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Abstract. In this paper, under the condition that there exists an ordered interval com-
posed of two internal ordered intervals which have the location similar to that of
Amann’s three-solution theorem, we add some simple conditions and then we obtain
some results about the existence of multiple critical points inside and outside the or-
dered interval. The main results of this paper can be regarded as an extension of the
classical Amann three-solution theorem and the mountain pass lemma on the ordered
interval of Shujie Li and Zhigiang Wang. To show our main results, we extend the
method of invariant sets of descending flow that proposed by Jingxian Sun for smooth
functionals to the locally Lipschitz functionals. Our main results can be applied to the
study of differential inclusion problems with concave-convex nonlinearity. In this way,
we partially extend some relevant results concerning the differential equation bound-
ary value problems with a concave-convex nonlinearity that was first studied by A.
Ambrosetti, H. Brezis and G. Cerami.
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1 Introduction

In the study of nonlinear functional, ordered intervals are often used to study the existence
of critical points or fixed points. It is well known that under simpler conditions, one can
get the result that there is at least one critical point or fixed point in the ordered interval. If
the ordered interval has a finer internal structure, one can often get multiple fixed points or
critical points. A famous result of this is Amann’s three-solution theorem [1]. In the case
of the ordered interval composed of two pairs of upper and lower solutions, Amann used
the fixed point index method to prove that there are at least three fixed points in the ordered
interval. Later, Li and Wang [20] generalize this result to smooth functionals using the method
of invariant set of descending flow, and establish the mountain pass theorem in the ordered
interval.
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In [20], as an application of their mountain pass theorem in the ordered interval, Li and
Wang studied the multiple solutions of the boundary value problem

—Au = Mul"2u+ ¢(u in O,

u=20 on dQ),

where QO C RY is a bounded domain, A > 0 is a parameter, 1 < g < 2 and g(u) is a super-
linear term. The nonlinearity of (1.1,) may involve a combination of concave and convex
terms. This type of nonlinearity has been studied for a long times and has been extensively
studied by many authors; See [2,10,16,20,28] and the references therein. A. Ambrosetti, H.
Brezis, G. Cerami in their well known paper [2] firstly considered the boundary value problem
with a concave-convex terms nonlinearity

—Au=AuT+u? inQ),
{ (1.2,)

u=20 on dQ),

where 0 < g <1 < pand A > 0 be a parameter. They fund a A > 0 such that (1.2,) has
two positive solutions for all A € (0, A), at least one positive solution for A = A and has no
positive for all A > A. Li and Wang [20] fund a A* > 0 such that for A € (0,A*), (1.1,) has
at least two positive solutions, at least two negative solutions and at least two sign-changing
solutions. Their proof method is to combine the mountain pass lemma in the ordered interval
with the invariant set method of descending flow. They first established two pairs of upper
and lower solutions which have the location similar to those of H. Amann’s three solution
theorem. Then, by using the mountain pass theorem in the ordered interval they obtained the
result of at least one positive critical point, one negative critical point and one sign-changing
critical point inside the ordered interval, and by using the invariant set method of descending
flow obtained the result of at least one positive critical point, one negative critical point and
one sign-changing critical point outside the ordered interval.

Inspired by Li and Wang’s idea of proof, in the present paper we will establish some
results about multiple critical points for locally Lipschitz functionals inside and outside the
ordered interval composed of two internal ordered intervals, which have the location similar
to that of Amann’s three-solution theorem. In the last 40 years, critical point theories and their
applications for locally Lipschitz functionals have been extensively studied by many peoples;
see [5-8,12,13,17,18,23-25,27] . Our main results in this paper can be thought as an extension
of Amann’s three solutions theorem and Li and Wang’s mountain pass theorem in ordered
intervals. By adding some simple conditions, we obtain the existence of critical points both
inside and outside the ordered interval. Also, in this paper we introduce an ordering in the
Banach space and give the locations of theses critical points.

To show our main results, we will employ the invariant set method of descending flow pro-
posed by Sun [32]. For theories of invariant set of descending flow of C! functionals, one can
also refer to [22]. According to this method, finding different critical points may be attributed
to finding different invariant sets of descending flow. So far, it has been widely used to study
the existence of solutions of various of elliptic equation boundary value problems. However,
to our best knowledge, there are no one study the existence of critical points for locally Lip-
schitz functionals by using this method. There are two main difficulties to use the method
of invariant sets of descending flow finding critical points of locally Lipschitz functionals. As
is well known, to use the method of invariant sets of descending flow for C! functionals one
need first construct a pseudogradient vector field over the Banach space. However, for the
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Lipschitz functional case, one usually only can construct locally a pseudogradient vector field
over a subset of the Banach space rather than the whole Banach space. This is the first diffi-
culty need to overcome. In the course of the study, one need to determine whether a closed
convex set is an invariant set of the descending flow generated by the pseudogradient vector
field. In the cases of the functionals being of C!, one can use the Schauder invariance condi-
tion presented in the literatures [22,32,33]. However, in the cases of the functionals being of
locally Lipschitz, no one has yet used the Schauder invariance condition to establish invariant
flows on convex closed sets. This is the second difficulty we face.

In this paper, we will analyze the energy of the possible critical points of the locally Lip-
schitz functionals in advance, construct locally a pseudogradient vector field on a neighbor-
hood of the energy, and then extend this pseudogradient vector field to the entire Banach
space. We can then use the method of invariant sets of descending flow that Sun have pro-
posed to obtain the existence results for the critical points of the locally Lipschitz functionals.
By this way we overcome the first difficulty. For the second difficulty, based on the conclusion
in [25] about the relationship between the critical points on the whole space and the critical
points on the closed convex sets under the Schauder invariance condition, and using the Von
Neumann theorem to establish the descending flow on closed convex sets, we get the result
that some closed convex sets are descending flow invariant sets. In this paper we get the the-
oretical results for the existence of at least one sign-changing, at least one nontrivial, at least
two positive and at least two negative critical points of the locally Lipschitz functionals con-
sidered. The theoretical results can be applied to the study of the existence of sign-changing
solutions, positive solutions and negative solutions for differential inclusion problems with a
concave-convex nonlinearity terms. In this way, we extend the relevant results on concave-
convex nonlinearity terms in literatures.

The critical points of this paper are in the sense of Chang [6]. The study of critical points
of non-smooth functional has been greatly developed in the last thirty years. Some peoples
have studied the critical point of the Motreanu-Panagiotopopoulos functionals [26,29, 34].
This kind of functional has the form: f := h + ¢, with h a locally Lipschitz functional and
a covex,proper and ls.c. functional. The Motreanu-Panagiotopopoulos critical point theory
contain as particular cases both the the critical point theory in the sense of Chang as well
as in the sense of Szulkin [34]. Obviously, how to study the critical point theory of the
Motreanu-Panagiotopopoulos functionals in Banach space by using the invariant set method
of descending flow is an interesting problem worthy of further study.

2 Preliminaries

In what follows we will let X and E be two real Banach spaces with the norms || - || and || - |1,
respectively. Assume that X is reflexive, E is densely and continuously embedded in X. Let
X* be the topological dual of X and (-, -) denote the duality pairing between X* and X. Let
P be a cone of X, that is, P is closed convex set in X, Ax € P forall x € Pand A > 0, and
PN (—P) = {0}. The P is said to be generating if X = P — P. Let P, = PN E. Then P, is a cone
in E. We assume that P; has a nonempty interior in the E topology, and denote its interior in
the E topology by int P;. For each x,y € X, let us define the ordering < in X by

x<y ifandonlyif y—x¢&P.

For each x,y € E, if y — x € intP;, we write x < y. For x € X and A C X, let dist(x, A) =
inf,c4 [[x —y|. For any R > 0, let B(0,R) = {x € X : [|x|| < R} and Sg = {x € X : ||x|| = R}.
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Given B C A C E, we write d4B for the boundary of B in A and ints B for the interior of B
in A.

Let us recall some theories concerning the sub-differential theory of locally Lipschitz func-
tionals due to Clarke [7]. A functional ¢ : X — R is said to be locally Lipschitz, if for
every x € X, there exists a neighborhood U of x and a constant k > 0 depending on U such
that [¢(z) — ¢(y)| < k||z —y|| for all z,y € U. For such a functional we define generalized
directional derivative ¢°(x; ) at x € X in the direction h € X by

/ . ’
¢°(x; 1) = lim sup L'+ A1) = 9(x )
x'—x A0t A

The function h — ¢°(x; h) is sublinear, continuous. So by the Hahn-Banach theorem we know
that ¢°(x; -) is the support function of a nonempty, convex and w*-compact set

dp(x) = {x* € X*: (x*,h) < ¢°(x;h) for all h € X}.

The set 0¢(x) is called the generalized or Clarke sub-differential of ¢ at x. A point x € X is a
critical point of ¢ if 0 € dp(x). Let K= {x € X : 0 € 9¢(x)}.

Proposition 2.1 ([5,12]). 1) If ¢, ¢ : X — R are locally Lipschitz functionals, then o(¢ + ¢)(x) C
9¢(x) + oy(x), while for any A € R we have 0(Ag)(x) = Adp(x); 2) If ¢ : X — R is also convex,
then this sub-differential coincides with the sub-differential in the sense of convex analysis. If ¢ is
strictly differentiable, then d¢(x) = {¢'(x)}; 3) If ¢ : X — R is locally Lipschitz functional, d¢p(u)
is a weakly*-compact subset of X* which is bounded by the Lipschitz constant k > 0 of ¢ near u.

S. T. Kyritsi and N. S. Papageorgiou [18] developed a critical point theory for non-smooth
locally Lipschitz functionals defined on a closed, convex set extending this way the work of
Struwe. Let C C X be a nonempty, non-singleton, closed and convex set. For x € C we define

me(x) =inf sup {(x*, x —y) 1y € C, [|x —y[| < 1L,x* € 9¢(x)}.
x* oy

Evidently, mc(x) > 0 for all x € C. This quantity can be viewed as a measure of the general-
ized slope of ¢ at x € C. If ¢ admits an extension ¢ € C!(X), then d¢(x) = {¢'(x)} and so
we have

mc(x) =sup {(¢'(x),x —y) :y € C,[|[x —y[| <1},
which is the quantity used by Struwe [31, p. 147]. Also if C = X, then we have
mc(x) = m(x) = inf{[[x"||« : x* € dp(x)},
which is the quantity used by Chang [6].

Now let us introduce the outwardly directed condition and the Schauder invariance con-
dition for set value mappings in a manner as in [25]. Let X be reflexive. As usual, we will
identify X** with X while F: X* — 2% will denote the duality map, given by

F(x*) i= {x € X: (x*,x) = ||x*||> = ||x]|*}, Vx* e X*.
The set F(x*) turns out to be nonempty, convex, and closed; see, e.g. [13, pp. 311-319]. Define

Veo(x) :=Fp(x)), x € X. (2.1)
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Clearly, V¢(x) depends on the choice of the duality pairing between X and X* whenever it
is compatible with the topology of X. If X is a Hilbert space, the duality paring becomes the
scalar product and (2.1) gives the usual gradient. Write I for the identity operator on X.

Suppose C is a convex and closed set of X. Let 6c : X — R U {+o0} be the indicator

function of C, namely
0, if x € C,
5(:(9() = {

+o00, otherwise.

Then we have
dbc(x) = {x* € X*: (x*,z—x) <0,Vz € C}

The set ddc(x) is usually called normal cone to C at x.

Definition 2.2. Suppose X is reflexive, C is a convex and closed set of X, ¢ : X — R is locally
Lipschitz continuous. If (—ddc(x)) Nd¢(x) C {0} for any x € dC when intC # @, or for any
x € C when intC = @, then we say that d¢ turns out to be outwardly directed on C. This
clearly rewrites as

Vz* € 0p(x)\{0} thereexists z € C fulfilling (z*,z—x) <O.

Definition 2.3 (Schauder invariance condition). Suppose X is reflexive, C is a convex and
closed set of X, ¢ : X — R is locally Lipschitz continuous. Then we say ¢ satisfies the
Schauder invariance condition on C if (I — V¢)(dC) C C whenintC # @, if (I —V¢)(C) C C
when intC = @

Remark 2.4. Definition 2.2 and 2.3 essentially come from [25]. However, there are some subtle
differences here and [25]. The well known Schauder invariance condition for a C!-functional
¢ on a Hilbert space X reads as (I — ¢')(C) C C; see [15,22,32,33]. It has been extend to
Banach spaces in [19]. The notation of Schauder invariance condition was firstly put forward
by J. Sun in [33].

It follows from [25, Theorem 4.4 and 4.5] we have the following Lemma 2.5.

Lemma 2.5. Suppose X is reflexive, C is a convex and closed set of X, ¢ : X — R is locally Lipschitz
continuous, ¢ is outwardly directed on C or ¢ satisfies the Schauder invariance condition on C. Then
me(x) = 0 if and only if m(x) = 0.

Lemma 2.6 ([30], von Neumann). Let X,Y be two Hausdorff topological linear spaces, C C X,
D C Y be two convex and compact sets. Let P : X X Y — R satisfy:

1) x — ¢(x,y) is upper semi-continuous (usc.) and concave;
2) y— (x,y) is lower semi-continuous (Isc.) and convex.

Then 1 has at least one saddle point (%,17) € C x D, that is

Yo g) <&y <pxy) for (x,y) € CxD.

Definition 2.7. Let D be a nonempty closed subset of X. We say that ¢ satisfies the non-smooth
CPS-condition on D, denoted by (CPS)p, if every sequence {x,} C D such that {¢(x,)} is
bounded and (1 + ||x,||)mp(x,) — 0 as n — oo, has a convergent subsequence. If D = X,
denoted simply by (CPS).
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The following Lemma 2.8 comes from [4, p. 63], in which X is required to be a Hilbert
space. However, we can easily see that the conclusion also holds if we assume that X is a real
Banach space.

Lemma 2.8 ([4]). Let C be a convex set of X. Then forall x € intCandy € C, ax + (1 —a)y C
intC for all « € (0,1].

Proposition 2.9. Assume that X is reflexive, C is a convex and closed set of X, xg € C, ¢ : X — Riis
locally Lipschitz. Then there exists (x§,1u(xo)) € 9¢(x0) x ((xo — C) N B(0,1)) such that mc(xo) =
(xg,u(xo)). In particular, m(xo) = (x§,u(xo)) for some (x§,u(xo)) € 9¢(x0) x B(xp,1) if X = C.

Proof. Let Xy, and X, be the spaces X and X* equipped with their weak topology respectively.
Since X is reflexive, it follows from Proposition 2.1 that d¢(xg) is a compact set in X7,. Obvi-
ously, (xo —C) N B(0,1) is a compact set in Xy,. Let ¢ : ((xo —C) N B(0,1)) x 9¢(x0) — R be
defined by y(x,y*) = (y*, x) for any (x,y*) € ((xo —C) N B(0,1)) x dg(xp). It follows from
Lemma 2.6 that i has at least one saddle point (u(xp),x§) € ((xo —C)NB(0,1)) x d¢(xp),
that is

(x5, x) < (x5, u(xp)) < (x*,u(xp)), Vx* € dp(xp), x € (xo — C) N B(0,1).
Hence, mc(xg) = (x;,u(x0)). The proof is complete. O

Remark 2.10. By using Proposition 2.9 we can find (u(xp), x3) € ((xo —C) N B(0,1)) x d¢(x0)
such that mc(xg) = (x{, u(xp)). By this way we give an unified treatment for the case C = X
in [6] and the case C being a proper closed and convex set in [18]. It should be pointed out
that in order to prove Proposition 2.9, we only need C to be weakly sequence compact not
weakly compact. A direct proof of Proposition 2.9 can be found in the Appendix.

Proposition 2.11. Assume that X is reflexive, C is a convex and closed set of X, ¢ : X — R is locally
Lipschitz, (I — V¢)(C) C C. Then

me(x) = min {;,m(x)} m(x) forall x € C. (2.2)

Proof. 1t follows from of Proposition 2.9 that for each xo € C, there exists (u(xo), x§) € ({xo} —
C)NB(0,1)) x d¢(xo) satisfying mc(xo) = (x§,u(xo)). Take yo € {xo} — F(x§). It follows from
the condition (I — V¢)(C) C C that yo € C. So, if ||xo — yo|| <1,

me(xo) = (x5, u(x0)) = (x5, %0 — yo) = (x5, F(x5)) = [|x5]1Z > m?(x0);

if HXO —]/0H >1,letzg = x0+ 2”]/;()%%

Jo1 we have zp € Cand |xo — zo| = 3, and so

mc(xo) = (xq,u(x0)) = (xg, X0 — zo)
1

= X*,xo— 0
2o — o] 0r 0~ ¥o)

1 , 1 1
2||x0||*||x0||* 2||xOH 2m(x0)

So, (2.2) holds. The proof is complete. O

Definition 2.12. Let D be a nonempty closed subset of X. We say that ¢ satisfies the non-
smooth PS-condition on D, denoted by (PS)p, if every sequence {x,} C D such that {¢(x,)}
is bounded and mp(x,) — 0 as n — oo, has a convergent subsequence. If D = X, denoted
simply by (PS).
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Remark 2.13. Assume that all conditions of Proposition 2.11 hold. Then, by (2.2), we see that
¢ satisfies the condition (PS)c if and only if ¢ satisfies the condition (PS) for each convex and
closed set C. Moreover, mc(xp) = 0 if and only if m(xp) = 0 for xp € C. So, we can deduce
Lemma 2.5 by (2.2) if ¢ satisfies the Schauder invariance condition.

Lemma 2.14 ([10]). Assume U is bounded connected open set of R? and (0,0) € U, then there exists
a connected component T' of the boundary of U, such that each one side ray | emitting from the origin
satisfies I NT" # @.

3 Main results

3.1 Critical points outside the ordered interval

Let up,v1 € E be such that 1y < 0 < v1. Set D1 = [ugp,v1] and G; = Dy N E. Now let us
introduce the following conditions:

(H1) ¢~ 1([a,b]) N K is compact in E for each a < b;
(Hp) ¢ satisfies the conditions (CPS), (CPS)1p and (CPS)p for any ordered interval D in X;

(H3) there exist subspace E; of E and Ry > 0 such that dim E; = 2,

EisND; C B(O, Ro), E; Nint Py 7é @ (31)

and
= = inf . 2
%= max, 9(u) < Po:= inf ¢(u) (3.2)

We have the following result concerning the existence of multiple critical points outside
the ordered interval D;.

Theorem 3.1. Suppose that (H1)~(H3) hold, ¢ has no nontrivial critical point on dg(+P;) and 0gG.
Moreover, either

(Hy) ¢ is outwardly directed on £P, Dy and £P N Dy, and P is generating; or
(H;) (I—V¢)(£P) C £Pand (I1-V¢)(D1) C Ds.

Then ¢ has at least one positive critical point ii1, one negative critical point iiy and one sign-changing
critical point i3 outside D;.

Remark 3.2. The condition (Hf) is stronger than (H). In fact, it follows from [25, Theorem 4.5]
that ¢ is outwardly directed on £P if (I — V¢)(£P) C £P.

Let &1 = sup,cpor,)nE, P(#), Do = ¢~ ([0 — Lar +1]), and K = Dy NK. Assume
without loss of generality that Dy\K # @. Since ¢ has no nontrivial critical point on dg(+P;)
and 9gG;, by using the conditions (H;) we may take § > 0 small enough such that D] # @,
and

Kss N (BEP1 U aE(—Pl) U aEGl) =0 (3.3)

where K35 = {x € Dy : dist(x, K) < 36} and D = Do\ K;.

In what follows of this Subsection 3.1, we assume that all conditions of Theorem 3.1 hold.
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Lemma 3.3. There exists a locally Lipschitz mapping v : D — X such that ||o(x)|| < 2(1+ ||x|))
for any x € D§, (x*,v(x)) > {& for some v > 0 and all x* € d¢(x). Moreover, v : DYNE +— E is
locally Lipschitz, and

1

x————0v(x) € £P; foran inPﬂDJ, 3.4
1+HXH < ) 1 f Y 0 ( )

1
x————ov(x) €G forany x € DyN DY, 3.5
1+HXH ( ) 1 f Y 1 0 ( )
x—mv(x)ej:PlﬂGl forany x € £P N Dy N D}, (3.6)

Proof. Let S = D§\(PU(—P)UD;) and S = DjN (D1\(PU (—P))). First we claim that for
some 7y > 0,

I+ [|x[)m(x) =,  Vx€S, (3.7)

1+ [|x)mp(x) =y, Vx € (DyNP)\Dy, (3.8)
(1+|x[)m-p(x) =,  Vxe (DyN(=P))\Dy, (3.9)
(1+ [[x)mp, (x) =y,  Vx€S, (3.10)
(1+ ||x|)mpap, (x) =9,  Vx € DyNPNDy, (3.11)
(1+ ||x]))m—prp, (x) =7, Vx € DyN (—P) N Dy. (3.12)

We only show that (3.11) holds. In a similar way we can show that (3.7)~(3.10) and
(3.12) hold. Arguing by contradiction, assume that (3.11) does not hold. Then there exists
an sequence {x,} C D$N Dy NP such that (1 + ||x,||)mpnp,(x) — 0 as n — co. Obviously,
{p(xp) :n=1,2,...} C [ao—1,a7+1]. It follows from (H,) that ¢ satisfies the condition
(CPS)p,np- Thus, up to a subsequence if necessary, x, — xg as n — oo for some xy €
Dg N D1 N P. Since mp,np : D1 NP — R is Isc., we have mp,np(xp) = 0. It follows from (H})
or (Hf) and Lemma 2.5 that m(xg) = 0, which is a contradiction. Thus, (3.11) holds.

Pick xo € S. It follows from Proposition 2.9 and (3.7) that there exist (u;(xp),xj) €
B(xp,1) x d¢(xg) such that for any y* € d¢(xo),

* * ’)/
<y ,M](X())> > <x01u1(x0)> m(xo) > 2(1 ¥ HxOH)
Since the map x +— d¢(x) is usc. from X into X, we may take an open neighborhood
B1(x0,71(x0)) of xp, such that

(v (x0)) > i vy € 3g(y), y € U (x), (3.13)

1+ lyll)’
where U (xg) = Bi(x0,71(x0)) N'S. Since S is an open subset of DJ, we may take r1(xp) > 0
small enough such that U (xp) C S.
Pick xg € (D§ N P)\D;. It follows from Proposition 2.9 and inequality (3.8) that there exist
(u2(x0),x3) € ((xo — P) N B(0,1)) x d¢(xo) ,such that for any x* € dg(xo),

* * - !
(" ua(x0)) 2 (3, u2(x0)) = me(x0) > F= .

Again by using the fact that x — d¢(x) is usc., we know that there exists an open neighbor-
hood B;(xg, 72(x0)) of xq such that for any y € Ux(xo), y* € ¢ (y),

* Y
(y*, u2(x0)) > TEES (3.14)
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where Uz (xp) = Ba(xo,72(x0)) N D§. Since xg € (Dj N P)\D; and D3\ (D; U (—P)) is an open
set of DJ, we may take r5(xo) > 0 small such that Ux(xo) N (D1 U (—P)) = @.

Similarly, by (3.9) and Proposition 2.9 we can show that for each xo € (DN (—P))\Ds,
there exist Us(xq) := Bs(x0,73(x0)) N DY, us(x0) € X with ||uz(xo)|| < 1, such that

XQ—ug(XQ) € —P, U3(XQ)ﬂ(D1UP) =0
and for any y € Uz(xo), y* € 9¢(y),

(y*, us(x0)) > I i (3.15)

T+ yl)

By (3.10) we can show that for each xo € S, there exist Uy(x) := Ba(xo,74(x0)) N D,
ug(xo) € X with |lug(xp)|| < 1, such that

XO—M4(X()) € Dy, lL;(X())ﬂ(PU(—P)) =Q
and for any y € Us(xp), y* € 9¢(y),

(y*, ua(x0)) > I i (3.16)

T+ llylh)

It follows from (H)) or (Hf) that d¢(0) = {0}. Then 0 is a critical point. Pick xp € DN
Dy N P. Then xo # 0. By using Proposition 2.9 and (3.11) we obtain that there exist Us(xg) :=
Bs(x0,75(x0)) N DY, us(xo) € X with |Jus(xo)| < 1, such that

XQ—M5(X0) e D1NP, U5(X0)ﬂ(—P) =0
and for any y € Us(xo), y* € dp(y),

(y*, us(x0)) > I i (3.17)

T+ lylh)

Similarly, by (3.12) we can show that for each xo € D{ N Dy N (—P), there exist Ug(xq) :=
Be(x0,76(x0)) N DY, ue(xo) € X with [Jug(x0)| < 1, such that

XQ—M(,(XQ) S Dlﬂ(—P), U(,(XO)QP:@
and for any y € Ug(xo), y* € dp(y),

(y*, ue(x0)) > I i (3.18)

1+ lylh)

By 3) in Proposition 2.1, we may assume that |[x*||. < L,; for some L,; > 0 and any
x € Uj(xy) withi = 1,2,...,6 and x* € d¢(x). Also, we assume that for i = 1,2,...,6,
B;(xa,7i(x)) has a small radius r;(xs) > 0 such that (1 + ||x]|)(1 + [|x4]|)~! < 2 for each
x € U;(xy), and

(1

0 < ri(xg) < mm{z, 621 1 ”’yxaH)La,i}.
Let

= {U(x) : x0 € S},

ot = {U(x0) : x0 € (D§N P)\D1},

oty = {Us(x0) : x0 € (DN (—=P))\D1},

oy = {Uy(xo) : x0 € S},

o = {Us(x0) : xo € DYNPN Dy},

s = {Us(x0) : x0 € DN (—P)N Dy},
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and & = Uj_1,, ¢ <. Then < is an open cover of D}.

By paracompactness we can find a locally finite refinement # = {V, : « € A} and a locally
Lipschitz partition of unit {7, : « € A} sub-ordinate to it, with supp v, C V,. For eacha € A
we can find x, € D§ such that V,, C Ui(a) (xa) for some i(a) € {1 2,...,6}, and Uy, (x4) € .

To this x, € DY corresponds the element wi® *) such that ||w0é || 1, and wi® = = Uj(y)(Xa)

if Vi C Ujy)(x4) for some i(a) € {1,2,...,6}. Since E is densely embedded in X, and so
Py, —Py, G1 are densely embedded in P, —P, D;, respectively. Thus, we may take %, w;(”‘) € E
with ||, || 1 such that

() )1 Y
— — < =, . 3.19
max " = 2l e~ %l mm{z 64<1+||xa||>La,i(,x>} 19

and
Py if x, € PN DY;
—P if x, € —PNDY;
@ e !g if x, € °S; (3.20)
GNP if x, € PND;NDY;
GiN(—P) ifx, € —PND;NDS.

Now, let v : Dg — X be defined by

o(x) = (14 [|x]) Y 7a(x) (@™ — %, + x). (3.21)

neN

Then, v : Dy — X is locally Lipschitz. Since E < X, 7, : DJNE — R is also locally
Lipschitz. Thus, v : Dg N E — E is locally Lipschitz.
By (3.19) and (3.21) , we have for any x € DS,

o) < 1+ 120 val) (12 + 1% = xall + 1% — x]1) < 201+ [Jx]).

aEN

Moreover, we have for any x € D‘g and x* € d¢(x),

(1 +[lxlD] 2 va(2){x™, x — %)

aEN
L+ [ _
< (T4« )| (| — xg|| 4 || x0 — %
< L T (O Pl 12l (b = xal + e =)
2ZL0¢Z Hx—xaH+|\xa—xaH)(1+HxaH)
aEN
N
<16

and

i (o 1 % _i(x (o
Y )@+ 2, @l — @) < ¥ 2 G @) 1 12l - @)
aEN ae/\1+ || “H

<2 ) ( 1+HXWH)La,i(a)||wllx( — Wl <

aeN

T
16
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So, by (3.13)~(3.18) we have for any x € D$ and x* € d¢(x),

Y qu(@) (14 x]) (o, @K™ = V- ya(x) (1 + x]) (o, @i — @l 4 wl™)
aEAN xEN
= Y () (1 + [|x]) (x*, w™)
xeEN
+ Y ra() (1 [|x]]) (7, @) — wl™)
A=PAN
21 v
4 16 ~ 8

Hence, we have for any x € Dg and x* € dop(x),

= Y 7)1+ [l ", )

aEAN
+ Y ve(0) (1 + 2] (x%, x — %) > L.
aEA 16

For a given x € DY, we assume that x € U (x4) for some U (xy) € «/. Recalling the
construction of &7, we have

(ot U s if x € (DS N P)\Dy;
o3 U o if x € (D3N (—P))\Dy;
Ujo)(Xa) € § AU s Uty ifx €S; (3.22)
oty if x € DN PN Dy;
o7 if x € D{N (—P) N Dy.
It follows from (3.21) and (3.22) that (3.4)~(3.6) hold. The proof is complete. O

Let I1,1> : X — R be defined by
dist (x, Ky)
dist (x, Ks) 4 dist (x, X\Kps)~
dist (X, Fl)
dist (x,T2) +dist (x,T7)’

v1(x) = {U(X), ¥ € Dy

0, otherwise,

ll (x) =
(3.23)
l(x) =

and V(x) = I3(x)l2(x)v1(x) for any x € X, where

1 1 1 1
t=o! ([ ge) Jue (cmmog]). =0 (s peary]).

Then 1, [ : X — R are locally Lipschitz, and so V : X — X is locally Lipschitz. Since E — X,
1,1 : E— R are also locally Lipschitz, and so V : E — E is locally Lipschitz.
Consider the following initial value problem

=~V (3.24)
u(0) =9 € X.
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By the theories for initial value problems of ordinary equations in Banach space, we
see that (3.24) has a unique solution o (t,vp) in X, with its right maximal existence inter-
val [0, T(vp)), and its right maximal existence interval [0, T;(vp)) in E. Obviously, we have
Ti(vo) < T(vp). Concerning the solution o (t,vg) of (3.24), we have the following Lemmas
3.4~3.6.

Lemma 3.4. For each vy € X, T(vg) = 400

Proof. The proof is standard. For the reader’s convenience we give detailed process. Arguing
by contradiction, let us assume that T(vy) < +o0. By (3.24) we have

lott,00) ~ woll < [ IV(ots,a)llds <2 [ (1+ lots, )l

So, we have
1 t
5ot v0) — ool </0(1+||f7(5,vo)||)d5

t
< [ llo(s,v0) = wollds + (1 + [[eul

By the well known Gronwall’s inequality, we have

1 f -
5ot v0) — ool < /0 (1+[looll)e™*ds + (1 + [|vo )t

< (T4 Jlvolh)(e" = 1) + (1 + [[vol )t
< (T4 Jlvol)(t+e" = 1)
< (1 [[vo]l)(T(vo) + e,
So, we have
lo(t,00)ll < 2(1 + [[ool)(T(20) + €™) + 2][og]| =: M.

Take {t,} C [0, T(vo)) such that t, — T~ (vp) and forn =1,2,...,
by —byq| < —— b
n n—1 2'271(1—|—M1).

Then we have

b
lo(tn, 00) = o (tn—1,0) | </ V(e (s,v0)llds

n—1

ty
<2/ (1+ [lo (s, v0) || ds
tp—1

1
< 2(1 + Ml)(tn - tn—l) < 27
This implies that {o(t,,vo)} is a Cauchy sequence in X. Thus, there exists i € X such that
o(tn,v9) — @ as t, — T~ (vp). Then we can show that o(t,v9) — @ ast — T (vp).

Now we consider the initial value problem
it = V(). (3.25)
u(0) = i.

Then (3.25) has a unique solution on [0, 5) for some § > 0, and so (3.24) has a unique
solution on [0, T(vy) + &), which is a contradiction. Thus, we have T(vg) = +oco. The proof is
complete. O
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Lemma 3.5. If 0(vp) := {o(t,v9) C X : t € [0,+00)} C I'p\Kys, then Ty (vg) = +oo.

Proof. Let the operator A : E — X be defined by

1
Ax =x— —V(x), Vx € E.
e
Then we have
Ax = Y 7a(x)(Fa — @lY),  Vx € T2\Ka. (3.26)
aEN

Let
u(t) = /Ot (1+||o(s,v0)||)ds for t € [0, 400).

Obviously, p : [0, +00) — [0, +00) is strictly increasing. And so, yil, the inverse function of y,
exists. Then we have

L(etMo(t,v9)) = e (1+ ||o(t,v0)||) Ac(t, vo),
a(0,v9) = vp.

By direct computation, we have
t
o(t,vp) = e #Hyg 4 e+ / ") (14 || (s, v0) ||) Ac(s, vo)ds. (3.27)
0

where the integral is in the sense of X topology. Now we show that Tj(vg) = +oco when
0(vg) C Tp\Kps. Arguing by contradiction, let us assume that Ty(vg) < +oo. Take T >
Ti(vp). It follows from (3.26) that {A(c(t,vg)) : t € [0, T]} is contained in a finite-dimensional
subspace of X. Then, there exists M;(T) > 0 such that for s € [0, T],

e (1 + (s, v0) ) Aer(s, vo) 1 < Mu(T).
Let {t,} C [0, Ti(vo)) such that t, — T; (vg) as n — co. Note (3.27) also holds in which the

integral is in the sense of E topology for any t € [0, T1(vp)). Assume without loss of generality
that {t,} is increasing. Then we have

lo(tn, 00) = 0 (-1, 00) [l < [e () —E*V(t”*l)l(l\vo\h
ty
+ e (14 lo(s,00) ) [ A0 (s, 00) 1ds)

tn
4o Hlti) / ") (1 + [|o (s, 00) || ) | Ac(s, wo) ||1s
th1
< Jem ) — et (Jog |l + TMy(T)) + My (T) (tn — ta—1)-

So, {o(ty,v9)} is a Cauchy sequence in E. Assume that that o(t,,v9) — @ in E as t —
T, (vp). Since V : E — E is locally Lipschitz. Then we can easily obtain a contradiction as in
the proof of T(vg) = +co. Thus, we have T;(vg) = +co. The proof is complete. O

Lemma 3.6. ¢(0(t,vp)) is non-increasing in t € [0, Ty (vp)).
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Proof. Let h(t,v9) = ¢(o(t,v9)) for all t € [0, T1(vo)). It is easy to see that h(t,vg) is locally
Lipschitz in t € [0, T1(vp)), hence differentiable almost everywhere. According to Lebourg’s
Mean Theorem we have

d d
. < * o 7 . *
ash(s, vo) < max{<w , asa(s, vo)> tw* e ago(a(s,vo))} a.e.
= — min{(w*,V(U(S, v9))) : w* € dp(o(s, vg))} a.e. (3.28)
< —L, ifo(s,00) € o7 ([wo — %, a1 + 1))\ Koy
0, otherwise.
Consequently, ¢(c(t,vp)) is non-increasing in t € [0, T1(vp)). The proof is complete. O

As in [22], we give the following Definition 3.7 and 3.8

Definition 3.7. A nonempty subset D of E is called an invariant set of descending flow of
(3.24) if o(vo) C D for all vy € D, where o(vg) = {c(t,v9) : t € [0, T1(vo)) }

Definition 3.8. Let M C E be a connected invariant set of the descending flow of (3.24), D be
an open subset of M and be an invariant set of descending flow of (3.24). Denote

Cm(D) = {vg : vg € D or vy € M\D and there exists t' € (0, T1(vg)) such that o(t',v9) € D}.
If D = Cym(D), then D is called a complete invariant set of descending flow of (3.24) in M.
Lemma 3.9. £P;, int(+P;), Gy and int Gy are all invariant sets of descending flow of (3.24).

Proof. 1) P;, —P; and G; are all invariant sets of descending flow of (3.24).
For u € dgGy, it follows from Lemma 3.3 that for A > 0 small enough,

v1(u)
T4 [|ul|

u+A=V(u)) = Ag(u) (u— ) +(1—Ag(u))u e Gy,
where g(u) = I3 (1)l (u) (1 + |lu])). It follows from the theorem due to Brezis-Martin (see [11])
that G; is an invariant sets of descending flow of (3.24).

In a similar way we can show that P;, —P; are also invariant sets of descending flow of
(3.24).

2) int Py, int(—P;) and intG; are all invariant sets of descending flow of (3.24)

Take vy € int G;. Note (3.27) also holds where the integral is in the sense of E topology for
t € [0, T1(vp)). Make a variable change T = e*(®) — 1 in (3.27). Then we have

—u(s)
s:y’l(ln(l—i—r)), ds = eyl(s)dr

and

g}’( )1
e H() / AU(]/lfl (In(1+1)), vo) dt (the integral is in the sense of E topology)
0

1 nl k(ett) —1)
— Vi (1 — »—H(b) -1 M =4
= nlgr.}o - (1—e ) ];:0 Ao (y <ln(1 + . ,00 | -
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For any x € G;, we have

X, if x € (E\¢ '(ap— 3,01+ 3)) UKs;
Ax = x— mv(x), if x € 9o — 3,1 + 1])\Kas; € G,
I(x) (x — mvl(xD + (1—1(x))x, otherwise.
(3.29)
where I(x) := I1(x)lp(x) € (0,1), that is A(G1) C Gj. Since Gj is an invariant set of
descending flow of (3.24), by (3.29) we have

I ) k(et® —1)
D= nlgrc}oEk;OAa (;4 <ln(1 + — | € Gy.

It follows from (3.27) that

o(t,v9) = e "Pyg 4 (1 — e #W)g, (3.30)

Since vy € int G, and e #(*) € (0,1), it follows from Lemma 2.8 and (3.30) that ¢(t,v9) € int G,
for t € [0, T1(vp)). Thus, int G is an invariant set of descending flow of (3.24).

Similarly, we can show that int(£P;) are invariant sets for the descending flow of (3.24).
The proof is complete. O

Lemma 3.10. For each vy € ¢~ ((—o0,a; + 1]) N E with infyco(0,) P(1) = ao — 1, there exists
T(vg) = 0 such that o(t(vy),v9) € Kps.

Proof. Assume that o(vy) N Kys = @. It follows from (3.28) that

¢(vo) — @(o(t,v0)) = — /Ot ;Sh(s,vo)ds > %t for t € [0, T1(vo))-

It follows from Lemma 3.5 that the maximal existence interval of o (t,vg) in E is [0, +0). So,

we may take ty) = 1691 (a; — ag +2), and have

Y 1 v
o < — Lt < -
¢(o(to,v0)) < @(vo) 16t0 <ar+ 1 16t0 <wg—1,

which contradicts to inf,co () @(u) > ao — 1. The proof is complete. O
Similar to the proof of Lemma 3.1 in [22] we have the following Lemma 3.11.

Lemma 3.11. Let G C E be a connected and invariant set of (3.24), and D be an open invariant subset
of G. Then the following assertions hold:

1) Cg(D) is an open subset of G;
2) 96Cq(D) is an invariant set of descending flow of (3.24);

3) infueaccc(D) gﬂ(u) = infueBGD (P(u)

Proof of Theorem 3.1. 1t follows from Lemma 3.9 that int(+P;) and int G; are all invariant sets
of descending flow of (3.24). So, int(P; N G1) and int(—P; N G;) are invariant sets of descend-
ing flow of (3.24). It follows from Lemma 3.11 that Cg(intG;) is an open invariant set of
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descending flow of (3.24). It follows from (3.2) that Cr(intG;) # E, and so 0gCg(intGy) # @.
By Lemma 3.11 we have

. . . 1

ueagé?(fintcl) qo(u) > uelg};fGl q)(u) > uleanl go(u) N 'BO > &0~ Zl (3.31)
Since Cg(int Gy) is open in E, Cg(int G1) N E; C B(0, Rp) is an open and bounded subset of E;
containing 0. It follows from Lemma 2.14 that there exists a connected component I of the
boundary of Cg(int Gy) N Ej, such that each one side ray ! emitting from the origin satisfies
INT" # @. Let T be the connected component of dgCr(int G1) containing I'. It follows from
Lemma 3.11 that I is an invariant set of descending flow of (3.24).

It follows from (3.1) that Sg, N E; NintP; # @. Thus, I'N intP; is an invariant set of
descending flow of (3.24). Take v; € Sg, N E; Nint P; and let I be the ray emitting from the
origin and passing through v7. Then, we have n (TNP) #@,andsoT NP Ng! ((—oo, aq +
1) # @. Take vg € TN P N @' ((—co0,a1 + 1]). It follows from (3.31) that inf, () @(u) >
ag — 1, thatis o(vg) C ¢ ([ao — 3, a1 + 1]).

Now we have the following two cases:

1) If vy € Ky, it follows from (3.3) that there must exists a u1 with

B ePNg! <[060 - i,MD N (K\{0})

and i € E\(D1)s.
2)Ifvg € (TNPNg Y([ag— % a1 + 1]))\Kas, by Lemma 3.10 we see that o(t(vg), v0) €
Kys N Py for some T(vg) > 0, also by (3.3) we see that there must exists a i7; with

menng™ ([n-pa+g]) nio,

and 7i; € E\(D1)s. Hence, ¢ has at least one positive critical point ii; outside D;.

Similarly, we can show that ¢ has at least one negative critical point i, outside D;.

Now we show that ¢ has at least one sign-changing critical point iz3. Obviously, I' Nint Py
and I' Nint(—P;) are two open invariant sets of descending flow of (3.24) in I'. It follows from
Lemma 3.11 that Cr(I'Nint P;) and Cr(I' Nint(—P;)) are two open invariant sets of descending
flow of (3.24) in I'. By the connectedness of I', we see that

Oy :=T\(Cr(TNintP;) UCr(I Nint(—Py)) # .

Let
O, :=TI"\(Cr(I'Nint P;) U Cr(T Nint(—Dy)).

Obviously, O, C O;. Also by the connectedness of I, we have O, # @. Take vy € O,. It
follows from (3.31) that inf, ¢, () (1) = ao — 1- Then we can show that ¢ has a sign-changing
critical point i13. Indeed, if vy € Kag, by (3.31) there must exist a i3 € SN ¢~ ([wg — %L,le +
1) NK, where S is defined as in Lemma 3.3. If vy € ¢~ !([ag — 3,21 + 1])\Kag, it follows from
Lemma 3.10 that o(7(vo), vo) € Ky for some 7(vg) > 0. By (3.3), we see that there must exists
a 1i3 with

m e (E\PU PN foo= ot 4] ) niKVo)

and u3 € E\(D;);. Hence, ¢ has at least one sign-changing critical point i3 outside D;. The
proof is complete. O
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Remark 3.12. According to Remark 2.13, if (Hf) holds, then (H;) can be substituted with the
condition that ¢ satisfies the condition (PS). So, we have the following Corollary 3.13.

Corollary 3.13. it Suppose that (Hy), (H3) and (Hg) hold. Moreover, ¢ satisfies the condition (PS)
and has no nontrivial critical point on dg(£P;) and dgGy. Then the conclusion in Theorem 3.1 holds.

3.2 Critical points inside the ordered interval

Next in this section we will give the existence results for critical points inside the ordered
interval Dy. Assume that ug, vg, 11,01 € E such that ug < vp < 0 < 1y < v1. Set Dy = [ug, vg],
D3 = [u1,v1) and G; = D;NE fori = 2,3.

Theorem 3.14. Suppose that (Hy) holds, ¢ has no nontrivial critical point on 0gG; for i = 1,2,3, and
¢ satisfies (CPS)p for any ordered interval D in X. Moreover, either

(HY) ¢ is outwardly directed on D; fori =1,2,3; or
(HY) (I-V¢)(D;) C Djfori=1,2,3.

Then ¢ has at least one positive critical point 14, one negative critical point iis and one critical point g
inside Dy. Moreover, fig is nontrivial if there exists a curve | in Ey such that |N Dy # @, 1N D3 # @
and max,¢; ¢(u) < ¢(0).

Corollary 3.15. Suppose that (Hy) holds, ¢ has no nontrivial critical point on 0gG; for i = 1,2,3, ¢
satisfies (PS) and (I — V¢)(D;) C D; fori =1,2,3. Then the conclusion in Theorem 3.14 holds.

Set

K, ={x e Dy:q(x)=r,mx)
Di(r,e,6) ={x € D1:r—e< ¢(x) <r+ex € (K)§} foranyr € R,6 >0,e > 0.

=0} foranyr e R,
Kr)fg = Dl\(Km forany r € R, > 0,

Lemma 3.16. Assume that all conditions in Theorem 3.14 hold. Let r € R,0 > 0 be given. Then
there exist € > 0, v > 0 and a locally Lipschitz mapping © : D1(r,€,0) — Dy such that ||o(x)|| <
2(1+ ||x||) for any x € Dq(r,&06), (x*,0(x)) > £ for any x € D;(r,§0) and x* € d¢(x).
Moreover, 0 : D1(r,&,6) N E w E is locally Lipschitz, and fori = 1,2,3,

1

- € G; € D;ND1(r,§06). 3.32
x 1+|’x||v(x) i forany x ; 1(r,&,0) (3.32)

Proof. The proof is similar to Lemma 3.3. Now we only sketch it. First we can show that for
i=1,2,3 and some £,y > 0,

(14 [|x[[)mp,(x) =,  Vx € Dy(r,6) N D;. (3.33)

Then, by using (3.33), as the proof in Lemma 3.3, we can find a u;(x) € X fori = 1,2,3,
an open neighborhood U;(x) for x € Di(r,6)\(D2 U D3), an open neighborhood U, (x)
for x € D, N Dy(r,§,6), and an open neighborhood ﬁ3(x) for x € D3 N Dy(r,£,06) such that,
|l (x)]| <1,x—1u;(x) € D;,

Cll(x)ﬂ(D2UD3) :@, UQ(X)QDg, :@, u;:,(x)ﬂDz :®,
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and

' ihxo)) > 3¢ . vy €d9(y), y € Ui(x), (3.34)

1+l

where U;(x) = B(x,r;(x)) N Dy(r,6) fori = 1,2,3.

Let @ = {lll(x) X € Dl(r,§,5)\(D2UD3)}, o, = {Ui(x) :x € DN D](T,é,é)} fori=2,3
and &/ = @/ U ah U . The collection &7 is an open cover of the set D;(r,&,6). So, by the
paracompactness we can find a locally finite refinement {V,, : « € A} and a locally Lipschitz
partition of unit {7y, : « € A} sub-ordinate to it with supp v, C V, for each « € A. For each
a € A, we can find x, € D1(r,§6) such that V, C Uy, (xy) for some i(a) € {1,2,3}, and
ljlz-(a)(x,x) € . To this x, € Dy(r, ) corresponds the element w'® such that Hw,i(“)H <1,
and w®) = i) (%) if Vo C Uj(y)(x4) for some i(a) € {1,2,3}. Since E is densely embedded
in X, and so Gy, Gy, Gz are densely embedded in D1, Dy, D3, respectively. Thus, we may take
%y, @ € E with wax(“)H < 1 such that

iw)  _iw) . 1 Y
max { ||wy W ||, 1xe — Xal|} < mm{z, 64T+ [xa D Lase) } . (3.35)

and
T — @™ € G if xa € DiNDy(r,50) fori=1,2,3. (3.36)
Now, let v : Dy(r,£,6) — X be defined by
5(x) = (14 x) ¥ va(x)(@h — %0+ x). (3.37)

wneN

Then, by (3.34), (3.35) and (3.37) we have ||7(x)|| < 2(1+ [|x]|), and (x*,7(x)) > £ for any
x € Dy(r,& ) and x* € d¢(x).

For a given x € Di(r, £ J), we assume that x € Uj(,)(xy) for some Uj,)(xa) € /. Recalling
the construction of 7, we have

HUbUas ifxe Dl(T,g,(S)\(DzLJDg);

Ui(a) (%) € § 95 if x € Do N Dy(r,8,6); (3.38)
o5 ifx€D3ﬂD1(r,€,5).
It follows from (3.36), (3.37), (3.38) that (3.32) holds. The proof of is complete. O

Since ¢ has no nontrivial critical point on ogG; for i = 1,2, 3, by using the conditions (H;)
we may take § > 0 small enough such that

(Kr)35 N (96,G2 U g, G3) = D. (3.39)
Let O = G1\(G2UGs) and K? = K, N O.

Lemma 3.17. Assume that all the conditions in Theorem 3.14 hold. Let r € IR,6 > 0 be such
that (3.39) holds. Then there exists & > O such that for any 0 < e < &y and any compact set
B C ¢"t N Gy, there exists n € C([0,1] x Gy, Gy) such that

1) y(t,x) =xfort =0;0r x ¢ G N Dy(r,&),0);

2) 17(1, B\(Kg)gg) C (O N QDrfs) U intGl Gy U i].’l’[G1 Gs;



Critical points of locally Lipschitz functionals 19

t,-) is a homeomorphism of Gy for t € [0,1];

(
4) ¢(n(-,x)) is non-increasing for any x € Gy;

5) 1(1,G) C Ga, (1, G3) C Gs;

6) n(1,intg, Go) C intg, Gy, 71(1,intg, G3) C intg, Gs.

Proof. 1t follows from Lemma 3.16 that there exists v : D1 (r,§,6) — X such that such that
[9(x)[] <2(1+|[x||) for any x € D1(r,&,6), (x*,0(x)) > 15 L for some y > 0 and all x* € d¢(x),
and (3.32) holds. Since K, is compact in X, we may choose Ry > 0 such that ||x|| < Ry for all
x € (K;)3s. Take

0
0<g< mm{ 'R+ Ro)} (3.40)

Take 0 < € < 3&. Let [; : D; — R for i = 1,2 be defined by

) = d(x, D1\g/*5) ,
d(x, D\@["2) +d(x, Dy N @[ %)
and =
h(x) = d(x, D1 N (Ky)s)

d(x,D1N (K,)5) +d(x, D1\(K,)2s)
Then [; : Dy — R for i = 1,2 is locally Lipschitz continuous in X. It is easy to see that
li : Gi = R for i = 1,2 is locally Lipschitz continuous in E. Let V(x) = I;(x)l2(x)71(x) for all
x € Dy, where
0(x), Dy(r,8,9);
5 (x) = {v(x) x € Di(r,&,96)

0, otherwise.

Then V : D1 — X is locally Lipschitz, V : G; — E is also locally Lipschitz.
Consider the initial value problem in X

{df = —Vie(tu), (3.41)
c(0) =u € Gy.

Obviously, (3.41) has a unique solution ¢ (t,u) in X, with its right maximal existence in-
terval [0, T(u)), where 0 < T(u) < +oo. Since V : G; — E is also locally Lipschitz, (3.41)
has a unique solution o (t,u) in E, with its right maximal existence interval [0, Ty (1)), where
0<Ti(u) <T(u) = +oo.

In a similar way as in the proof of Lemmas 3.4, 3.6, 3.9,we can show the following conclu-
sions hold: 1) T(u) = +o0; 2). G1, G, G3, intg, G2 and intg, G3 are invariant sets for the flow
of (3.41). Moreover, the following inequality hold: for any [t1, t2] C [0, T1 (1)),

¢(o(t,u)) —@(o(ty,u)) = — /ttz dﬁ"wd(sslb‘))ds

1
s T
16

(3.42)
(ta —t1) if o(s,u) € Gy N D1(r,2¢,28) for s € [ty, f].

Let B C ¢"¢ N Gy be a compact set, ug € B\(K?)3s and o(ug) = {o(t,up) : t € [0, T1(uo))}-
Then we have the following cases:
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1) o(up) Nintg, G # @. Assume that uy := o (f(ug),ug) € intg, Gy for some t(ug) €
[0, T1(ug)). Take a neighborhood U(u;) of u1 in G; such that U(u;) C intg, G;. By the
continuous dependence of ordinary differential equations on initial data, there exists an open
neighborhood U(up) of ug, such that o (t(ug),u) € U(uy) C intg, G for any u € U(up). Since
intg, Gy is an invariant set, o'(t,u) € intg, G for all u € U(ug) and t > t(uyo).

2) o(up) Nintg, Gz # @. A similar argument as above yields that, there is a neighborhood
U(up) of ug and t(up) > 0, such that o(t,u) € intg, G for any u € U(up) and t > (up).

3) o(up) N (intG1 Gy Uintg, G3) = . In this case we have the following two subcases:

3a) o(up) N (K%)ps = @. First we show that o(up) N {x € X : p(x) < r—e} # @. Assume
indirectly that this is not the case, then o(up) N {x € X : ¢(x) < r — ¢} = @. Assume without
loss of generality that o(ug) C ¢~ !([r —&,7 +¢]). Let Ax = x — V(x) for all x € D;. Note
that

1+|| x|

Ax =) yal(x — @,), Vx e DiNo Y([r—er+e)\ (K)o
LISN
So, in a similar way as in the proof of Lemma 3.5 we can easily show that T (1) = +o0. Then,

we can take ) = % By (3.42) we have

vr(o(ty,up)) < @(up) — 1ry6t1 < @(ug) — %tl <r—e (3.43)

which is a contradiction. Thus, o(up) N {x € X : ¢(x) < r —e} # @. Assume that u; :=
o(t(uo),up) € {x € X : p(x) < r— ¢} for some t(u9) > 0. Take a neighborhood U(u1) of uq
such that U(u1) C {x € X : ¢(x) < r —¢}. Then, there exists an open neighborhood U () of
up, such that o(t(up),u) € U(uy) C {x € X : ¢(x) < r—¢} for any u € U(up). Since o(t, u)
is non-increasing in t € [0, +c0), we have o(t,u) C {x € X : ¢(x) < r—e} for any u € U(uo)
and t > t(up).

3b) 0(ug) N (K¥)2s5 # @. In this case, we may take [t1,f,] C [0, +00) such that o(t;,ug) €
(K )35, 0(t2, 1) € (K, )25, and o (t, ug) € (K9)35\(K?),; for t € [t1,t2]. By (3.41) we have

15}
|o(t2, u0) — o(t1, uo)|l </t [V (o(s,uo)||ds
1

t

gz/tz (1+ ||o (s, uo) || ds
1

< 2(1+4 Ro)(t2 — t1).

So, we have
| (t2, u0) — o (t1, uo) | 4
2(1+ Ro) T 2(1+Ro)’

Now we show that there must exist t(uy) € [t1, t2] such that o(t(up),ug) € {x € X : ¢(x) <
r—¢e}. Assume indirectly that this is not the case, then

{o(t,ug) :te[f,b]}N{xeX:p(x)<r—e} =0.
Then, by (3.42) and (3.44) we have

p(0(t2,w0)) < 9(o(t,40)) — 7e(t2 = 1)

< gluo) = 1 (2 — )

B
32(1+ Ry)

<r+e—§E<r—g

th—t = (3.44)

<r+e—
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which is a contradiction. Thus, there must exist f(ug) € [t,t2] such that o(f(up),uo) € {x €
X : ¢(x) < r—¢}. Then, as the arguments in the case 3a), we can show that there exists a open
neighborhood of U(up) of ug such that o(t,u) C {x € X : ¢(x) < r—¢} for any u € U(uy)
and t > t(up).

Let Z = {U(up) : up € B\(K?)3;}. Then £ is an open cover of B\(K?)3;. Since B\ (K?)ss
is a compact set, then there exist finite sets of %, say U(u1),U(uz),...,U(uy), such that
B\(K%)3s C U™, U(u;). Let T = max{t(uy),t(us),...,t(uy)} and 5(Tt,u) for all t € [0,1] and
u € B\(K?)35. Then we can easily check that all conclusions hold. The proof is complete. [

Proof of Theorem 3.14. Let

r=inf sup  ¢@(u),
yeT uey([0,1])NO

where
I'= {’)’ S C([O, 1],G1) : ’)/(0) S intG] Gz,’y(l) € intGl G3}

Now we show that K, N O # @. Arguing by contradiction that O N K, = @. Take § > 0 small
enough such that (3.39) holds. By using Lemma 3.17, there exists &y > 0 such that for any
0 < & < &) and any compact set B C ¢""¢ N G, there exists 7 € C([0,1] x Gy, Gy) such that
the conclusions 1)~6) in Lemma 3.17 hold.

Take v € I such that sup,,., 01))n0 ¢(u) <r+e Lety; =n(1,v()). Since

17(1, intg, Gz) C intg, Gy, 17(1, intg, Gg) C intg, Gs,

’Y(O) € intcl Gy, ’}’(1) € intG1 Gs,

then we have 1 (0) € intg, G and 71(1) € intg, Gs. So, 71 € I.
On the other hand, we have by 2) in Lemma 3.17,

r< sup @(u) < sup p(u) < sup @(u) <r—g
ue'yl([O,l])ﬁO MG((Pr_EUiDtcl GzUintGl G3)ﬁo uee¢

which is a contradiction. So, K, N O # @.
If there exists a curve [ in Ej such that IN Dy # @, I N D3 # @ and max,¢; ¢(u) < ¢(0),
then we have r < ¢(0). So, K, N (O\{0}) # @. The proof is complete. O

Remark 3.18. Here in Theorem 3.14 we have proved a three critical points theorem in ordered
interval, which can be thought as a mountain pass theorem in ordered interval. It should be
pointed out that Theorem 3.14 can also be obtained by the method showing Theorem 3.1.

3.3 Critical points inside and outside the ordered interval

By Theorem 3.1 and 3.14 we can get the following Theorem 3.19.

Theorem 3.19. Suppose that (H1)~(Hs) hold, ¢ has no nontrivial critical point on og(£P;) and
de(D;NE) fori =1,2,3. Moreover, either

(Hy) ¢ is outwardly directed on =P, D; for i =1,2,3 and =P N Dy; or

(Hs) (I—V¢)(£P) C £Pand (I —V¢)(D;) C D; fori =1,2,3.
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Then ¢ has at least one positive critical point i1, one negative critical point i1 and one sign-changing
critical point i3 outside D1; 2) ¢ has at least one positive critical point ily, one negative critical point
ils and one critical point il inside Dy; moreover, ilg is nontrivial if there exists a curve | in Eq such
that [N Dy # @, 1N D3 # @ and max,¢; ¢(u) < ¢(0).

Remark 3.20. Obviously, by the method above we can study the existence of multiple critical
points inside and outside the ordered interval which not contain the origin. Moreover, we can
give results for at least one or two critical points exist outside the ordered interval, and we
can also use the concept of parallel pair of upper and lower solutions to establish the results
for multiple critical points. For the sake of brevity, we will only list two of such kind results
and not give their proofs.

Theorem 3.21. Let uy < vy, D1 = [ug,v1] and Gy = D1 N E. Suppose that (Hy) and (Hs) hold, ¢
satisfies the condition (PS) and has no critical points on dgGy, (I — V@)(D1) C Dy. Then ¢ has at
least one critical point outside D1, and at least one critical point inside D;.

Theorem 3.22. Let uy < u; < vy, D1 = [ug,v1], D2 = [u1,v1], Gt = D1NE, G, = Dy NE and
O1 = {x € X :x > uy}. Suppose that (Hy) and (Hz) hold, ¢ satisfies the condition (PS) and has
no critical points on 0gGy Udp(O1 NE) UGy, (I —Ve)(D1) C Dy, (I —Ve)(D2) C Dy, and
(I —V¢)(0O1) C Oy. Then ¢ has at least two critical points iy, iy outside Dy and at least one critical
point i3 inside Dy such that iy > uy, iy % uy, and uq < iz <K v1.

Remark 3.23. Obviously, we can also study the existence of fixed points for set value operators
using the methods described above. Moreover, our main results also be applicable for ¢ being
of C! class, and some of our main results are new even for the case of ¢ being of C! class.

4 Application to the differential inclusion problem with a convex-
concave nonlinearity

As the application of Theorem 3.19, in this section we will show multiple solutions of a differ-
ential inclusion problem with a convex-concave nonlinearity. The main result of this section
extend some relevant results concerning the differential equation boundary value problems
with a concave-convex nonlinearity that was first studied by A. Ambrosetti, H. Brezis and

G. Cerami [2].
- :
" P
full = ([ 1outvax)", = ( [, ultax)
Q Q

Let
be the standard norms of W&’p (Q), respectively L¥(Q) for 1 < k < p*. Let X = Wé’p(ﬂ) and
E=ClQ).

Consider the following Dirichlet problem for differential inclusion problem

{—div(HDu(pr_zDu(x)) — AMu(x)|72u(x) € 9j(x,u) inQ, 1)

u=20 on 0(),
where Q) is a bounded open domain in RN with a smooth boundary, 1 < g < p < +oo, the

reaction term 9j(x, s) is the generalized gradient of a non-smooth potential s — j(x, s), which
is subject to the following conditions.
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(Hj) j: QxR +— Ris a Carathéodory function and there exist constants a; > 0,9 <p <r <
p* such that

(i) j(x,-) is locally Lipschitz for almost every x € ), j(x,z) > 0 for all z € R and
9j(x,0) = {0} a.e. on O);

(i) [¢] <a1(1+|s|""!) ae.inQand forall s € R, & € 9j(x,s);
(iii) there exist constants y > p and M > 0 such that

in(f)j(x,M) >0 and pj(x,z) < —j°(x,z;—z) ae.onQallz> M;
xXe
(iv) there exist M, > 0, M_ < 0 such that

. 1 My A — M_ :
maxdj(x, M} e) < - and mindj(x, M" "e) > —— ae.in Q,

where e € Wé’p(ﬂ) such that —Aye = 1.
(v) both mindj(x,z) + m|z|P~2z and max dj(x, z) + m|z|P~2z are nondecreasing in z € R

for a.e. x € ) and some m > 0.

Remark 4.1. (H;) (iii) was firstly put forward by [27]. Tt is a super-linear condition; see (4.14)
below. So, (4.1) has a concave-convex nonlinearity. The condition (H;) (iv) assures the existence
of a pair of strict upper and lower solution of (4.1).

For A > 0, we introduce the energy functional ¢, : X — R by
_1
p

LetP={uec X:u(x) >0ae x € Q}and P, = PNE. Given A > 0, we say that u € X is a
(weak) solution of (4.1,) if A,u € L"(Q), where % + % =1,and

pafu) = [l = Jjulf = [ e ux)a,

—Apu(x) € Au(x)|72u(x) + 9j(x,u(x)) for almost every x € Q.
Let Ky = {x € X:0€dg,(x)} for A > 0.

Theorem 4.2. Assume (H;) holds. Then there exists A* > 0, such that for A € (0,A*), (4.1) has
at least two positive solutions i1,y € int Py, two negative solutions i3,y € int(—Py), one sign-
changing solution iis € C}(Q) and one nontrivial solution iie € C}(QY).

Example 4.3. Assume 9j(x,u) := g(u) satisfies:
(@) §: R — R is continuous;
(b) |g(u)| <a;(1+ |ul""!) forsomea; >0and g < p <r < p*;

(c) there exists y > p and M > 0 such that 0 < uG(u) < ug(u) for all u > M, where
G(u) = [y 8(s)ds;

(d) Timy 0 (£ = 0;

e) there exists my > 0 such that ¢(u) + mg|u|P~2u is nondecreasing in u.
8 g
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Note e € L®(Q)) if e € W&’p(ﬂ) and —Ape = 1. By the condition (d) we can see the
condition (H;) (iv) holds. Thus, all of the conditions in (H;) hold if all conditions (a)~(e) hold.
According to Theorem 4.2, we see that, for small enough A > 0, the following boundary value
problem

—div(||Du(x)||P~2Du(x)) — Au(x)|72u(x) = g(u) inQ,
u=>0 on dQ),

has at least two positive solutions iy, il; € int Pj, two negative solutions i3, i1y € int(—P),
one sign-changing solution 75 € C}(Q) and one nontrivial solution iis € C}(Q)).

We should point out that in this case il may be taken as a sign-changing solution. The
result of this kind has been obtained in [20]. Hence, Theorem 4.2 can be thought as an
extension of some main results in [20].

) L™, ifs <1,
js) =197% 0 by
mlsl?+ (G —5), ifs>1,

2

Example 4.4. Let

where p < r; <1, < p*,0<a <b.Let Q = [a,b], then we have

als|"2s, ifs<1,
8](5): Q, ifs=1,
bls|>2%s, ifs> 1.

It is easy to check that (H;) holds for the above j.

To show Theorem 4.2 we will apply Theorem 3.19. To this end, we need to check that all
conditions in Theorem 3.19 hold. By now, many of these proofs are standard and well known.
Nevertheless, for the convenience of the reader, we will give detailed proofs of some lemmas.
Some of our proofs refer to [17,27]. In what follows we will assume that m = 0. It is not
difficult to show the result holds in the case of m > 0.

Let A : Wg’p(Q) — W' (Q) be defined by
(A(u),v) = /Q HDu(z)Hp’z(Du(z),Dv(z))RNdz for u,v € Wg’p(Q).

The following Lemma 4.5 can be found in [17, p. 435].

Lemma 4.5. The mapping A : W' s W1 (Q) is continuous and has the (S), property, ie., if
{u,} is a sequence in WYP(Q)) such that u, — u in WP (Q) and

lim sup (A(up), uy, —u) <0,

n—o0
then u, — u in WP(Q).

Recall some facts about the spectrum of the p-Laplacian with Dirichlet boundary condition.
Consider the nonlinear eigenvalue problem

{—div(HDu(x)Hp_zDu(x)) = Mu(x)[P~?u(x)  inQ, (4.2)

u=20 on 0Q).
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Let A; be the principal eigenvalue of (—A,, W;’p (Q)). Then A; is positive, isolated and
simple. There is the following variational characterization of A; using Rayleigh quotient:

Dul|,
A= inf{ | \u]yp Tu € W&’p(Q),u # 0} .
P

This minimum is actually realized at normalized eigenfunction u#;. The Ljusternik-
Schnirelmann theory gives, in addition to A, a whole strictly increasing sequence of posi-
tive numbers Aq < Ay < A3 < -+ < A < -+ for which there exist nontrivial solutions for
problem (4.2). In what follows we let ii; € WO1 7(Q) be a nontrivial solutions for problem (4.2)
corresponding to Ay, and E; = span{uy, i }.

Lemma 4.6. If u € K, then u € C(l)((_)) and u solves (4.1). Moreover, if u € =P N K, and u # 0,
then u € int(£P;) N K.

Proof. The proof is similar to Proposition 3.1 and 3.2 in [17]. Obviously, u +— %HuH"’ is a

C!-functional whose derivative is the operator A. Aubin-Clarke’s Theorem ensures that the
functional

(x, u)d
ur—>/Q](xu)x

is Lipschitz continuous on any bounded subset of L"(Q2) and its gradient is included in the
set

N(u) = {w € L"(Q) : w(x) € dj(x,u(x)) for almost every x € O}.

Since X continuously embedded in L"(Q)), the function ¢, turns out to be locally Lipschitz
on X. So, we have

0px(u) C A(u) — MulT?u — N(u). (4.3)
Now, if u € X complies with 0 € d¢@, (1) then
Aw) = A|u|"?u+w in X*

for some w € N(u). Hence, Ayu € L"(Q)) and u solves (4.1). By the condition (H;) (i) and
(4.3) we get the estimate

—ulpu < ay(Jul + |ul") ae. in Q.

Hence, by [12, Theorem 1.5.5], we have u € L*(Q)). From (H;) (ii) it follows A,u € L*(Q).
So, by [12, Theorem 1.5.6], we have u € C}(Q).
Let u € PN K, and u # 0. By (H;) (v), we can find a constant ¢y > 0

Apu = At —w < couP !

for some w € 0j(x, u). The Vazquez maximum principle yields u € int P;.
Similarly, if u € —PN K, and u # 0, then u € int(—P;) N K,. The proof is complete. O

Lemma 4.7. If {x,} C W&’p(ﬂ) is bounded, and either (1 + ||x,|)m(x,) — 0, or
(I + ||xnll)map(xn) — 0, or (1 + |[xx||)mp(xn) — 0 as n — o0, where D is an ordered inter-
val in X, then {x,} has a convergent subsequence.
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Proof. We only consider the case of (1+ ||x,|)m(x,) — 0 as n — +oco. In a similar way we can
prove other cases.
Since {x,} is bounded, by passing to a subsequence if necessary, we may assume

Xy — x in Wé’p(Q), X, —x inL¥Q) for1<k<p*, xu(z) = x(z) ae on Q

and |x,(z)| < g(z) ae.on Q, forall n > 1, with ¢ € L"(Q)). Take x}, € d¢,(x,) such that
m(x,) = ||x}||« for n > 1. Then we have

Xy = A(xy) — /\’xnwizxn — Uy (4.4)

with u, € L (Q), where 1+ 1 =1, satisfying u,(x) € 99(x, x,(x)) a.e. on Q.
Now, we can deduce from (1 + ||x,||)m(x,) — 0 that |{x};, x, — x)| < 2||x, — x||. This reads

1
‘(A(xn),xn —x) —A/Q 2|20 (2 — x)dz — /Qun(xn —x)dz‘ < E||xn — x|
Then, we have

/\/ 0|7 %2, (x, — x)dz — 0 and / Up(x, —x)dz — 0 asn — oo,
0 0

and so,
r}i_r}g(A(xn),xn —x)=0.
It follows from Lemma 4.5 that x,, — x in Wg 7(Q)). The proof is complete. O

Lemma 4.8. For A > 0 small enough, the functional ¢, : X — R satisfies the conditions (CPS),
(CPS)yp and (CPS)p for any ordered interval D C X.

Proof. The proof is similar to claim 1 of Theorem 3.1 in [27]. We only prove that ¢, : X — R
satisfies the conditions (CPS)p and (CPS)p for any interval D C X.
Let ¢; > 0 is the best embedding constant of L (Q)) < L7(Q)). Assume that A > 0 be such

that B
(3) 2o
P Alﬁ q
Let A € (0, 7\) In what follows ¢y, . .., cg denote some positive constants. Let {x,} C P be such

that |@, (x,)| < M for some M; > 0, and (1 + ||x,||)mp(x,) — 0 as n — oo. By Proposition 2.9
that mp(x,) = (x},u(x,)) for some x: € 99, (x,) and u(x,) € (x, — P) N B(0,1). So, we have

(x3,xn —y) < (x5, u(xy)) forally € P,|x, —y| <1. (4.5)

Lety, = x, + ﬁxn for n > 1. Then, y, € P, ||x, — yx|| < 1. And so, by (4.5) we have

nll

R (S EA
(1 + ||xﬂ||)<xnl Xn yﬂ> - ZHXHH <xn/ xﬂ>

= _W <<A(xn)/xn> - A|xn’2 + /()jo(zfxn(z);_x”(z))dz>

< (T4 ||xn ) (x, u(xn)) =1 €, withe, 4 0.
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So we obtain

, 2]|xn |
—( (A , — Al |1 / %(z, ;= d > < ————ky.
<< (Xn) x”> |xn|q+ Q] (Z x”(z) Xn(Z)) z (1+||an)€”
which leads
—HDanf,—i—A]xn\Z—/ 7°(z,xn(2); —x4(2))dz < 2l en=2¢,¢ |0.
O (1 + [[xull)

27

(4.6)

Assume without loss of generality that ¢}, < 1 for all n. Since |, (x,)| < M; foralln > 1, we

have R
l .
SIDsllp = £ falf - /Q](Z,xn(z))dz < M.

By (4.6) and (4.7) we obtain that if ||x,| > 1,
E—1)Ipxmllh = A (£ =1) llf = [ (w2 x0(2) + 1z x(2); —3a(2)))
p q Q
< uMp + 8;1.
By (H;) (ii)(iii) we have for some 1 > 0 (see [27, 2531]),
[ (i %(@) + 1z 00(2); =30 (2))) dz > =i,
It follows from (4.8) and (4.9) that forn > 1,

-2

IDxullp < pMi + 1+ 1.

(4.7)

(4.8)

Then, we infer that {x,} C Wg’p (Q)) is bounded. So, by Lemma 4.7 we see that {x,} has a

convergent subsequence. Thus, ¢, satisfies the condition (CPS)p.

Now we show that ¢, satisfies the condition (CPS)p for any ordered interval D C X.
Let {x,} C D be such that |p(x,)| < My for some M, > 0 and (1 + ||x,|)mp(x,) — O
as n — oo. Obviously, we see that {|x,|,} is bounded. Take s > 1 such that r < s <

min { p*, %}. By (H;) (ii) we have for a.e. x € O, and z € R,

j(x,z) <ca+c3)zl°, 0,03 > 0.

Take

Then we have 0 < 8 < 1, and

+ -
§ K p

Thus, by using the interpolation inequality and the Sobolev embedding theorem, we obtain

|2 s < |xn|2,_9|xn|f,* < cqlxn||®  for some ¢4 > 0.
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Since |@a(x,)| < My, L¥(Q)) < LP(Q) and L°(Q) — L7(Q)), by using the well known Young's
inequality we have

1 1
;HDan? < 5!xnIZ + 2| + ea|x[3 + My

< 05+ s xa ] < o7 4 ]| Dxa |5
If N > p, then Ns < p(N + u), and so we have

s = Pz _ PN (s=p)N=p) - pN (s=@)(N=p)
pr—pu N—-—p pN—Np+py N-p Ns — Nu

If N<p, thens < p+pu. So,

Gs:< —%>s=s—y<p.

Thus, in both cases we have 6s < p. Consequently, {||x,|/} is bounded. So, by Lemma 4.6
we see that {x, } has a convergent subsequence. Thus, ¢, satisfies the condition (CPS)p. The
proof is complete. O

By the condition (Hj)(iv), we may take p, > 1and A, > 0 such that

1 M =p g 1
maxdj(x, M! "e) < — and A, (M. )1 |le Zol<—.
j( e) 20+ +(My )T le] 20+
Then we have for A € (0,A4),
1 1 1 1
p (=AM e)) > AIMS TeT (M) e) + max dj(x, M 'e) ae. in Q. (4.10)

Similarly, there exist p— > 1,A_ > 0 such that for A € (0,A_),
1 1 1 1
p—(—Ap(M"e)) < A|M! 'e|12(M! " e) + mindj(x, M’ 'e) a.e. in Q.
Let p = min{p,,p_} and A* = min{A_,A,,A}. For each A € (0,A*), let

/\L p—1

pP—q

50(7‘):<1~) :
(A1) 7 |1 [| oo

Then for each ¢ € (0,£0(A)), we have

p(—Ap(erTin)) = pehitl ! < A(sﬁftl)q_l (@11)
< A(eﬁﬁl)q_l + min aj(x,sﬁﬁl) a.e. in (),

and
1

p_l( — Ap(—ﬁ’*l 171)) = —8)\1|ﬁl|p_2ﬁ1
> —A|£ﬁﬂ1\q_2£ﬁﬁ1 + maxdj(x, —sﬁﬁl) a.e. in Q).
Since 11, e € Py, there exists €1(A) € (0,€9(A)) such that for each A € (0,A*) and € € (0,€1(A)),

1 1 1

1
M'Me < —er iy < 0 < ertig < M e

ug = M""e,vg = —er iy, uq = €P 111,V = M_’;‘le (4.12)
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Lemma 4.9.

1) There exists Ry > 0 such that for A € (0,A*),

sup @a(u) < ¢(0). (4.13)

MESRoﬂEl
2) Let I, = S¢ N Eq such that . NGy # @ and I N Gz # @. Then there exits &y > 0 such that
a(e) := maxye;, r (1) < 0 fore € (0,8).

Proof. 1) The proof is similar to claim 3 of Theorem 3.1 in [27]. For almost all x € () and
all z € R, the function s — Lj(x,sz) is locally Lipschitz on (0, +o0). Using the mean value
theorem for locally Lipschitz functions, for s > 1 we can find 6 € (1,s) such that

1. . . 1. .
57](x,sz) —j(x,z) € ( - ﬁ](x, 6z) + 6782](3(, 92)2) (s—1)

s—1 ) )
= W( — uj(x,0z) + 0,j(x, 02)6z).

By (Hj) (iii), for almost all x € Q) and all z > M, we have

1. . . )
57](3(’52) —j(x,z) = W( — uj(x,0z) — j°(x,0z; —6z)) > 0.

Then for almost all x € Q) and all z > M, we have

jlx,z) =] (x,%M) > (%)yj(x,M) > (%)y inf j(x, M).

xeQ)

Take p1 € (p, ). So, it is seen that for a given 17 > 0 we can find a constant ¢, > 0 such that

j(x,z) > sz —cy forae xcQ. (4.14)

Letie S :={ue W&’p(Q) . ||[Dul|, = 1}. It follows from (4.14) that for t € [0, +o0),

_ 1 _ _ .
pa(tm) = —|D(m) ) = ==Jal] — [ j(xta(x))dx
P o (4.15)
AT tPr '
& = =i+ alal
This implies that
tkrj\m @) (ti) = —o0.

Since E1 N Sy is compact, there exists Ryp > 0 such that (4.13) holds.
2) Foreach u € I, let 1 = ”Z—H € S;. Since j(x,z) > 0 fora.e. x € Q and z € R, as in the
proof of (4.15) we have

1 Ael
eil) = —||D(enn p——ﬁq—/'x,ax dx
pale) = D)y~ T jaly — [ ()
el Ael g
< ———li
; qllq

Thus, there exists &y > 0 such that a(e) < 0 for ¢ € (0,&p). The proof is complete. O
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Lemma 4.10. ¢, is outwardly directed on =P, D; and £P N D; for i = 1,2,3 and A € (0,A*).
Moreover, ¢, has no critical point at dg(£Py), and dg(D; NE) fori =1,2,3 and A € (0,A*), where
D; be defined by (4.12).

Proof. We only prove that ¢, is outwardly directed on [u1,71] and has no critical point on
de([u1,v1] NE) for A € (0,A*). In the same way we can show other cases.

Assume to the contrary that dg([u1,v1] NE) N Ky # @. Take u € 9g([u1,v1] NE) N K.
Then we have u = (—Ap) 1 (A|u]77%u + w) for some w € N(u). It follows from u;,v1 € E and
u; < u < v that u € L*(Q)). Then we have by (4.10) and (4.11),

—Apu = Alul"?u+w > Alul"%u + mindj(x, u)
> AMua |7 %uy +mindj(x, u1) = p(— Apur),

and

—Apu = Mul"?u+w < Alu|7 *u + max dj(x, u)
< AMog|7 201 + maxdj(x, 1) < p (= Apvr).

1
As a consequence of the weak comparison theorem [35] we obtain u > p7Tu; > u; and

v > pﬁu > u. This implies that u € int([u1,v1] N E), which is a contradiction. Hence, ¢,
has no critical point on dg([u1,v1] N E).
The following elementary inequality is well known:

al(p)(lyl+ [H)P2ly =k if1<p <2,

P=2y — |h|P2h,y — h) ,\ >
(’]/’ y — |h] y )]RN {Cz(lﬂ)\y—mp ifp>2

for all y,h € RN, where c;(p), c2(p) > 0 are constants.
For u* = Au— Alu|7?u—w € dpy(u), we let v = (—A,) 1 (AMu|17%u + w), where w €
L"(Q) and w € 9j(x, u). If u* # 0, then u # v, and so
(u*,u —v) = (Au — Mu|"?u — w,u — v)
= (Au+ Apv,u —v) = (Au,u —v) + (Apv,u —v)

:/Q|Vu!”_2Vu-V(u—v)+/Q(u—v)Apv
:/Q|Vu]p_2Vu-V(u—v)—/Q\Vv|”_2VU-V(u—U)
N a(p) Jo(IVul +|Vo)P2|V(u—0)* ifl<p<2,
“\eap) fo IV - o) if p > 2

> 0.

This implies that ¢, is outwardly directed on [u1,v1]. The proof is complete. O
Lemma 4.11. Forany a,b € Rwith a < b, Ky N ¢; ' ([a, b)) is compact in E.

Proof. We follow some ideas in Lemma 3.2 and 3.3 in [3]. For each u € K, N ¢;'([a,b]), it
follows from the proof of Lemma 4.6 that u = (—Ap) ! (A|u|7%u + w) for some w € N(u). By
a similar way as the proof of Lemma 4.8 we can prove that K, N ¢ ([a,b]) is bounded in X.
Let

BOA) == {Mul"2u+w:uecKyng,'([ab]),we Nu)}.
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If p > N then X — L*(Q). So, Ky N ¢; '([a,b)) is bounded in L*(Q) if p > N. It follows
the condition (H;) (ii) that the set B(A) is bounded in L*((}). According to [21], there exists
0 < a <1and c; > 0 such that

1

1(=8p) Ml cre < crfjul|&’ forall u € L®(Q). (4.16)

Hence, K) N ¢; ' ([a, b)) is bounded in C*(Q)), and is compact in E.
If1 < p <N, take p* > 7 > =N

T According to [14] we have

1 .
1(=Ap) |l < cofjul| )" forallu € L(Q).

So, for each u € Ky N, ([a,b]), u = (—A,) "1 (Alu]|7"2u + w) for some w € N(u), we have

1
ulleo = [1(=2p) = (Alu]T2u + ) [loo < call (Al 7720 +w) |7 (4.17)

It follows from the Sobolev embedding theorem and the condition (H;) (ii) that the set B(A)
is bounded in L"(Q). Thus, it follows from (4.17) that K, N ¢; '([a,b]) is bounded in L®(Q).
Then, by (4.16) , we see that Ky N ¢, *([a,b]) is compact in E. The proof is complete. O

Proof of Theorem 4.2. 1t follows from Lemmas 4.5~4.11 that all conditions in Theorem 3.19
hold. According to Theorem 3.19, (4.1) has at least two positive solutions iy, 71, two nega-
tive solutions ii3, 14, one sign-changing solution #i5 and one nontrivial solutions iis. The proof
is complete. O

Remark 4.12. There have been some papers studied the existence for sign-changing solutions
of differential inclusion problems; see [3,8,17,36] and the references therein. For example, by
combing variational methods with truncation techniques the paper [17] obtained the existence
of positive, negative and nodal solutions to differential inclusion problems with a parameter.
Here, our method is different to that in [8,17].

Remark 4.13. Here, we cannot be sure that the nontrivial solution il is a sign-changing solu-
tion. How to get the nontrivial solution to be a sign-changing solution under the condition of
g < p is a problem that needs to be further discussed.

5 Appendix: Another proof of Proposition 2.9

Proof. We follow some ideas to show von Neumann-Sion Saddle-point Theorem. Set D =
dg(xp). Let X and X, denote the spaces X* and X furnished their weak topology, respec-
tively. Then ((xo — C) NB(0,1)) is a sequentially compact set in the space X;,. Define h : D —
R by h(y*) = Supxe((xo—c)mé(o,l)) (y*,x) for y* € D. Then h : D — R is lower weakly semi-

continuous. Note that D is a compact set of X7,. Hence, & = minyep maX,¢ ((x,—c)nB(0,1)) (V" X)
exists.

For each § > 0 and x € ((xo —C) N B(0,1)), let gx(y*) = (y*,x) —a + 6 for all y* € D. For
each x € ((xo—C)NB(0,1)) and & > 0, let

Gre ={y" €D : g (y") > ¢}
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Since gx is continuous in X}, Gy, is an open subset in X}, for each x € ((xo — C) N B(0,1))
and & > 0. Note that the inequalities

:(y*) <0,  Vxe ((xo—C)NB(0,1))

has no solution in D. Then, for each y* € D, there at least exist x € ((xo — C) N B(0,1)) such
that g.(y*) > 0. Hence, & = {G,, : x € ((xo —C) N B(0,1)),& > 0} is an open cover of D
in X7,. Since D is compact in X, then there exist finite sets in .7, say Gy, ¢;, Gxyenr -+ -+ Grpoms
such that D C U Gy,¢,. Let g = min{ey, €,...,&m}. Then we have D C UL Gy, ¢, -

Let T : D — IR™ be defined by

T(y*) = (8 (¥") & (Y), -/ &xn (¥"))-

Set A = {(yi,¥2,---,Ym) : ¥i < €0,i = 1,2,...,m}. Then, we have co (T(D))NA = @. In
fact, for any y = (y1,¥2,...,ym) € co (T(D)), there exist z1,2,...,2, € T(D) and t; > 0 for
1<i<y YY" ti=1suchthaty = 217:1 tiz;. Moreover, for each z; € T(D), 1 < i < 7, there
exist yf(1 <7 < 7) such that

zi= (80 W), guW), 8 )),  i=12,..,17.

Thus, we have
4 . 0% . '
yi=Y tigs () =gy | Lty ], j=12..m
i=1 i=1

Since Y/, t;y; € D, then there exists jo € {1,2,...,m} such that y;, = gx, (L, tiy;) > eo.
This implies that y ¢ A, and so co (T(D)) N A = Q.
By using the Eidelheit convex separation theorem, there exists A}, A}, ..., A;, such that
P Ay < 1forall (y1,vy2,...,ym) € A, and Y72 Algy (y*) > 1 for each y* € D and T(y*) =
(80 (V") 86 ("), -, 8 (y*)) € T(D). It is easy to see that Al > 0 and (A}, A),...,AL) #
(0,0,...,0). Let A=Y " ; Aland A; = %; fori =1,2,...,m. Then we have for all y* € D,

* - oo 1
") =) Mgy, (v*) = 7 >0.
i=1
Note that

i i=1

m m
ey = Z/\i((y*,xl) —a+ (5) = <y*, Z)\ixi> —a+0.
~ :
Thus, we have for all y* € D,
m
<y*, Z}\ixi> >a — 0.
i=1
So, we have
m
i N Ax; Yy > a—0.
B\ L) 2
Since 6 > 0 is arbitrarily given, we have

max min (y*, x) > a.
xe((x0—C)NB(0,1)) y*eD
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On the other hand, we have

min(z*, x) < (y*, x), Vy* € D,x € ((xo—C)NB(0,1)),

z*eD
and so
max min (z*, x) < max (y*, x).
xe((x0—C)NB(01)) z*€D xe ((x%0—C)NB(0,1))
Hence,
max min (z*, x) < min max (y*, x) = a.
xe ((x%0—C)NB(01)) z*€D yeD xe((x0—C)NB(01))
Then we have
max min (y*, x) = min max (y*, x) = a.
xe ((x%0—C)NB(01)) y*eD yreD xe((xo-C)nB(0,1))

Moreover, there exists (x§, x0) € D x ((xo —C) N B(0,1)) such that

max min(y*, x) = (x§,xp) = min max (y*, x).
xe((xo-C)nB(0,1)) ¥ EP V€D ve((x-0)nB(0,1))

This implies that for all x € ((xo — C) N B(0,1)) and y* € D,
{x0, %) < (xg,%0) < (y", %0)-

The proof is complete. O
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