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rem of the paper “Higher order stroboscopic averaged functions: a general relationship
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This addendum addresses the findings presented in the paper [1] titled “Higher order
stroboscopic averaged functions: a general relationship with Melnikov functions” published
in Electron. ]. Qual. Theory Differ. Equ. 2021, No. 77.

The main result of the referred paper, [1, Theorem A], establishes a general relationship
between averaged functions g; and Melnikov functions f;. As a direct consequence of this
general relationship, [1, Corollary A] states that if, for some ¢ € {2,...,k}, either f; = --- =
fp 1 =0o0rg =--- =gy 1 =0 thenf, = Tg; fori € {1,...,¢}. This consequence
was somewhat expected based on existing results in the literature within more restricted
contexts. Here, we will demonstrate that under the same conditions, the relationship f; = T'g;
actually holds for every i € {1,...,2¢ — 1}, which represents a more unexpected outcome.
The expression for gy,(z) will also be provided.

Proposition 1. Let ¢ € {2,...,k}. Ifeither f; = --- =f, 1 =0o0rgy = --- = gy1 = 0, then
fi=Tgiforiec{1,...,20—1} and

1 1 . T?
gu(2) = 7 (fzg(z) — dfi(2) -f4<z>> or, equivalently, £5(z) = Tga(2) + —-dg(2) - g(2)-
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Proof. Given ¢ € {2,...,k}, assume that either f; = --- =f, 1 =0org =--- =gy 1 =0.
From [1, Corollary A], we have that
. 1
gi=£f=0 forie{l,...,0—1}, and gg:?fg. (1)

For any i, [1, Theorem A] provides

B]‘,m (y~1, . ,g]‘,erl) (S,Z)dS) , (2)

where 7;(t,z), fori € {1,...,k}, are polynomial in the variable t recursively defined as follows:
Ti(tz) =tgi(z)
i1

Shaly S (©)
7i(t,z) = iltgi(z Z Z —' gi,]-(z)/0 Bim (1, Jjmms1) (s,2)ds.
—1m=1

Taking (1) into account, the function g; ; in (2) vanishes for i —j < ¢ —1, that is, for
j>i—4{+1. Thus,

1 it J q " T 5 3
8i(z) =% <fi(z) - Z; le—!d gi—j(z)/o Bj,m(ylz---ryjM+1)(512)ds> : 4)
j=1m=
Also, from (1) and (3), one has
0!
Gi=-91=0 and 7(tz) = Llltg,(z) = thz(z) ®)

Now, leti € {¢+1,...,2¢ —1}. Thus, for j <i— ¢ and m > 1, one has that

jomA1<i—f0<2—-1-0=10-1,

which implies, from (5), that §j; = - - - = #;_u+1 = 0 in (4). Consequently, f;(z) = Tg;(z).
Finally, from (4),
1 L 1, T i
g (z) = T f0(z) = ) 7 "gar—i( /0 Bim (J1,- - Fj—ms1) (s, 2)ds | . (6)
:1 =1

Notice that, for 1 <j < /Zand 1 < m < j, the relationship j —m +1 > ¢ implies that m = 1 and
j = £, which are the only possible values for m and j for which §; 11 in (6) is not vanishing.
In this case, from (5), 1 = - - = Jj—» = 0 and §;_,11 = §, = £'tg¢(z). Thus,

gu(z) = % <fzz(z) - ;!dge(z)/o B (0,...,0,0!tg(z)) d5>

— 1 (@) - ) [ () ds)
2

= 7 (80 - S8) 82)) = £ (le) - 300 5.

Equivalently,
2

far(2) = Taos(2) + - dge(2) - gu(2). 0
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