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1 Introduction

This paper is devoted to the solvability of boundary value problems (BVPs) for the equation
"= f(t,x,x), te (0,1), (1.1)

with Sturm-Liouville boundary conditions (BCs) either

—ax(0) + Bx'(0) = A, ax(1) +bx'(1) = B, (1.2)
x'(0) = A, ax(1) +bx'(1) = B, (1.3)

or
—ax(0) + Bx'(0) = A, x'(1) = B, (1.4)

where f:[0,1] x Dy x D, = R, Dy, D, C R, a,B,a4,b > 0,and A,B € R.

This paper is motivated by A. Granas et al. [6]. The authors prove that BVP (1.1), (1.2)
has a solution in C?[0, 1] assuming that the function f(t, x, p) is continuous on [0,1] x R? and
there is a constant M > 0 such that

xf(t,x,00 > M forte [0,1]and x| > M (1.5)
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and the well-known Bernstein’s growth condition holds, that is, there exist positive constants
G;,i = 1,2, for which

|f(t,x,p)| < Gip* + Gy for (t,x) € [0,1] x [~ My, My], (1.6)

where My = max{|A/al,|B/a|,M}. A similar result guarantees C2[0,1]-solutions to BVPs
(1.1), (1.3) and (1.1), (1.4). In it, (1.5) is replaced by the assumption that f(¢,x, p) is differen-
tiable with respect to x and there is a constant K > 0 such that

fx(t,x,p) > K for (t,x,p) € [0,1] x R x {C}, (1.7)

where C = A or C = B. The conditions imposed guarantee a priori bounds. Moreover, each of
the conditions (1.5) and (1.7) provide a priori bound for the solutions to the considered BVP,
that is, for |x(t)|, and (1.6) provides the bound for |x/()|. The established a priori bounds are
needed for applying the Topological transversality theorem.

One of the BVPs studied in C. Tisdell [10] is (1.1), (1.2). Here, the Leray-Schauder degree
theory and a priori bounds are used. The well known condition

f(t,—Ry,0) <0 and f(t,Ry,0) >0, te[0,1],

where R; and R; are some positive constants with min{R;, Ro} > max{|A/«|,|B/a|}, gives
the bound for |x(t)|, and this for |x'(t)| follows from the assumption that there exist non-
negative constants « and K such that

|f(t,x,p)| <af(t,x,p)+K forallt € [0,1],|x| <R p€ER,

where R = max{R1, R }.

Other results on the solvability of BVPs for various equations with Sturm-Liouville bound-
ary conditions can be found, for example, in M. Dobkevich and F. Sadyrbaev [3], A. M. A.
El-Sayed et al. [4,5], T. Xue et al. [12], Y. Liu et al. [9], F. H. Wong et al. [11] and L. Zhang et
al. [13].

The purpose of this paper is to give sufficient conditions for the existence of solutions in
which growth restrictions on f (¢, x, p) are not imposed, that is, we do not use condition (1.6).
It is replaced by sign conditions of barrier strips type.

The existence discussion is based on the basic existence theorem proved in R. P. Agarwal
et al. [2], which is a variant of [6, Chapter V, Theorem 1.1]. Let us prepare its wording.

Consider the BVP

{ x(m) Y oSk< ) = f(t,x,x, x(”*l)), te[0,1],

(1.8)
‘/l(x) = Al/ i 1/”/

of which the considered boundary value problems (1.1), (1.2)—(1.4) are special cases. Here
sk(t),k =0,n — 1, are continuous on [0,1], f : [0,1] x Dg x Dy X -+ x D;_1 = R,

n—1

Vi(x) = Y [aixV(0) + bixV(1)],  i=T,n,
j=0

with constants a;; and b;j for which Z}:Ol (a%]. + blzj) >0,i=1,n,and A; € R.
For A € [0,1], consider also the family of BVPs

—|—Zk 0 Lse(H)a®) = g(t,x,x’,...,x(”‘l),/\), te0,1],
‘/l(x) - Al/ l =Ln,

(1.9)
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where ¢ :[0,1] X Dy x Dy X - -+ x D,_1 x [0,1] = R, and si(t),k =0,n —1,V;, A;,i = 1,n, are
as above.

Let, as usual, C[0, 1] be the Banach space of continuous functions on [0, 1] with the norm
[[x[lo = sup;epoqy [x(t)], and C"[0, 1] be the Banach space of n-times continuously differentiable

functions with ||x||,, = max{||x]|o, ..., [|x("||o}.

Let B denote the set of functions that satisfy the BCs V;(x) = A;, i = 1,1, and By be
the set of functions satisfying V;(x) = 0,i = 1,n. Finally, let C4[0,1] = C"[0,1] N B and
Cg,[0,1] = C"[0,1] N By.

We are now ready to formulate the basic existence theorem.

Theorem 1.1 ([2, Theorem 4]). Assume that:
(i) For A = 0 problem (1.9) has a unique solution in C"[0, 1].
(ii) Problems (1.8) and (1.9) are equivalent when A = 1.
(iii) The map Ay, : Cj [0,1] — C[0, 1], defined by

is one-to-one.

(iv) Each solution x € C"[0,1] to family (1.9) satisfies the bounds

m; < x(i)(t) <M; fortel0,1],i=0,n,
where the constants —oo < m;, M; < oo, i =0, n, are independent of A and x.

(v) There is a sufficiently small 6 > 0 such that

[m; — 9, M;+ 6] C D, i=0,n-—1,
and the function g(t, po, ..., pu—1,A) is continuous on [0,1] x D x [0, 1], where
D = [mo — 8, Mo+ 6] x [my — 8, My +08] X -+ X [y_1 — 8, My_1 +];
m;, M;,i =0,n — 1, are as in (iv).
Then, BVP (1.8) has at least one solution in C"[0, 1].

To apply Theorem 1.1 for studying the considered BVPs, we use families of BVPs for
M =Af(Lx, )+ (1-A)(x—x"), te(01), (1.1);

and
X =Af(tx, X )+ (1-A)(x+x), te(0,1), (1.1)F

where A € [0,1]. They are adapted to the application of the barrier strips type conditions
used here, namely conditions (B1) and (B;) below.

In order to achieve the a priori bounds of condition (iv) of Theorem 1.1, we impose three
sets of conditions. The conditions of set A, these are (1.5) and (1.7), guarantee the a priori
bounds for each eventual C?[0, 1]-solution x(#) to the used families, those of the set B give the
bounds for x’(t), and C ensures the bounds for x”(t).

Following are the hypotheses used in this article.
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(A1) There is a constant M > 0 such that [-M, M] C D, and
xf(t,x,0) >0 forte [0,1] and x € D, \ [-M, M].

In the formulation of the next hypothesis, we use the functions

and w(t):Bt+Bﬁ(x_A, te 0,1,

U(t) = At + w

and more precisely the constants m, = min ) v(t), My, = max|gy) v(t), m, = minyg 3 w(t) and
My, = maxq ;) w(t).

(Az) J C Dy, here | = [my, M| for (1.3) and | = [my, My] for (1.4), and there is a constant
K > 0 such that
fx(t,x,C) > K for (t,x) € [0,1] X Dy,

where C = A for (1.3) and C = B for (1.4).

For some constants My, G, and Gy, they will be specified later for each problem, suppose
that:

(B1) There are constants F;, L;,i = 1,2, such that [F, Ly] C D),

FL<F < mil’l{—Mo, Gm}, max{Mo, GM} < Li < Ly,
f(t,x,p) <0 for (t,x,p)€[0,1] x [-My, Mp] x [Ly, Lz}, (1.10)

f(t,x,p) >0 for (t,x,p) € [0,1] x [-Mp, My] x [F, F1]. (1.11)

(B2) There are constants F/, L},i = 1,2, such that [F}, L] C D,,

F, < F{ < min{—My, Gy}, max{My, Gy} < L} < L,
f(t,x,p) >0 for (t,x,p) € [0,1] x [-My, Mp] x [L},L}], (1.12)

f(t,x,p) <0 for (t,x,p) € [0,1] x [—~Mo, Mo] x [E3, F{].

(O) There are constants m; < M;,i = 0,1, and a sufficiently small § > 0 such that
[m0_5IM0+5]gDXI [ml_§/M1+5]gDpl
and f(t,x, p) is continuous on [0,1] x [my — 6, Mg + 6] x [my — §, M1 + 4.

The paper is organized as follows. In Section 2 we establish a priori bounds for x(t) and
x'(t) for each solution x € C2[0, 1] to the families of BVPs for (1.1), with BCs (1.2) or (1.3) and
for (1.1)7 with BCs (1.2) or (1.4). In Section 3 we use the obtained bounds to prove existence
results for the considered BVPs. Examples illustrate the application of the obtained results in
Section 4.



Existence of Sturm—Liouville boundary value problems 5

2 Auxiliary results

We need a well known maximum principle, see for example [6, Chapter II, Lemma 1.1], con-
cerning equations of the form

X" =h(tx,x), t € [0,1]. (2.1)
It is based on the following assumption.

(A) There is a constant M > 0 such that [-M, M] C D, and

xh(t,x,0) >0 fort e [0,1] and x € Dy \ [-M, M].

Lemma 2.1. Let x € C?[0,1] be a solution to equation (2.1) such that |x(t)| does not achieve its
maximum at t = 0 or t = 1. Assume further that (A) holds. Then x(t) satisfies the bound

x(t)| < M for t € [0,1].

Proof. By the assumption of the lemma, |x(t)| must achieve a positive maximum at a point
to € (0,1). Clearly, the function y(t) = (x(t))? also has a maximum at to. Thus,

y" (to) = 2x(to)x" (to) = 2x(to)h(to, x(t9),0) < 0.
Next, reasoning by contradiction, assume |x(tp)| > M. Then from (A) it follows
x(to)h(to, x(tp),0) >0
and the derived contradiction proves the lemma. O

The proofs of the following two lemmas follow the idea of proof of [6, Chapter II, Lemma
1.2].

Lemma 2.2. Let (A) hold. Then each solution x € C2[0,1] to (2.1), (1.3) with A = B = 0 satisfies the
bound
|x(£)] <M, t € [0,1].

Proof. Suppose that |x(0)| is the maximum value of |x()|. We claim that |x(0)| > M is impos-
sible. To verify this, by contradiction, assume it is true. Then,

x(0)x"(0) = x(0)h(0,x(0),0) > 0.

Now, if x(0) < 0, then x”(0) < 0. Because of the continuity of x”(t) on [0,1], there is a
neighborhood Ny C [0,1] of t = 0 where x”(t) < 0. This means that x'(t) is strictly decreasing
on Ny and so x/(t) < x/(0) = 0 for t € Np. Consequently x(t) is also strictly decreasing on
Np and so |x(0)| can not be the maximum of |x(f)| on [0,1], a contradiction. If x(0) >0,
then x”/(0) > 0, from where conclude x'(t) > x’(0) = 0 for t € Uy, where Uy C [0,1] is any
neighborhood of t = 0. Thus, x(t) > x(0) > 0 for t € Uy, which means that |x(t)| > |x(0)|,t €
Uy, again a contradiction. So, |x(0)| < M.
Let |x(1)| be the maximum value of |x(t)|,t € [0,1]. Then, x(1)x'(1) > 0 and

0 < x(1)bx'(1) = x(1)(—ax(1)) = —a(x(1))*> <0,
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which is possible if x(1) = 0. So, we have maxy) [x(t)| = 0, which means x(t) = 0 for
t € [0,1] and the lemma is true.
Finally, if |x(t)| achieve its maximum in (0,1), then

lx(t)] < M, te[0,1],
by Lemma 2.1. 0

Lemma 2.3. Let (A) hold. Then each solution x € C?[0,1] to (2.1), (1.4) with A = B = 0 satisfies the
bound

lx(t)] < M, t e [0,1].
Proof. If |x(0)] is the maximum value of |x(t)|, we have x(0)x’(0) < 0 from where obtain

0 > x(0)Bx'(0) = x(0)(ax(0)) = a(x(0))* > 0.

This implies maxy ) |x(¢)| = [x(0)| = 0 which means x(¢) = 0 on [0,1] and so the lemma is
true.
If |x(t)| achieves its maximum at t = 1, the assumption that |x(1)| > M yields

x(1)x"(1) = x(1)h(1,x(1),0) > 0.

Next, following the proof of Lemma 2.2, we derive contradictions in the cases x(1) < 0 and
x(1) > 0 and conclude that |x(1)| < M.
Finally, if |x(t)| achieves its maximum somewhere at the interval (0, 1), then the bound

|x(£)] <M, te[0,1],
follows from Lemma 2.1. O

Following the proof of [6, Chapter II, Theorem 3.3], establish the assertion.

Lemma 2.4. Let (A) hold for (1.1). Then each solution x € C2[0,1] to (1.1);, (1.2) or to (1.1)}, (1.2)
satisfies the bound
|x(t)] < max{|A/«|,|B/al, M}, t€[0,1].

Proof. We will prove the assertion about family (1.1)}, (1.2), the proof for family (1.1)}, (1.2)
is practically the same.
If |x(0)] is the maximum value of |x(#)| on [0, 1] we have x(0)x’(0) < 0, from where obtain

A
ax(0)

0> x(0)Bx'(0) = x(0)(A + ax(0)) = zx(x(O))Z[ + 1]

This yields consecutively

A
ax(0)

+1<0,

22(0) ' >1 and |x(0)| < |A/«al.

Likewise, if |x(t)| achieves its maximum at t = 1, we obtain

[x(1)] < |B/al.
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Now, let |x(t)| achieve its maximum in an interior point of (0,1). For the right-hand side
of equation (1.1), we have

Axf(t,x,0)4+ (1 —A)x* >0 foreach A€ [0,1],t€[0,1] and x & D,\[-M, M],
that is, (A) is satisfied for (1.1), . Thus,
lx(t)] < M, te[0,1],
by Lemma 2.1. O

Now, let
L_ = max{max|f(t,x, A)|, max|x — A},

where the maximums are computed for (t,x) € [0,1] x [m,, M|

Lemma 2.5. Let (Ay) hold for | = [my, My] and C = A. Then each solution x € C?[0,1] to (1.1);,
(1.3) satisfies the bound

L

< — .
K] < oty Fmaxll, M), e 0]

Proof. Define the function y(t) = x(t) — v(t),t € [0,1]. Since v(t) satisfies BC (1.3), y(t) is a
C2[0, 1]-solution to the homogeneous BVP

y' =htyy,A), te(01),
y(0)=0,  ay(l)+by'(1) =0,

where h(t,y,y/,A) =Af(Lby+0,y +7)+ (1 —-A)(y+v—y —7'), A[0,1]. Besides,

yh(t,y,0,A) = y(Af(ty +0,0) + (1= M)y +0 7))
=y(M(Ly+0,4) + (1= A)(y+0 - A) = Af(t,,A)
—(1=2)(0 - A) +Af(to,4) + (1= A) (v - 4))
= y(Afelt 0y + 0, Ay + (1= V)y) +y(Af (L0, 4) + (1= A)(0 - A4))

for any 0 € (0,1). Let us note, f+(t,0y + v, A),t € [0,1], is well defined since for t € [0,1]
Oy(t) +o(t) € [min{m,, miny 5 x(t) }, max{ My, max)yy) x(t)}] € Dy. Then

yh(t,y,0,A) = y*(AK + (1= A)) = ly|L— > |y|(ly| min{1,K} — L),

from where it follows

L_
yh(t,y,0,A) >0 fort e [0,1] and |y| > min{L K]
and for each A € [0,1]. Thus,

L_

< ==
ly(t)] < in (1K} fort € 10,1],

by Lemma 2.2. Keeping in mind that x(t) = y(t) + v(t), we obtain the lemma. O
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Now, let
Ly = max{max |f (¢, x, B)|, max |x + B|},

where the maximums are computed over (¢, x) € [0,1] X [my, My).

Lemma 2.6. Let (A,) hold for | = [my, My and C = B. Then each solution x € C2[0,1] to (1.1)},
(1.4) satisfies the bound

Ly

< — .
(O] < gy Fmaxtlmal Mal), te (0]

Proof. Following the proof of Lemma 2.5, introduce the function y(t) = x(t) — w(t),t € [0,1].
Since w(t) satisfies BC (1.4), y(t) is a C?[0, 1]-solution to the homogeneous BVP

y' =h(ty,y,A), te(0,1),
—ay(0) +By'(0) =0, y'(0)=0,

where h(t,y,y',A) = Af(tby+w,y +w') + (1 -A)(y+w+y +w'). Besides,
yh(ty,0,4) =y (Af(Ly+w,w) + (1= Ny +w+))
= y(Af(ty+w,B)+ (1= A)(y+w+B) — Af(t,w,B)
— (1= M (w+B)+Af(tw,B)+ (1 —A)(w+ B))
= y(Mfalt, 0y +w, By + (1= A)y) +y(Af(tw,B) + (1= A)(w+B))
for any 6 € (0,1). Then
yh(t,y,0,A) > P(AK+ (1= A)) = |y|Ly > |y|(ly| min{1,K} — L),

from where it follows

+
yh(t,y,O,/\) >0fort e [O, 1] and ‘y‘ > W
and for each A € [0,1]. Thus,
Ly
< -t
ly(t)| < min{L k] fort € [0,1],
by Lemma 2.3, which yields the bound for |x(t)]. O

The considerations used in the proofs of the following statements are standard for proofs
of lemmas based on barrier strips conditions. These results provide a priori bounds for
the (n — 1)th derivative of the nth-order differential equations, see for example Lemma 2
of R. P. Agarwal and P. Kelevedjiev [1], Lemma 3.1 of P. Kelevedjiev and T. Todorov [7] and
Theorem 3.1 of P. Kelevedjiev [8].

Lemma 2.7. Let (By) hold for constants My, Gy, = (A — aMg)B~ ' and Gy = (A +aMp)B~ L. Then
each solution x € C?(0,1] to (1.1)7, (1.2) with the property

—M; < x(t) < My, t e [0, 1],

satisfies the bound
F <X(t) <L, t € [0,1].
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Proof. Reasoning by contradiction, assume that x’(f) > L; for some t € (0,1]. Then, the
continuity of x'(t) on [0,1] and

_A—l—ocx(O)<A—|—txM0<L
Y T T

x'(0)
imply that the set
S.={tel0,1]: L <x'(t) <Ly}
is not empty. Also, that there is a y € S_ such that
x"(y) > 0.
Because x(t) is a C[0, 1]-solution to (1.1);, we have in particular
X)) = Af (1, x(7), X' (7)) + (1 = A)(x(7) = (7).
Now, from (1, x(7y),x' (7)) € S— x [=My, My x (L1, Ly] and (1.10) we get
Af(r,x(7), %' (7)) <0,
and x'(y) > L1 > My > x(7) yields x(y) — x'(y) < 0. As a result
x(y) <0,

a contradiction. Thus,
x'(t) < Ly for t € [0,1].
Similarly, assuming that x'(t) < F; for some t € (0,1] and using that
A +uax(0) S A — aMy

YO == 275 =

we establish that
Sy ={te[0,1]: KL <x'(t) < F}

is the empty set and so
x'(t) > F, fort e [0,1]. O

Lemma 2.8. Let (By) hold for constants My, G,y = (B — aMy)b~! and Gy = (B +aMy)b~!. Then
each solution x € C?[0,1] to (1.1)}, (1.2) with the property

—M; < x(t) < My, t e [O, 1],

satisfies the bound
F <x'(t) <L, t e [0,1].

Proof. By contradiction, assume that x’(¢) > L] for some t € [0,1). This means that the set
S, ={te[0,1]: L] <x'(t) <Ly}

is not empty because x'(t) is continuous on [0, 1] and

B —ax(1) < B 4 aM

x'(1) = b < . <L}
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Also, there is a v € 5S4 such that
x"(y) <O0.

As x(t) is a C2[0, 1]-solution to (1.1),
X () = Af(y,x(7), ' (7)) + (L= A)(x(7) + (7).
Now, (7, x(7),x'(7)) € S+ x [—Mo, Mo] x (L}, L] and (1.12) imply
Af (7, x(7),% (7)) = 0.
Besides, x(y) + x/(7y) > 0 because x'(y) > L} > My > x(v) > —Mj. Thus,
() 20,
a contradiction. Consequently,
x'(t) < L} forte|0,1].
Along similar lines, assuming on the contrary that the set
S_={te[0,1]:F <x'(t) < F}

is not empty and using that

we achieve a contradiction which implies that

F <x'(t) forte[0,1].

O]

Lemma 2.9. Let (B1) hold for constants My, G, = min{—My, A} and Gy = max{My, A}. Then

each solution x € C?(0,1] to (1.1);, (1.3) with the property
—M; < x(t) < My, t € [0, 1],

satisfies the bound
F < x'(t) <, te [0,1]

Proof. Let, on the contrary, x'(t) < F; for some t € (0,1]. Then, the continuity of x'(¢) on [0, 1]

and x'(0) = A > F; imply that the set
Sy ={te0,1]: KR <x'(t) < K}
is not empty and there is a y € S, such that

x"(y) <0.

On the other hand, since x(t) is a C?[0, 1]-solution to (1.1);, we have in particular

X"() = Af (v, x(7), X' (7)) + (1 = A)(x(y) — X' (7))

But, (7, x(7y),x'(77)) € S+ x [—Mo, My] X [F, Fi) and (1.11) imply

Af(y,x(7), %' (7)) 20,
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and x(y) — x’(y) > 0, because x'(y) < F; < =My < x(7y). As a result
x'(y) =0
and a contradiction is achieved. Thus,
x'(t) > F fort e [0,1].
Similar reasoning based on the use of (1.10) shows that
S.={tel0,1]: L <x(t) <Ly}

is empty and so
x'(t) <Ly forte|0,1]. O

The proof of the next assertion is omitted, it follows the lines of proof of Lemmas 2.7, 2.8
and 2.9.

Lemma 2.10. Let (By) hold for constants My, G, = min{—My, B} and Gy = max{My, B}. Then
each solution x € C?[0,1] to (1.1)}, (1.4) with the property

—M; < x(t) < My, t e [O, 1],
satisfies the bound
F <xX(t) <L te[0,1].
3 Existence results
BVP (1.1),, (1.2), arising from (1.1),, (1.2) for A = 0, has the form

X' +x—x=0, te(0,1),
—ax(0) +Bx'(0) = A,  ax(1)+0bx'(1) = B.

By standard reasoning, we obtain that the solutions of the differential equation are the func-
tions x(t) = C1e"! 4+ Cpe™!, and the system for C; and C, gives a unique solution to the BVP if

pr1—a Bra —a
(a+bry)e" (a4 bry)e™ 70, (3.1)

where r; = —% and rp, = _1%\/5 are the roots of the characteristic equation.
Theorem 3.1. Let (Aq) hold, (B1) hold for
My = max{|A/a|,|B/a|,M},  Gu=(A—aMy)p™! and Gy = (A-+aMy)B},

(©) hold for the same constant My and for mg = —Moy, my = Fi, My = Ly and (3.1) be satisfied. Then
BVP (1.1), (1.2) has at least one solution in C2[0,1].
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Proof. We divide the proof into two steps.

First step. We will check the hypotheses of Theorem 1.1 for the family of BVPs (1.1)}, (1.2) and
BVP (1.1), (1.2) assuming firstly that the inequality in (A4) is strong, that is,

xf(t,x,0) >0 forte [0,1] and x € Dy \ [-M, M]. (3.2)

Condition (i) is fulfilled because we know from above that (3.1) guarantees a unique C?[0,1]-
solution to BVP (1.1),, (1.2). Apparently (ii) also holds. To check (iii) we establish, by standard
reasoning, that for an arbitrary y(t) € C[0,1] the BVP

X =y(t)
—ax(0) + Bx'(0) =0, ax(1) +bx'(1) =0,

has a unique solution in C?[0,1], which means that the map A, : Cg [0,1] — C[0,1], defined
by Apx = x”, is one-to-one. Besides, for each solution x(t) € C2[0,1] to (1.1);, (1.2) we have
my < x(t) < My, t€10,1], by Lemma 2.4,
and
my < x'(t) < My, t €[0,1], by Lemma 2.7.

In view of (C), the function f(t, x, p) is continuous on [0, 1] x [mg, My] X [m1, M;]. Thus, there
are constants m, and M, such that

ma < Af(tx,p) + (1-A)(x — p) < My
for A€0,1] and (tx,p) € [0,1] x [mg, Mo] x [my, My].
Since for t € [0, 1] we have (x(t),x'(t)) € [mg, Mo] X [m1, Mi], the equation (1.1);” implies
my < x"(t) < M, forte [0,1].

Hence, (iv) also holds. Finally, (v) follows again from (C). Therefore, we can apply Theorem 1.1
to conclude that assertion is true when we have (3.2).

Second step. Now, assuming that (Ay) is in the form given, consider the family of BVPs

{x” = fu(t,x,x'), t € (0,1), (3.3)

—uax(0) + Bx'(0) = A, ax(1) +bx'(1) = B,

where f,,(t,x,x") = f(t,x,x") + (x—x") :n, n=1,2,3,.... Clearly,
2
Xfult,x,0) = xf(£ x,0) + % >0forte[0,1],x € D\ [-M,M],
that is, (3.2) is satisfied for each n = 1,2,3,.... Besides,

x;’” <0 forx € [~Mo, Mo and p > Ly > M,

x;p >0 forx e [-My M) and p < F; < —My,

and (B) imply

fu(t,x,p) <0 for (t,x,p) € [0,1] x [—Mo, My] x [L1, La],



Existence of Sturm—Liouville boundary value problems 13

and
fu(t,x,p) >0 for (t,x,p) € [0,1] x [—My, Myp] x [F2, F1].

Thus, family (3.3) satisfies (B1) for all n = 1,2,3,.... Obviously, (3.3) satisfies (C) as well.
Finally, to verify (3.1), we just have to consider that for each fixed n = 1,2,3,..., the A-family
corresponding to (3.3) is

x—x

=2 (f(t,x,x’) +
—ax(0)+Bx'(0) = A,  ax(1)+bx'(1) =B,

> +(1—A)(x—x), A€ 0,1],

and to see that for A = 0 we have again BVP (1.1),, (1.2). So, taking into consideration
the proved in First step, we conclude that family (3.3) has a solution x, € C2[0,1] for each
n=123,....

Further, just as in the proof of Lemma 2.4, we find that

|xn(t)] < My fort e [0,1],
and just as in the proof of Lemma 2.7 establish that
F <x,(t)<L; fortel0,1]

foreachn =1,2,3,.... Finally,

fulbx )l < 1fxp) + S < fxp) 4 - p

together with the continuity of f(t,x,p) on [0,1] x [—Mo, Mo] X [Fi, L1] implies that there is a
constant M, independent of n such that

|x//(t)] < My fort e [0,1].

The estimates for |x,(t)|, |x},(t)| and |x} (t)| allow us to use the Arzela—Ascoli theorem to ex-
tract a subsequence {x,, }, k =1,2,3,..., of {x,} converging uniformly on [0, 1] to a function
x € C'0,1]. We will show that x(t) is a C?[0, 1]-solution to BVP (1.1), (1.2). For this purpose
introduce the sequence {y, }, k =1,2,3,..., where y,, (t) = x,, (t) — r(t), t € [0,1], with

_ aB+aA Ao+ Ab— BB
aatab+aB wat+ab+aB’

r(t)

Clearly, {y,, } converges uniformly on [0, 1] to the function y(t) = x(t) — r(t) and y € C![0, 1].
Besides, since r(t) satisfies BCs (1.2), y,, () is a solution to the BVP

Yo = fui(bym 1,y 1), £E(0,1),
_D‘yﬂk(()) + ,3]/:1}((0) =0, ayﬂk(1> + by;kﬂ) =0,

and its integral form
1
Ui (0) = [ G0, o (5, (6) +7(5), 1, () + 7' (5))ds, G4
fork=1,2,3,..., where G(t,s) is the Green function for the BVP

X'=0, te(01),
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—ax(0) + Bx'(0) =0, ax(1) +bx'(1) =0,

and .
ynk + r—= yl’lk -
Ny

fue (Y + 1Y, +7') = F(E Y+ 1Y, +7) +

Since |yu, + 1 — Yy, —1'| = [xn, — x| < Mo + max{|F[, L1}, letting k — oo in (3.4), we obtain

y(0) = [ (e y(s) +7(5),y/(5) + 7 (5))ds.
Thus,
1
x(t) = /0 G(t,8)f(s,x(s),x'(s))ds + r(t),
which means that x(t) is a C2[0, 1]-solution to BVP (1.1), (1.2). O

Now let us look at BVP (1.1)7, (1.2)

x'—x' —x=0, te (0,1),
—ax(0) +Bx'(0) =A,  ax(1)+bx'(1) = B.

It has a unique solution if

Bs1 — « Bs2 — «
(a+bsy)et  (a+ bsy)e™ 70, (35)
where 5; = 15 \[ and s H‘[ are the roots of the characteristic equation.

Theorem 3.2. Let (A1) hold, (B) hold for
My = max{|A/a|,|B/a|,M},  Gu=(B—aMy)b™ ' and Guy = (B+aMy)b},

(C) hold for the same constant My and for mog = —Moy, my = F{, My = L} and (3.5) be satisfied. Then
BVP (1.1), (1.2) has at least one solution in C2[0,1].

Proof. 1t is similar to the proof of the previous theorem. Now we will apply Theorem 1.1 on

the family of BVPs (1.1);, (1.2).

First step. Again assume firstly that the inequality in (Ay) is strong, that is, (A) holds.
The condition (i) follows from (3.5). The condition (ii) is again obvious, and the verification
of (iii) is as in Theorem 3.1. Now, the bounds

mp < x(t) <My and my < X'(t) < My, t e [0,1],

for each solution x(t) € C?[0,1] to (1.1)}\“, (1.2), follow by Lemmas 2.4 and 2.8, respectively,
and the bound
my < x"(t) < M fort e [0,1]

follows by arguments similar to those in the proof of Theorem 3.1. Thus, (iv) holds. Finally,
(v) follows again from (C). So, the assertion is true by Theorem 1.1.

Second step. Now, (Ay) is in the form given. Consider the family of BVPs

{x” = fu(t,x,x"), t € (0,1),

(3.6)
—ax(0) 4+ px'(0) = A, ax(1) + bx'(1) = B,
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where f,(t,x,x") = f(t,x,x") + (x+x') :n, n=1,2,3,.... Clearly,

2
ﬁuhmmzxﬂhnm+§;>0fthMﬂmelhw—MJ@

that is, (A) is satisfied for eachn = 1,2,3,.... Besides,

x:l—p >0 forx € [—My, Mp]and p > L} > My,
x:p§0fmx6PM@Mdmdp§H§—Mw

and (B,) imply
fa(t,x,p) >0 for (t,x,p) €[0,1] x [—My, Mo] x [L}, L],

and
fa(t,x,p) <0 for (t,x,p) € [0,1] x [—Moy, My] x [F;, F{].

Thus, family (3.6) satisfies (B) for all n = 1,2,3,.... Obviously, (3.6) satisfies and (C). As in
the proof of Theorem 3.1, we notice that (3.5) is also fulfilled. Consequently, according to
what we proved in the First step, each boundary value problem arising from the family (3.6)
forn =1,2,3,... has a solution x, € C?[0,1].

Further, just as in the proof of Lemma 2.4, we find that

|x,(t)] < My fort e [0,1],
and just as in the proof of Lemma 2.8 establish that
F <x,(t) <L} fortel0,1]

for each n = 1,2,3,... Besides, the continuity of |f(t,x,p)| + |x + p| on the compact set
[0,1] x [—Mo, Mo| x [F|, L] implies that there is a constant M, independent of n such that

lxI'(t)| < My fort € [0,1].

By the Arzela-Ascoli theorem the sequence {x,} has a subsequence {x, }, k = 1,2,3,...,
converging uniformly on [0,1] to a function x € C![0,1]. Next, arguing as in the proof of
Theorem 3.1, establish that x(t) is a C?[0, 1]-solution to BVP (1.1), (1.2). O

It is standardly found that the BVP

"+x—x=0, te(0,1),
x'(0) = A, ax(1)+bx'(1) =B,

in fact this is (1.1);, (1.3), has a unique solution in C2[0,1] if

8! )

(a4 bri)e"t (a+ bry)e™ #0, (3.7)

where 11 and r; are as in (3.1).
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Theorem 3.3. Let (Ay) hold for | = [my,, M) and C = A, (By) hold for constants
L_

Mo = min{1, K}
(O) hold for the same constant My and for mg = —My, my = F; and My = Ly and (3.7) be satisfied.
Then BVP (1.1), (1.3) has at least one solution in C?[0,1].

Proof. We will apply Theorem 1.1 on family (1.1),, (1.3). The hypothesis (i) follows immedi-
ately from (3.7). Besides, (ii) is obvious. The map A}, : C%O [0,1] — CJ0,1], defined by A;x = x”
is one-to-one, because for an arbitrary y(t) € C[0, 1] the BVP
X" =y(t)
x'(0) =0, ax(1) +bx'(1) =0,
has a unique solution in C?[0, 1], (iii) is also fulfilled. For each solution x(t) € C?[0,1] to (1.1);,
(1.3) we have

+ max{|m,|, | My|}, Gy = min{—My, A} and Gy = max{M, A},

my < x(
/

t) < My, t €[0,1], by Lemma 2.5,
X (t) S Ml/

t€[0,1], by Lemma 2.9,

IA A

mq
and the bound
my < x"(t) < My fort e [0,1]

follows as in the proof of Theorem 3.1. So, (iv) also holds. Finally, (C) ensures the validity of
(v). Therefore, we can apply Theorem 1.1 to conclude that the assertion is true. O

It is easily established that BVP (1.1)§, (1.4), namely,
' —x —x=0, te(0,1),
x'(0) = A, ax(1) +bx'(1) = B,
has a unique solution if

Bs1 —« Psa—a
s1e’! 576 70, 8

where s and s; are as in (3.5).
Theorem 3.4. Let (Ay) hold for | = [my, My| and C = B, (Bp) hold for constants

_ Ly o _
My = m + max{|my|, |[My|}, G = min{—M,,B} and Gp = max{My, B},

(C) hold for the same constant My and for mog = —My, m1 = F{, My = L and (3.8) be satisfied. Then
BVP (1.1), (1.4) has at least one solution in C2[0,1].

Proof. The proof is virtually the same as that of Theorem 3.3. Now, apply Theorem 1.1 on
family (1.1)7, (1.4). (i) follows from (3.8), to check (iii) show that for an arbitrary y(t) € C[0,1]
the BVP
X =y(t)
—ax(0) + Bx'(0) =0, x'(1) =0,

has a unique solution in C?[0, 1], and the bounds from (iv),

mogx(t) < My, t e [0,1],

my < x'(t) < My, t e [0,1],

for each solution x(t) € C2[0,1] to (1.1)}, (1.4) follow from Lemmas 2.6 and 2.10, respectively.
O
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4 Examples

The following examples illustrate the application of the obtained results.

Example 4.1. Consider the BVPs for the equation

X" =x'(x' —10) + (x — 2)*(x +2), te (0,1),
—3x(0) +2x'(0) =6,  2x(1)+x'(1) = -3.

We easily check that (A1) holds for M = 2. Calculate My = 2,G,, = 0 and Gy = 6. Next,
keeping in mind that
0< (x—2)%(x+2) <1 forxe[-22],

we can choose, for example, F, = —4,F; = —3,L; = 7 and L, = 8 to see that (B1) also hold.
(Q) is obvious, and (3.1) is also easily verifiable. So, we can apply Theorem 3.1 to conclude
that the considered BVP has at least one solution in C2[0,1].

Example 4.2. Consider the BVP

X" =xB+ (x—1)Vx+10, te(0,1),
—x(0) +4x'(0) =5,  2x(1) +x'(1) =4.

First observe that
xf(t,x,0) = x(x —1)v/x +10 > 0 for x € [~10,00) \ [-1,1],
which means that (Aq) is satisfied for M = 1. Then My = 5, G, = —6, Gy = 14. Besides,
—6V5 < (x —1)vx+10 <4V15 for x € [-5,5].

So, we can choose Fj = —8,F] = —7,L} = 15 and L} = 16 to check (By). In addition f(t,x,p) =
p® + (x — 1)y/x + 10 is continuous on the set [0,1] x [=5 — §,5 + J] x [~7 — J,15 + §], where
0 > 0 is sufficiently small, to say § = 0.1, that is, (C) is satisfied. Checking (3.5) also presents
no difficulty. So, we can apply Theorem 3.2 to conclude that the considered BVP has a solution
in C2[0,1].

Example 4.3. Consider the BVP

x" = ¢(t,x) + Py (x), te (0,1),
x'(0) = A, ax(1) +bx'(1) = B,

where the function ¢: [0,1] x R — R is continuous, differentiable with respect to x and there
is a constant K > 0 for which

¢x(t,x) > K >0 for(t,x) €[0,1] xR,

the polynomial P, (p) = Y}, akpk, n=2s+1,s € N, is such that a,, < 0, and a and b are such
that (3.7) holds.

Clearly, (A,) is satisfied. Further, if

fmax := max |¢(t,x) + P,(A)| for (t,x) € [0,1] x [my, My],
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where m, and M, are the constants used in Theorem 3.3, and
Qmax := max |x — A| for (t,x) € [0,1] x [my, My,
we determine first
L_ = max{ fmax, gmax }
and then M. Because the continuity of ¢, there are constants ¢, ;1 € R such that
Pm < p(t,x) < pm  for (t,x) € [0,1] x [—Mo, Mo].
Then, for sufficiently large p > max{My, A} we have

Pu(p) < —max{|dml, [pml},

which implies that the constants L; and L, of (B1) exist. Besides, for sufficiently small p <
min{—Mj, A} we have

Pu(p) > max{|¢pm|, |pml},
which means that the constants F; and F, of (B1) also exist. Finally, (C) is obvious and so the
considered BVP has a solution in C2[0,1] by Theorem 3.3.

Example 4.4. Consider the BVP
X" = ¢(t,x) + Py (x'), te (0,1),
—ax'(0) + px'(0) = A, x'(1) = B,

where the function ¢[0,1] x R — R is continuous, differentiable with respect to x and there is
a constant K > 0 for which

¢x(t,x) > K >0 for(t,x) €[0,1] xR,

the polynomial P,(p) = Y}, akpk, n=2s+1,s € N, is such that a, > 0, and « and B are such
that (3.8) holds.

An analysis similar to that of Example 4.3 shows that we can apply Theorem 3.4 to con-
clude that this BVP has a solution in C2[0, 1].

Example 4.5. Consider the BVP

X =x 4107 (0 + 1) (11— x), £ (01),
—x(0) + «'(0) =3, x'(1) = 2.

We will check the conditions of Theorem 3.4. Here w(t) = 2t — 1 with m, = —1 and M, = 1.
Then (A,) is satisfied for K = 1, ] = [—1,1] and C = 2, because fy(t,x,2) = 1 for (t,x) €
[0,1] X R. Form f(t,x,2) = x +2.4. Then, for (¢,x) € [0,1] x [—1,1] we have max|f(t, x,2)| =
3.4 and max |x 4+ 2| = 3. We calculate Ly = 3.4, My = 44,G,, = —4.4 and G); = 4.4. We are
now ready to check that (B,) is satisfied for F; = —6,F] = —5,L} = 5 and L} = 6. Keeping
in mind that f(¢, x, p) is defined and continuous for (t,x,p) € [0,1] x R x [—14,11], we easily
conclude that (C) also holds for my = —4.4, My = 4.4,m; = —5, M; = 5 and, to say, 6 = 0.01.
Finally, to check that (3.8) is satisfied, we establish that the determinant

1-V6 _ 1 1054
2 2
1_2\@ 172\/5 1 +2\@€1+2\/§

is different from zero. So, we can apply Theorem 3.4 to conclude that the considered BVP has
a solution in C2[0,1].
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5 Conclusions

Here we will comment on conditions (3.1), (3.5), (3.7) and (3.8). In fact, they are not essential.
If, for example, (3.1) is not fulfilled, we can replace (1.1), with

X" = Af(tx,x)+ (1 —A)(x —kx'), te(0,1),
where A € [0,1] and k > 0. Now (1.1), has the form
kX —x=0

and we can choose k such that its characteristic equation has roots r; and r, for which (3.1) is
satisfied. This necessitates a slight change in (B1), namely

L <FK< min{—MO/k, Gm}, max{Mo/k, GM} <L < Ly,
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