3p)(2 - pm] T _

(2= prp) ] 2 ;
=11,
2C4(225 s — prp) )

B [2C4(22;i,s — Py

which is independent with a,b. If there exists f. > 0. Then for any B € (0, B.), there are

i1« = fire(B), floe = fio(B) > 0, for any y1 € (0, ji1,«) and po € (0, iz« ), such that k(t1,.) > 0,
that is

prp—2

1 2—pyp > Cof+ n1C1 4 112G [ (2—p7p) )} zzz,s—z'

2022; (225 — pp) 2C4(225 s — Py
Then from Lemmas 4.1 and 4.3, we can have m(a,b) = infp, (4 J(u,v). Hence, there ex-
ists B, = min{B., B+, B«}, for B € (0,B.), there are fiy .(B) = min{uy ., fi1 ., fir}, flos(B) =
min{ o «, flo,«, fi2,« }, for any py € (0,fl1,+) and pp € (0, flp«), there is (u,v) € By, (a1, b1) with
J(u,v) < m(ay,by)+ 5. The remainder of the proof is similar to Lemma 3.4, and so we omit
the details here.

(4.24)

Case 3: 2 < p < p < (r1 +r2) < 2. First we have m(a,b) = infp, (,4) J(1,0) and

(r1+72)Y(ry ) =2 ¥ 22 2
2= prp = CaB(ri+ 1)V 1m) (P 1)V 0m) — PYPlty 2 T4 2C4(225 — prp)ty

If we choose .

B 2—prp 252
2C4(2255 — prp)

which is independent with 4, b and satisfies

tZ,*

(r1+72)Y (1 4ry) —

2;,-2
2= prp < CaB(r1+72)Y(r+r) (11 +72) V(11 40) — PVl

2 *
+ 2C4 (2211,5 - p7P>t2,*, ’

then t, < tp .. Furthermore, if k(t,.) > 0, that is

prp—2
1 2—pyp > w1Cr 412G [ (2=p7p) } 25,2
2225 (225 —pyp) T p 2C4(225 s — pvp)
pyp—2
(2— pry) ] R
e { ,
Flac 2, - v

Hence m(a,b) = infp,_ (,4) J(u,0). Like the same argument as before, choosing appropriate

B., fi1 4, fla,+, using the same techniques in Lemma 3.4, we finish this problem. O]
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Lemma 4.7. We have
m(a,b) < min{m(a,0),m(0,b)}.

Proof. From Theorem 3.1, we get m(a,0) can be achieved by # € S,. We choose a proper
test function 9 € S;, such that (i, *9) € S. By (3.3) and (4.5), we obtain h(t) > k(t) for
t € (0,400). Hence, from Lemma 4.1, we have Ry < R. By Theorem 3.1, we get

m(a,0) = inf I, ,(u) =infl, ,(u).
M4 BR()

Therefore [i1] < Ry < Ry. Thus, for t < —1, we have (1, t * 0) € Bg,(a,b) and

m(a,b) = (ulv)eigli(u’b)](u,v) < J(@1,t % 0)
_ 1 0 1 . eZst 1o yzep'ypst -
_E[u] _p/IRN|u| dx+<2[v] — ; /]RN|U| dx

1
*
S

_ "rlt A7’2d _ / I Azz,s t Az;,sd
B fo ol dx — oo [ (aelafo)les ofiedx

1o W MNP AN —
<=t /IRN|u| dx = m(a,0).
Analogously, we have m(a,b) < m(0,b). Hence, the proof is completed. O

To obtain the compact result, we prove the boundedness first.

Lemma 4.8. Let 2 < p < p, p < r1+ 12 < 2F and py, pp,a,b > 0. Let {(u,,vy)} C S, bea
Palais—Smale sequence, such that

J(un,vn) = ¢ J'(un,vn)|s =0 and Py, (n,vn) =0,

where S, = SN H, and H, is the space of radially symmetric functions in H. Then {(un,v,)} is
bounded in H.

Proof. We divide this proof into two cases. Case 1: 2 < p < ri +ry < p. This implies
pYp < (114 72)Y(ry4r,) < 2. Since (3.2), (4.1)~(4.3),

1
¢ +O”<1) = ](unr Un) - WPVMJZ(L[”, Z)n)
n,S
_NA2Zs—a 0 o (1 ) ,
B 2(2N—(x)([u"] + [on%) <p 22;,5)(V1|”n|p+142’0n|11)

r+r
_5[1 B ( 1 222)*7(71+r2)] /]RN |un|r1|vn|r2dx
oS

N+2s—« 1 v -
= m([u”]z + [oa)”) = <P - 225 >(P‘1C1 + 12C) ([un]? + [04]2) 2
n,S
(r14+12)Y (py 4y
—_ ﬁ |:1 _ (7’1 +;22)*’Y(71+r2):|cs([un]2 + [Un]z)w

Then, {(u,,v,)} is bounded in H.
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Case2: 2 < p < p<ry+ry<2;. From (3.2), (4.1)~(4.3) and &« < N, we can obtain

1
C—|—0n(1) = ](un,vn) - (7’1 _'_72),)/( N )Pﬂl,yz(unrvn)
ri—rry
1 1 2 2 {1 Yp , ,
Tl tal” 1o lp Uy|p + U2|0
[2 (7’1—1-1’2)’)/(““2)}([ g lenl") p (n +7’2)')’(r1+r2) (Halunlp + palonlp)
1 2 ) *
o I * |U 21\’,5 [0 za,sdx
[2:‘/5 (r +7’2)')’(r1+r2)} /IRN( w* [ttn | ) o]

> |- - +
_ [1 _ Tp
p (71 + 72)'7(r1+r2)

Prp
2

] (11C1 + 102Ca) (] + [on]?) 2

From this, we have {(u,,v,)} is bounded in H. O

In what follows, we discuss the convergence of a special Palais-Smale sequence, satisfying
suitable additional conditions.

Proposition 4.9. Let {(u,,v,)} C S, such that as n — oo,
J (i, 0n) — Aty — Ap g0y — 0,  for some Ay, Aoy € R;
J(un,vn) = m(a,b), Py u,(thn,vn) — 0; (4.25)
u,,v, =0, aein RY,
with

2N—«a
— *\ N+Za
m(a,b) #0, and m(a,b) < N+25[X<S) .

2N —« 2

Then there exist (u,v) € H, with u,v > 0and A1, Ay < 0, such that up to a subsequence, (u,,v,) —
(u,0) in Hand (A p, Agu) — (A1, A2) in R2.

Proof. From Lemma 4.8, we get {(u,,v,)} is bounded in H,. Moreover, by (4.25) we get
1 1
Al,n = aj]/(”nrvn)(”nro) +0n(1)/ and AZ,n = ﬁ]/(unrvn)(orvn) ‘|’0n(1),

thus {A1,} and {Ay,} are bounded in R. Therefore, there exist (1,v) € H, and A1,A2 € R
such that up to a subsequence,

(up,vy) = (u,0), in H,,
(tn,v0) — (w,v),  in LI(RN) x LY(RN), for2 < g < 2%,
(tn,v,) = (1,v),  ae. in RY,

) = (

A1, Az), in R2
Since ZN
[0, |2 — |v]|%s, in Lov (RY),

and the map T : L2 (RN) L% (RN) defined by T(w) = I, * w is well defined , linear and
continuous, we have . N
I % |[vg]%s = Iy % |v%s, in L% (RYN).
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Besides, by
| %20, — |u[%+ 20, in L¥E= (RN),
we get
%2 (L o) |2, in L (RY).

Hence for any ¢,y € CP(RYN), we get

(I * ‘Unyzz’s)’“n

/ (L # [0n %) |1t [ 2utpidx — / (L * [o]2)|u s~ 2ugpdx,
RN RN
and
/R (o i) [0 %20, pdx /R (laox Julis) [o %20y,
Therefore from (4.25), (u,v) satisfies
(—A)*u = Aqu+ pq|ulP~2u + Bro|u| " 2ulo| + (I, * |v]%s)|u|?>2u,  in RN,
(—A)0 = Ay + pa|v|P~20 4 Bra|u| |02 20 + (I * |u|?)|v|%s 20, in RN,  (4.26)
u>0,v>0,

and Py, ,,(u,v) = 0.
Next, we will show u # 0 and v # 0. If not, we assume u = 0. We claim v # 0. Otherwise,
from Py, u, (t4n, vy) — 0 and uy,, v, — 0 in L7(RN) for any g € (2,2f), we get

a2 (o0l =2 [ () o it + 00 (1),

Since {(uy,v,)} is bounded in H, we may assume [u,]? + [v,]?> — [ € R. Then from (2.2), we

have
2N—ua
S*\ N+Z-a
=0 orl>2<2> .

On one hand, if I = 0, we have (u,,v,) — (0,0) in D*(RN) x D5(RN). Consequently
J(un,v,) — 0 which gives a contradiction with m(a,b) # 0. On the other hand, if I >
2(5*)N+2€ v, from Py, ,, (t4n,v,) — 0, we obtain

1 N+2s—a(S* N
m(a,b) = J(tn,vn) 4+ 0,(1) = J(ttn, vy) — EPyl,yz(unrvn) +0,(1) > 2N—zx( : > ,

which can not happen since m(a,b) < X +25*“(S*)N2+Nz<aw Therefore v # 0. From (4.26) and

2N—u
u = 0, we have v satisfies

(—A)*v = Apv + pp|v|P %0, inRY,
v > 0.

Then we obtain from |v|, < b and Lemma 3.4,

m(a,b) = J(un,0n) = = Puyuy (tin, Un) + 0n(1)

( 1
(-

)va’ (1= 50) [ (e b o it +04(1)
w,5

(V4
N\*? N\*?

> y2|v|p > m(0, [v|2) > m(0,b).
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From Lemma 4.7, which contradicts with m(a,b) < m(0,b). Similar to [45, Lemma 3.7] and
[32, Section 3], by the strong maximum principle [37, Proposition 2.17], we have u > 0. Anal-
ogously v > 0.

We claim (uy,, v,) — (1,0) in D*(RN) x D*(RN). Indeed, if we let (i, 9,) := (uy — 1, v, —0),
by [12, Lemma 2.2],

/(Q*md%ﬂwﬁMx—/ w*mﬂ%nmﬁmx+%uy=/(h*mﬁqwﬁwn
RN RN RN
and [45, Lemma 2.4],
[ ol = 170,17 = ] |o]dx = 0, (1)
Therefore by the Brézis-Lieb Lemma [9], we have

Pm,yzmnrﬁn) = Pyl,uz(“n/vn> = Py (u,0) +0n(1) = 0, (1).

We deduce by the strong embedding in L1(IRN) for g € (2,2%) that,

Yim ([8)° + [0al*) = i 2 | (L x| [5) [0

Same argument as before, from (2.2) we can have

or

“%V+WA522<§)ﬁﬂﬂ

If the latter happens, we obtain from |u|, < a, |v|, < b and Lemma 4.6,

1
m(a,b) +0,(1) = J(u,v) + J(dy,0n) = J(u,0) + J(0y, 0n) — ﬁPylm(ﬁn,zﬁH)

2N—a
N+2s —a (S| Nz«
2m<\urz,rvrz>+( )

2N —« 2
N+2 §*\ M
S—u s
> N+ 28 2
zm(@b)+ =N (2) ’

this can not happen. Therefore we have ([d,]? + [64]?) — 0, and we finish this claim.
Following, we claim A1, A, < 0. If not, we may assume A; > 0. From u > 0 we have

(=A)*u = Aqu A+ p |u|P~2u + Bro|u| " 2ulo|™ + (I + |o]%s) |u]?s"2u > 0.

From [29, Lemma 2.3] and 2s < N < 4s, we have u = 0, which is a contradiction. Hence, we
obtain A; < 0, and analogously A, < 0. Then we deduce from taking (u, — u,v, — v) into



Normalized solutions for a fractional Hartree system 29

(4.26) and the first formula of (4.25),
[y — u]z + [vy — v]z +o0,(1)
= /]RN (Alrnun - Alu)(un - u) + (AZ,nUn - /\Zv) (Un - U)dx

+ m/ (|tn|P~2un — [ulP~2u) (un — u)dx
IRN

+ VZ/ (|on P20 — |0]P"20) (vy — v)dx
RN

+/3r1/N(|un\“‘2un|vn|fz — | 2ulo]™) (4, — u)dx
R

4 pra [l ol %o, — " ol 20) (0, — 2)dx

+/ I % "Un|zp¢q |1,[ |2“q Uy — (ID( * |v|2:¢,¢)’u‘2;,572u] (un _ u)dx

+ /}RN [(In # 1|22 ) [0 |2 =20, — (I % |u)?) |o|%20] (v, — v)dx.

Since (un,v,) — (u,0) in DS(RN) x D*(RN) and the embedding D*(RN) « L% (RN) is
continuous, we have

0 = lim (A ptty — Aqu) (g — u) + (Ag 0y — Av) (v, — v)dx

n—oo JRN

= lim M (uy — u)? + A, — 0)%dx,

n—oo JRN
by A1,z <0, then (u,,v,) — (1,v) in H and we complete this proof. O

Proof of Theorem 1.1. Taking B* = P, there exist ui(B) = min{fi1., fl1} and u3(B) =
min{fly, flo}, for any u; € (0,u;) and pp € (0,u%), such that Lemmas 4.1, 42 and 4.7 are
satisfied. Then, from Proposition 4.9, to finish this proof, it is sufficient to prove the existence
of a sequence which satisfies Proposition 4.9. Let {(u,v,)} be a minimizing sequence for
m(a,b) = infBRz(a,b) J(u,v), and assume that {(u,,v,)} C S, is radially decreasing, symme-
try and non-negative for every n € IN (Firstly, due to |(—A)2|u|| < [(—A)3u|, we can have
(uy,vy) is non-negative. Secondly, we replace |u,| with |u,|* and |v,| with |v,|*, where | - |* is
the Schwarz symmetrization rearrangement, then we can obtain another function in Bg,(a,b)

with J(uu|*, [va|*) < J(un, vn)). Moreover by Lemma 4.3, s,,, 5, * (Un, Un) € 73;1 " such that

and
J(Su,,0, * (Un,04)) = min{J(t* (uy,0,)) : t € Rand ([t * u,)* + [t % vy] )% < Ry}
< J(un, on).
Thus, we get another minimizing sequence {il, = Sy, 0, * Uy, Tn = Sy, 0, * Un} with

{(#i,,3,)} C S,. By Lemma 4.5, we have ([i,]? + [z?n]Z)% < Ry — 4. Then, from Ekeland’s
Variational Principle [17], we know there exists a radially Palais-Smale sequence {(wy,z,)}
for J|s satisfying ||(wy,zn) — (in, 0u) ||z — 0 as n — co. Following, we claim Py, ,, (wy, z,) =
P(iiy, 0n) + 04(1) = 0,(1). Firstly, by the Brézis-Lieb Lemma and Sobolev’s embedding Theo-
rem, we have

[wn]z = [wn — ﬁn]z + [ﬁn]z +o0,(1) = [ﬁn]Z +0u(1),
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and
/ \wn|pdx:/ |wn—ﬁn]pdx+/ |ﬁn|de+on(1):/ |iin|Pdx + 0,(1).
RN RN RN RN

Moreover, by the Holder inequality and Lemma 2.1, we get

[Ty ——

and
/ (I * |wn]2“f5)\zn\2aﬁdx = / (I * \ﬁn\zars)wnlzwdx +0,(1).
RN RN

The same relationship happen to z, and @,. Therefore, we obtain
Puy s (Wn, 20) = Py gy (i, ) +0u(1) = 0,(1), and w,,z, =0, ae. in RV

Thus from Proposition 4.9, we obtain there is (1,v) € H, and (A,A2) € R? with Aq,A; < 0,
such that (wy,z,) — (4,0) in H and (A1, A2n) — (A1,A2) in R%. Hence, (1,0) € Py, u, is a
solution for (1.1)—(1.2), which is a normalized ground state with J(u,v) = m(a, b). Moreover,
for any ground state solution (u,v), from m(a,b) < 0 and Lemma 4.2, we have

J(u,0) = m(a,b) = . ir(1fb) J(u,0), and ([u]®+ [0]})? < Ry,

i.e. (u,v) is a local minimizer for J(u,v) on Bg,(a,b). O

5 Thecase: p<p<r—+r <2
Firstly, we show the boundedness result for this case.

Lemma 5.1. Let p < p < 11 + 12 < 2¥ and yy,uz,a,b > 0. Let {(uy,v,)} C S, be a Palais—Smale
sequence such that

J(un,0n) = ¢ J'(un,vn)|s =0, and Py, (ttn, vn) — 0.
Then {(un,v,)} is bounded in H.

Proof. In this case, we have 2 < py, < (r1 +72)Y(s,1r,)- Then

1
¢+ 05 (1) = Jyuy o (thn, 0n) — EP;,l,;,z(un,vn)

Tp 1 (7’1 + rZ)’Y(r +77) " ’
= (%) linlp + pafoulfy + B O 1) [ o

1 * *
" <1 - 2) /IRN(LX s (1) |0 % dx,

by each coefficient is positive, we get { (i, v,,) } is bounded in H. The proof is completed. [

upPd . UP,

i 1 WE have

Recalling the decomposition of Py, u, = P, .,

Lemma 5.2. P?

iy = D and Py, y, is a Cl-submanifold in H with codimension 3.
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Proof. If there is (u,0v) € PY

12 then

2+ o = v Gulul} + palol}) + B+ 1207y [ Nl lolde+2 [ (Lo ) ofed,

and
2[u? + o) = prduafulh + palol}) + Bl + 12297,y [l ol

+4-z;zs/ (I  [u]) 0| %dx.
o Jo

From above, we obtain

(2= prp) ([u]? + [0]*) = B(r1 + 72) Y(ryr) (11 + 72) Y (1y40) — PYp) /}RN ul|o|dx
+ 2(222,5 —Pp) /]RN(LX * ‘M|2;,s)|v|2;,sdx'

Since 2 — pyp < 0, (11 +72)Y(ry4r,) — PYp > 0 and 227 . — py, > 0, we have (u,v) = (0,0),
which contradicts with (#,v) € S. The remainder parts of this proof is similar with Lemma 4.2,
and we omit the details here. O

Following, we show the geometry for this mass supercritical case.

Lemma 5.3. For every (u,v) € S, the function ¥, 4, (t) has exactly one critical point t,, € R such
that t, * (u,v) € Py, u,. Moreover:
(@) Py, = Py iy

(it) ¥y, 0, (t) is strictly decreasing and concave on (ty,, +00), and ¥y, y, (tu,o) =maxeer'Y iy, () >
0;

(iii) The map (u,v) — t,, is of class C;
(iv) If Py, (1, 0) <O, then t,,, < 0.
Proof. From the definition of ¥, ,,(t), we have

/
Yo ()

= S+ (o) — 577D Gl folf) — 250D [ (1, ol
—sB(r1 + 1’2)’Y(r1+r2)e[(rﬁrzm’l*"z)_Z]St /]RN lu|" ]v|r2dX} ,

which implies ¥, ,,(t) has exactly one critical point t,,. Since
Yy pa(—00) =07, and ¥y, 4, (+00) = —eo,

we get f,, is a strict maximum point at a positive level and t,, * (u,v) € Py, ,,. From

¥ o (tuo) <0and P = @, we have ¥}, (tu,0) < 0, this implies t,, * (4,0) € P, ,, and

Puyyin = Py - To see (iii), we use the implicit function theorem as in Lemma 4.3. Finally,
since ¥}, ,,,(t) < 0 if and only if t > t,,, we get Py, u,(4,0) = ¥}, ,,,(0) < 0 if and only if
tu,v < 0' D

Remark 5.4. From Lemma 5.3, we see m(a,b) = m~(a,b).
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Lemma 5.5. m(a,b) = infp,  J(u,0) > 0.

Proof. For (u,v) € Py, u,, then from (3.2), (4.1)-(4.3), we get

([u]* + [0]*) < 7p(Crpa + Copo) ([u)? + [0]2) 7 + 2Cy([u]? + [0]?)%=

+ CaB(re +12) Y () (W) + [0]%)
Since p7yp > 2, we obtain infp, ([u]® + [0]*) > 0 and so
. . 1
inf ](I/l, 'U) = inf |:](l/l, U) - EPHLPQ (1/[, U):|
= inf

H1:H2 H1M2
T o1 » . ("1 +72)Y(ry47) / -
_r _ _ _1 1 Zd
o (= ) Gululg = pafolp) + B [ lul"fodx

1 * *
+ (1— . )/ (I“*\ulzt*ﬁ)]vlzwdx] > 0.
za,s RN

Therefore we have m(a,b) > 0. O

Lemma 5.6. For any 6 > 0 sufficiently small, we have 0 < supg ] (u,v) < m(a,b) and
u € Bs = J(u,v), Py pu,(u,0) >0,
where By := {(u,v) € S : ([u]?* + [0]})z < 6}.

Proof. Since (3.2), (4.1)-(4.3), we get

) 2 3+ o) — PIOTI) f p p2) %  ps((u 4 o) 2
()

o,s

and

Py *
Puy g (1,0) > s([]2 + [0]2) = 7, (1 C1 + p2Ca) ([u]? + [0]2) 7 — 25Ca([u]? + [0]2)%
('1*’2)7“]_,_,2)
— 2 nt)

— B (r1 +72)Y (1,41 Ca([u]* + [0]?)

Thus for 6 > 0 small enough, we have J(u,v) > 0 and Py, ,,(u,v) > 0. Moreover, by
Lemma 5.5, we can choose § with smaller quantity, such that

J(u,0) < ([u]? +[0]?) < m(a,b). O

To use the Proposition 4.9, we need some properties about m(a,b). Firstly, we get the
monotonicity of m(a,b). The proof is similar with Case 2 in Lemma 3.4 and we omit this
process here.

Lemma 5.7. m(a,b) < m(ay,by) forany0 < a; <a,0<b; <b.

Lemma 5.8. For a,b > 0 fixed, we have limg_, | m(a,b) =07 .
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Proof. This lemma is equivalent to prove, for any ¢ > 0, there exists B > 0 such that
m(a,b) < e forany > PB.

Firstly, from Lemma 5.6, for any B > 0, we have m(a,b) > 0. If we choose ¢ € C(RY) with
|¢|2 < min{a, b}, by Lemmas 5.3 and 5.7 we obtain,

m(a,b) < m(lgl o) < max](t+ (g,9)) = max [E() = g0+ [ jgfinla],
c R

teR
where t .
PYps e~u,s8 * .
E(F) := 25 ]2 e + P _ / I % |o|?es Zsdx.
(5)i=eTlol = — =G +m)loly 2i . el )l
From py, —2 > 0and 22}, — 2 > 0 we see
(pyp—2)st (225 ,—2)st
e p e 4 * *
() = ([ = G+ lglf ~ [ (o lgie) gl
p a5 R

= ([g]* +0(1)) = 0", ast— —oo.

And there exists f > 0 such that E(t) < { for t < —F. Moreover, there exists f > 0, such that
for any B > B,

maxXx |:E(t) — ﬁes(71+r2)7(r1+72)t|q)‘r1+r2:|

r1+r;
> 1172

227 st
251012 — BT+ (n+r) _ €7 / 25\ [ o2
<1;I21 )g |: [(P] ﬁe UGCED) |q0| (r1+72) 2;‘2,5 IRN(LX * |¢| "‘5)|q)| s x
< s 2 _ O 25| @|2sd =5(r+12) V(4 E| 1172
<max |e []” — 2. ]RN(IQ*W ) |@|Pedx | — Be )2

-1
1 7%;27{"5 * * 2:‘,57_1 _ F
<(1- 5 )1l [ G lpPin)lgPiodx ) ™ — et gpte

25 RN

Hence, we have max;cr [E(t) — ﬁes(”+’2)7<r1+72)t|(pmig] < efor B> B, and m(a,b) < e. O
Thus by the above lemma, we have the following conclusion:
Lemma 5.9. There exists B1 > 0, we get m(a,b) < NE2—a (S )N+25 & for any B > P
Lemma 5.10. There exists B > 0 such that for any B > Bo, the level satisfies
m(a,b) < min{m(a,0),m(0,b)}.

Proof. From Theorem 3.3, m(a,0) > 0 can be achieved by u* € S,. Similarly, m(0,b) > 0 can
be achieved by v* € §;. Since

Lya(txu*) =0, and I,,(t*v*) =0, ast— —oo,
there is t* < —1 which is independent of , such that

rtrle}x](u ") < max Lia(txu®)+ max L, p(t % 0*) < min{m(a,0),m(0,b)}.
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On the other hand, for t > t*, firstly we have
/ |t * u*|r1 |t * v*|r2dx _ est(m-ﬁ-rz)’y(rﬁ@) / |u*|r1|v*‘72dx > Cest*(71+rz)7(,1+,2),
RN JRN o
for some C > 0. Then by Theorem 3.3, we get

SE(r14+72) Y (0 41
rtréa}z(](t * (u*,0")) < Itn;}x Lya(t*u®) + rtrga}x L, p(t x0*) — Cpe™ V1T 0ntr)

S m(a’ 0) + m(o/b) o CﬁeSt*(r1+r2)7<rl+y2>~
Hence, there is 8, > 0, for any B > B, such that m(a,b) < min{m(a,0),m(0,b)}. O

To prove Theorem 1.2, we give the following minimax theorem to establish the existence
of Palais-Smale sequence. At first, we show some definitions.

Definition 5.11 ([21, Definition 3.1]). Let ©® be a closed subset of a metric space X C H. We
say that a class F of compact subsets of X is a homotopy-stable family with closed boundary
O provided

(i) every setin F contains ©;

(ii) for any set Y € F and any n € C([0,1] x X, X) satisfying 7(t,x) = x for all (t,x) €
({0} x X) U (]0,1] x ®), we have that ({1} xY) € F.

Definition 5.12. [33] Let M be a C* m-dimensional manifold and TM = TM \ {0}, where TM
is a tangent bundle. A function F : TM — [0, o) is called a Finsler structure on M if F has the
following properties:

(i) F(ty) =tF(Y), Vt € RT;
(ii)) Fis C* on TM;

(iii) for every non-zero Y € T M, the induced quadratic form gy is an inner product in T, M,

where
2

10
gy (U, V) i= - ——(F*(Y + sU + tV)) |s==0,

2 0504
and T, M is the tangent space at the point x. A Finsler manifold is a C*-manifold M with its
Finsler structure F.

Remark 5.13. From [14], we know Riemannian manifolds are special cases of Finsler mani-
folds. Denote X := R x S,. Since R is a Banach space and S, C H*(RN,R) x H*(RN,R) is a
Banach manifold, similar to [24] (see (7.2) there), [26, Lemma 4.8] and [32, Theorem 6.12], we
know X is a para-compact space with satisfying the requirement of locally limited refinement
for each open coverage. Moreover, by [41, Section 3], we can assign X a Finsler structure and
we know X is a Finsler manifold.

Proposition 5.14 ([21, Theorem 3.2]). Let ¢ be a C'-functional on a complete connected C'-Finsler
manifold X (without boundary) and consider a homotopy stable family F of compact subsets of X with
a closed boundary B.

¢ = el ) = Jaf et
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and suppose that sup (@) < c. Then for any sequence of sets {Y } in JF such that lim,_, supy ¢ =
¢, there exists a sequence {u, } in X such that

lim ¢(u,) =¢; liﬁm ldp(uy)|| =0; and lim dist(u,,Y,) =0.
n—oo

n—oo n—oo

Furthermore, if dg is uniformly continuous, then u,, can be chosen to be in Y, for each n.

Proof of Theorem 1.2. Using the strategy from [25], for 6 > 0 be defined by Lemma 5.6, let the
function [ : R x H — R as

B eZst
J(t, (w,0)) = J (¢ (u,0)) = —([u]* + [o]*) -
_565(f1+r2)7(71+r2)f/ |u|"[o|2dx

RN
622;/Sst

*
2a,s

esp'ypt

(uafulp + p2lol})

[ G ) oed,

then | € C! and a Palais-Smale sequence for [|rxs, is a Palais-Smale sequence for [|Rrxs-
Setting J¢ := {(u,v) € S, J(u,v) < c}, we introduce the minimax class

I:={y=(a,pB) €C([0,1],RxS,):7(0) € (0,B;),7(1) € (0,]°)},

with the minimax level

o(a,b) ;= inf max J(t, (u,0)).
() Y€T (t,(wo))ey([01]) (8 (u,0))
Let (u,v) € S,. From [t*u]?> + [t xv]> — 0" as t — —oco and J(t* (u,v)) — —o0 as t — —+oo,
there is ty < —1 and #; > 1 such that

Yo TE[0,1] = (0,((1 = T)to + TH) * (u,0)) ER X S,, (5.1)
which is a path in I and ¢(a, b) is a real number. For any 7y = («, ) € T', we study the function
IT, : 7 €[0,1] = Py 4, (a(7) * f(7)) € R.

From Lemma 5.6, we find IT,(0) = Py, ,,(B(0)) > 0. Besides, from Lemma 5.3, ¥, 4, (t) > 0
for any t € (—oo,t,y). If (u,v) = B(1), we have ¥, ,,(0) = J(B(1)) < 0. Hence, we obtain
tgy < 0 and ITy(1) = Py, (0% B(1)) < 0. Since the map T ~— a(7) * B(7) is continuous
from [0,1] to H, there exists T, € (0,1) such that IT,(t,) = 0, which implies a(7,) * B(T,) €
Py, NSy and

max | > J(v(ty)) = J(a(7y) * B(7y)) = _inf J(u,0) = m(a,b).
'Y([Orl]) ;ll/yzmsr

Therefore, o(a,b) > m,(a,b). On the other hand, for any (u,v) € Py, N Sy, from (5.1), Y(,,0)
is a path in I and by Lemma 5.3,

u,v) = max | > o(a,b),
]( ) ,Y(u,v) ([0/1]) ] ( )

then m,(a,b) > o(a,b). Combining this with (5.6), we get

o(a,b) =m,(a,b) > sup J(u,v)= sup J.
(BsUJO)NS, ((0,B5)U(0,J9))N(RXS;)
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From Definition 5.11, the set {([0,1]) : v € '} is a homotopy stable family of compact subsets
of R x S, with closed boundary (0, Bs) U (0, J°). By Proposition 5.14, similar to [24,32], taking
any minimizing sequence {7y, = (ay, Bn)} C I’y for o(a,b) with &, =0, and B,(7) > 0 a.e. in
R, for every T € [0, 1], there exists a Palais-Smale sequence {t,,w,} C R x S, for J|rxs, at the
level o(a,b), where w, = (u,,vy), such that,

atj(tn, wn) — O, |‘awi(tn, wn>H(Tw”Sr)* — O, as n — OO, (5.2)
with an additional property
|ty | + disty (wy, Bn([0,1])) — 0, as n — oo. (5.3)

From (5.3), we have t, is bounded in both side. Besides, from the first formula of (5.2), we
have Py, ., (tq * (44, v,)) — 0, and from the second formula of (5.2) with the boundedness of
ty, for any ¢ € Ty, S,

d](tn * wn)[tn = @] = on(1)l@]l = 0n(1)[[tn + ||, asn — co.

Following, we define 0, := t, * w, with @, = (d,,0,). Therefore, {(1,,9,)} is a Palais-Smale
sequence for J(u,v)|s, at the level o(a,b) with an additional condition Py, , (11, 9,) — 0. From
Lemma 5.8, there exists 81 > 0, m,(a,b) € (0, 1\1;5\125 a"‘(sz* ) N%s w) for any B > 1. Besides, from
Lemma 5.10, there exists B, > 0 such that m,(a,b) < min{m(a,0),m(0,b)}. Following, we
may require By = max{B1, B2}. Then for B € (Bo, +0), by Proposition 4.9, we know there is
(u,v) € H with u,v > 0 a.e. in R, such that (i1,,9,) — (u,v) in H and J(u,v) = m,(a,b).
Hence, we need to show

inf  J(u,v) = inf J(u,v) = m(a,b).

PruyuyNSr o)

If this does not happen, there is (i,5) € Py, u, \ Sy such that J(ii,5) < m,(a,b). Denote
(71,7) := (|i]*,|9]*) as the symmetric decreasing rearrangement of (i1, 7) such that

(@]

If Py, u,(i1,7) = 0, which (4,9) € Py, u, N'S;, there is a contradiction. On the other hand, if
PM/VZ( 7) < 0, from Lemma 5.3, we get t; 5 < 0. Therefore, by t;5 * (#,7) € Py, u,, we have

N
+

[0 < [@]*+[0]%, J(#,0) <](1,0), and Py, (i,3) < Py u,(1,0) = 0.

1
J(@,9) < J(taz* (1,0)) = 5Py o (tao * (7, 0))

T 1 v (g | o
_ Zp—p)b’mpﬁ”’v(ﬂl‘”m+‘u2|v|5)
(1’1 + 7’2)7(7’1—&-?2) 1 6(7’1-l-’z)'\/(rﬁrz)Stﬂ'77 / ’fl‘rl lﬁlrzdx
2 R

p
+(1- L )eristas [ e e o P
2% RN

which is a contradiction. Thus, we have m,(a,b) = m(a,b) and (u,v) is a ground state solution.
O
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6 Thecase:p=r1+1r, =2

Lemma 6.1. Assumes € (0,1),2s < N <4s, p =r1+ry = 2% and a,b, uy, pp, p > 0. Then the
following system

(=A)u = Au+ pa [u|P~2u + Bra|u| " 2ulo| + (I * |o|%) [u] %2,
(—A)*0 = Av + pp|v|P =20 + Bra|v| 2 20|u|"t + (I * |u|?s)|v|%s 20, (6.1)
Jry u?dx = a2, Jry v’dx = b*, u,v€ H(RN),

has no positive solution.

Proof. Assume by contradiction that there is a positive solution (u, v) of (6.1) for some A1, A, €
R. On one hand, from Proposition 4.9 and [29, Lemma 2.3], we see that Ay,A; < 0 for
2s < N < 4s. On the other hand, by Proposition 2.4 we know (u,v) satisfies the Pohozaev
identity such that

[l + [o]? = GualulZ + palol2) + p25 /]RN |u‘r1|v|rzdx+2/]RN(I“* ) [oedx. (6.2)

Moreover since (u,v) is a weak solution to (1.1)-(1.2), it satisfies
WP+ (o = [ alul? + AafoP)dx + Gl + palof) + p2: [ ul"foldx
RY 5 s R (6.3)
+ 2/ (Lo % |1)%e) [0 2o dx.
RN
Combining (6.2)—(6.3), we show

/N Ml + Aafo2dx = Aa? + Azb? = 0.
R

From which we obtain A; = A, = 0. This is clearly a contradiction with A1, A, < 0. The proof

is complete. O]
Proof of Theorem 1.3. Theorem 1.3 follows from Lemma 6.1, then we finish the proof. O
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