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1 Introduction

The theory of center manifolds plays a crucial role in stability and bifurcation theory, as it
often enables the reduction of the dimension of the state space (see [19,29,31–33]). The origins
of this theory date back to the 1960s, with the works of Pliss [49] and Kelley [34, 35]. Subse-
quently, various results on this subject were developed by several authors. In the context of
autonomous differential equations, we recommend the surveys by Vanderbauwhede [54] (see
also Vanderbauwhede and Gils [56]) for the finite-dimensional case and by Vanderbauwhede
and Iooss [55] in the infinite-dimensional case. For the nonautonomous case we recommend
the survey by Aulbach and Wanner [3]. We also recommend [23, 24] and [22, 25, 26, 44, 53] for,
respectively, finite and infinite dimension.

The concept of trichotomy is an essential tool for obtaining center manifolds. The (uni-
form) exponential trichotomies were introduced, independently, by Sacker and Sell [51],
Aulbach [2] and Elaydi and Hájek [28]. This notion was motivated by the idea of (uniform)
exponential dichotomy that started in the thirties with Perron [47, 48].

Several generalizations of exponential trichotomies have since emerged. Fenner and
Pinto [42] introduced the (h, k)-trichotomies that use non exponential growth rates and Bar-
reira and Valls [4, 5] introduced nonuniform exponential trichotomies that take into account
the initial time. Later, Barreira and Valls [6, 7] introduced the ρ-nonuniform exponential tri-
chotomies that are nonuniform and non exponential, but do not include the (h, k)-trichoto-
mies.
BCorresponding author. Email: helder@ubi.pt

https://doi.org/10.14232/ejqtde.2024.1.78
https://www.math.u-szeged.hu/ejqtde/
https://orcid.org/0000-0003-4949-098X
https://orcid.org/0000-0002-9822-5341


2 A. J. G. Bento and H. Vilarinho

In [12, 15], a general type of trichotomies was introduced, for linear differential equations
and linear difference equations, respectively. This new framework contains as special cases
the notions of trichotomies mentioned above and also contains additional new cases (the case
of dichotomies was done in [13, 14]).

Invariant manifold theory has also been extended to dynamical systems with randomness.
In this work, we focus on random dynamical systems (RDS), which can be generated, for
instance, by random or stochastic differential equations. In this context, various studies have
addressed center, stable, unstable, and inertial invariant manifolds, both locally and globally,
across a range of spaces that goes from finite to infinite dimension, including Hilbert spaces
and separable Banach spaces. Arnold’s monograph [1] provides a detailed exposition on the
Multiplicative Ergodic Theorem and invariant manifold theory for finite-dimensional RDS.
Smooth systems are discussed in [41]. For results on infinite-dimensional RDS, we refer to
[8–11, 18, 27, 37, 40, 43, 45, 46, 50, 52] and the references therein.

Center manifolds for RDS have also garnered attention, either in finite or infinite dimen-
sions. In the finite-dimensional context, Wanner [57] discusses invariant manifolds, including
center manifolds, in terms of linearization in Rn. Boxler [17] proved the existence of center
manifolds for discrete random maps (random diffeomorphisms). Existence, smooth conju-
gacy theorems, and Takens-type theorems based on Lyapunov exponents were established by
Li and Lu in [38] and by Guo and Shen in [30], in the presence of zero Lyapunov exponents.
On the other hand, infinite-dimensional RDS hold significant interest not only due to their
inherent mathematical richness but also for their applications in understanding stochastic
and partial differential equations. Under the assumption of an exponential trichotomy, Chen,
Roberts, and Duan [20] established the existence and smoothness of center manifolds for a
class of stochastic evolution equations with linear multiplicative noise. In [21], Chen, Roberts
and Duan established the existence of center manifolds for both discrete and continuous-time
infinite-dimensional RDS, assuming an exponential trichotomy, by employing the Lyapunov–
Perron method. Moreover, they provided examples illustrating the application of these results
to stochastic evolution equations through their conversion into infinite-dimensional RDS. In a
similar vein, Kuehn and Neamţu [36] addressed the issue of center manifolds for rough partial
differential equations, which also translates into center manifolds within the RDS framework.
Li, Zeng and Huan [39] established the existence and smoothness of center-unstable invariant
manifolds and center-stable foliations for a class of stochastic PDE with non-dense domain,
by converting them into infinite-dimensional RDS.

Exponential trichotomies have played an important role in invariant manifold theory for
infinite-dimensional dynamical systems and non-autonomous systems, whether in determin-
istic or random scenarios, as discussed. In this work, we extend the results on the existence
of center manifolds for infinite-dimensional RDS by assuming a generalized trichotomy. This
type of general assumption was considered in [16] for dichotomies, and in this work, it is
extended to include a central direction. This generalization allows various types of non expo-
nential behaviours along the three subspaces of the invariant splitting. In our context, each
subspace is governed by a very general type of rate for controlling the growth of the evolution
operator, described in terms of a cocycle. In specific cases, these subspaces correspond to
the traditional central, stable, and unstable subspaces. However, our assumptions are suffi-
ciently general to accommodate behaviours beyond exponential-type, such as those observed
in (non)uniformly (pseudo-)hyperbolic settings.

This paper is organized as follows. Section 2 introduces the setup and provides prelim-
inaries on RDS and generalized random trichotomies, as well as a description of auxiliary
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spaces of functions which are essential for handling nonlinear RDS components and deriving
the center manifold as the graph of a suitable regular function. Section 3 presents the main
result for continuous-time RDS (Theorem 3.1), while Section 4 focuses on the discrete-time
counterpart (Theorem 4.1). In Section 5, continuous-time examples are discussed, includ-
ing tempered exponential trichotomies and a general framework called ψ-trichotomies, which
extend beyond exponential bounds. Corresponding discrete-time examples are provided in
Section 6.

2 Generalized trichotomies for RDS

2.1 Random Dynamical Systems

Consider time T = Z or T = R, and set T− = T∩ ]− ∞, 0] and T+ = T ∩ [0,+∞[. A measure-
preserving dynamical system is a quadruplet Σ ≡ (Ω,F , P, θ), where (Ω,F , P) is a measure
space and

θ : T × Ω → Ω is measurable;

θt(·) = θ(t, ·) : Ω → Ω preserves P for all t ∈ T;

θ0 = IdΩ;

θt+s = θt ◦ θs for all t, s ∈ T.

A (Bochner) measurable random dynamical system, henceforth abbreviated as RDS, on a
Banach space X over a measure-preserving dynamical system Σ with time T is a map

Φ : T × Ω × X → X

such that

i) Φ(·, ·, x) is (Bochner) measurable for all x ∈ X;

ii) Φt
ω(·) = Φ(t, ω, ·) : X → X satisfies

a) Φ0
ω = IdX for all ω ∈ Ω;

b) Φt+s
ω = Φt

θsω ◦ Φs
ω, for all ω ∈ Ω and all s, t ∈ T.

When Φt
ω is a bounded linear operator for all (t, ω) ∈ T × Ω, the RDS Φ is called linear.

We may restrict the driving system Σ to a θt-invariant subset Ω′ ⊂ Ω with P-full measure,
obtaining a (Bochner) measurable RDS Φ|T×Ω′×X over Σ′ ≡ (Ω′,F ′, P|F ′ , θ|Ω′), where F ′ =

{B ∩ Ω′ : B ∈ F}. In view of this, without any loss of generality, throughout this work,
requiring a property to hold for all ω ∈ Ω′, for a θt-invariant subset Ω′ ⊂ Ω with P-full
measure, can be replaced by simply requiring it for all ω ∈ Ω by restricting, if necessary, the
RDS Φ to Φ|T×Ω′×X over Σ′.

2.2 Generalized trichotomies

For every i ∈ {c, s, u}, consider a map Pi : Ω × X → X, and set Pi
ω(·) = P(ω, ·) : X → X. Let

P = (Pc, Ps, Pu). A (Bochner) measurable linear RDS Φ over Σ admits a (Bochner) measurable
P-invariant splitting if
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i) Pi(·, x) is (Bochner) measurable, for all x ∈ X and every i ∈ {c, s, u};

ii) Pi
ω is a bounded linear projection, for all ω ∈ Ω and every i ∈ {c, s, u};

iii) Pc
ω + Ps

ω + Pu
ω = Id, for all ω ∈ Ω;

iv) Pc
ωPs

ω = 0, for all ω ∈ Ω;

v) Pi
θtω

Φt
ω = Φt

ωPi
ω, for all (t, ω) ∈ T × Ω and every i ∈ {c, s, u};

Notice that for all ω ∈ Ω and i, j ∈ {c, s, u}, with i ̸= j, we have Pi
ωPj

ω = 0. To shorten the
writing during future computations, for t ∈ T, ω ∈ Ω, and i ∈ {c, s, u} we will adopt the
notation

Φi,t
ω = Φt

ωPi
ω.

We define the linear subspaces Ei
ω = Pi

ω(X) for each i ∈ {c, s, u}. As usual, we identify
Ec

ω × Es
ω × Eu

ω and Ec
ω ⊕ Es

ω ⊕ Eu
ω. Given the maps

αc : T × Ω → (0,+∞),

αs : T+ × Ω → (0,+∞),

αu : T− × Ω → (0,+∞),

we define α = (αc, αs, αu). Denote αi(t, ω) by αi
t,ω. We say that a (Bochner) measurable linear

RDS Φ over Σ exhibits a generalized trichotomy with bounds α (or simply an α-trichotomy) if it
admits a (Bochner) measurable P-invariant splitting satisfying

(T1) ∥Φc,t
ω ∥ ⩽ αc

t,ω for all (t, ω) ∈ T × Ω,

(T2) ∥Φs,t
ω ∥ ⩽ αs

t,ω for all (t, ω) ∈ T+ × Ω,

(T3) ∥Φu,t
ω ∥ ⩽ αu

t,ω for all (t, ω) ∈ T− × Ω,

where the operators in (T1)-(T3) are considered as operators from X into X. In what follows,
we always consider the operators defined in the whole Banach space X.

In Section 5 and Section 6, we present several examples of generalized trichotomies with
both exponential and non-exponential bounds α.

In the remainder of this article, Φ will always denote a measurable (when T = Z)
or Bochner measurable (when T = R) linear RDS on a Banach space X over a measure-
preserving dynamical system Σ ≡ (Ω,F , P, θ) exhibiting a trichotomy with bounds α =

(αc, αs, αu).

2.3 Auxiliary spaces

Let F denote the space of maps f : Ω× X → X such that f (·, x) is measurable for every x ∈ X,
and for which, setting fω(·) = f (ω, ·), for every ω ∈ Ω we have

fω(0) = 0 (2.1)

and

Lip( fω) = sup
{
∥ fω(x)− fω(y)∥

∥x − y∥ : x, y ∈ X, x ̸= y
}

< +∞. (2.2)
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Conditions (2.2) and (2.1) ensure that for all ω ∈ Ω and x, y ∈ X

∥ fω(x)− fω(y)∥ ⩽ Lip( fω)∥x − y∥, (2.3)

and
∥ fω(x)∥ ⩽ Lip( fω)∥x∥. (2.4)

Let F (B) represent the collection of functions f ∈ F for which f (·, x) is Bochner measurable
for each x ∈ X. Additionally, define F

(B)
α as the subset of F (B) consisting of functions f such

that, for every ω ∈ Ω, the maps

[a, b] ∋ r 7→ αc
t−r,θrω Lip( fθrω)α

c
r,ω,

[c, 0] ∋ r 7→ αs
−r,θrω Lip( fθrω)α

c
r,ω,

[0, d] ∋ r 7→ αu
−r,θrω Lip( fθrω)α

c
r,ω

are measurable for every a < b, c < 0, d > 0 and t ∈ R.

We define the set
C = {(t, ω, ξ) ∈ T × Ω × X : ξ ∈ Ec

ω}.

For a given M > 0, let CM (resp. C
(B)
M ) denote the space of all functions h : C → X such that,

for each (t, ω) ∈ T × Ω, the map ht,ω(·) = h(t, ω, ·) satisfies

h(·, ·, Pc
ωx) is measurable (resp. Bochner measurable) for all x ∈ X; (2.5)

ht,ω(0) = 0 for all (t, ω) ∈ T × Ω; (2.6)

h0,ω = IdEc
ω

for all ω ∈ Ω; (2.7)

ht,ω(Ec
ω) ⊆ Ec

θtω for all (t, ω) ∈ T × Ω; (2.8)

∥ht,ω(ξ)− ht,ω(ξ
′)∥ ⩽ Mαc

t,ω∥ξ − ξ ′∥ for all (t, ω, ξ), (t, ω, ξ ′) ∈ C. (2.9)

From (2.9) and (2.6), it follows that

∥ht,ω(ξ)∥ ⩽ Mαc
t,ω∥ξ∥ for all (t, ω, ξ) ∈ C. (2.10)

Defining

d1(h, g) = sup

{
∥ht,ω(ξ)− gt,ω(ξ)∥

αc
t,ω∥ξ∥ : (t, ω, ξ) ∈ C, ξ ̸= 0

}
(2.11)

we have that (CM, d1) and (C
(B)
M , d1) are complete metric spaces.

We now consider the set

D = {(ω, ξ) ∈ Ω × X : ξ ∈ Ec
ω}.

For a given N > 0, let DN (resp. D(B)
N ) denote the space of all functions φ : D → X such that,

for each ω ∈ Ω, the map φω(·) = φ(ω, ·) satisfies

φ(·, Pc
ωx) is measurable (resp. Bochner measurable) for all x ∈ X; (2.12)

φω(0) = 0 for all ω ∈ Ω; (2.13)

φω(Ec
ω) ⊆ Es

ω ⊕ Eu
ω for all ω ∈ Ω; (2.14)

∥φω(ξ)− φω(ξ
′)∥ ⩽ N∥ξ − ξ ′∥ for all (ω, ξ), (ω, ξ ′) ∈ D. (2.15)
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By (2.15) and (2.13), taking ξ ′ = 0, we get

∥φω(ξ)∥ ⩽ N∥ξ∥ for all (ω, ξ) ∈ D. (2.16)

For future use, we set the notation φs
ω = Ps

ω φω and φu
ω = Pu

ω φω. Given φ ∈ DN and ω ∈ Ω,
we denote the graph of φω by

Γφ,ω = {(ξ, φω(ξ)) : ξ ∈ Ec
ω} ⊆ X.

Defining now

d2(φ, ψ) = sup
{
∥φω(ξ)− ψω(ξ)∥

∥ξ∥ : (ω, ξ) ∈ D, ξ ̸= 0
}

(2.17)

it follows that (DN , d2) and (D
(B)
N , d2) are complete metric spaces.

To conclude this section, let UM,N = CM ×DN and U
(B)
M,N = C

(B)
M ×D

(B)
N . Setting

d((h, φ), (g, ψ)) = d1(h, g) + d2(φ, ψ),

we also have that (UM,N , d) and (U
(B)
M,N , d) are complete metric spaces.

3 Invariant manifolds in continuous-time RDS

Throughout this section, we focus on the continuous-time case by considering T = R. Given
a Bochner measurable linear RDS Φ and a map f ∈ F

(B)
α , we define

σ = sup
(t,ω)∈R×Ω

1
αc

t,ω

∣∣∣∣∫ t

0
αc

t−r,θrω Lip( fθrω)α
c
r,ω dr

∣∣∣∣ (3.1)

and

τ = sup
ω∈Ω

∫ 0

−∞
αs
−r,θrω Lip( fθrω)α

c
r,ω dr +

∫ +∞

0
αu
−r,θrω Lip( fθrω)α

c
r,ω dr. (3.2)

If for every (ω, x) ∈ Ω × X there is a unique solution Ψ(·, ω, x) of the equation

u(t) = Φt
ωx +

∫ t

0
Φt−r

θrω fθrω(u(r)) dr (3.3)

then Ψ : R × Ω × X → X is a Bochner measurable RDS on X over Σ. In particular, Ψ(·, ·, x) is
Bochner measurable for all x ∈ X, and

Ψt
ωx = Φt

ωx +
∫ t

0
Φt−r

θrω fθrω(Ψr
ωx) dr. (3.4)

Theorem 3.1. Let Φ be a Bochner measurable linear RDS exhibiting an α-trichotomy, and let f ∈
F

(B)
α . Suppose that Ψ is a Bochner measurable RDS such that Ψ(·, ω, x) is the unique solution

of (3.3) for all (ω, x) ∈ Ω × X. If

lim
t→−∞

αs
−t,θtωαc

t,ω = lim
t→+∞

αu
−t,θtωαc

t,ω = 0 (3.5)

for all ω ∈ Ω, and
σ + τ < 1/2, (3.6)
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then there are N ∈ ]0, 1[ and a unique φ ∈ D
(B)
N such that

Ψt
ω(Γφ,ω) ⊆ Γφ,θtω (3.7)

for all (t, ω) ∈ R × Ω. Moreover, for all (t, ω, ξ), (t, ω, ξ ′) ∈ C we have

∥Ψt
ω(ξ, φω(ξ))− Ψt

ω(ξ
′, φω(ξ

′))∥ ⩽ (N/τ)αc
t,ω ∥ξ − ξ ′∥. (3.8)

The remaining part of this section is devoted to proving Theorem 3.1.

From [15, Lemma 5.1], we may find constants M ∈ ]1, 2[ and N ∈ ]0, 1[ such that

σ =
M − 1

M(1 + N)
and τ =

N
M(1 + N)

. (3.9)

Lemma 3.2. Consider (h, φ) ∈ U
(B)
M,N .

a) For every x ∈ X the maps

(t, r, ω) 7→ Φc,t−r
θrω fθrω(hr,ω(Pc

ωx), φθrω(hr,ω(Pc
ωx))) ,

(r, ω) 7→ Φs,−r
θrω fθrω(hr,ω(Pc

ωx), φθrω(hr,ω(Pc
ωx))) ,

(r, ω) 7→ Φu,−r
θrω fθrω(hr,ω(Pc

ωx), φθrω(hr,ω(Pc
ωx)))

are Bochner measurable on R × R × Ω, R− × Ω and R+ × Ω, respectively.

b) For every (t, ω, x) ∈ R × Ω × X the map

r 7→ Φc,t−r
θrω fθrω(hr,ω(Pc

ωx), φθrω(hr,ω(Pc
ωx)))

is Bochner integrable in every closed interval with bounds 0 and t.

c) For every (ω, x) ∈ Ω × X and t > 0, the maps

r 7→ Φs,−r
θrω fθrω(hr,ω(Pc

ωx), φθrω(hr,ω(Pc
ωx))) ,

r 7→ Φu,−r
θrω fθrω(hr,ω(Pc

ωx), φθrω(hr,ω(Pc
ωx)))

are Bochner integrable in [−t, 0] and [0, t], respectively.

The proof follows similarly as [16, Lemma 3.6]. Given ω ∈ Ω and xω = (xc
ω, xs

ω, xu
ω) ∈

Ec
ω × Es

ω × Eu
ω, it follows from (3.4) that the trajectory xθtω = Ψt

ωxω =
(
xc

θtω
, xs

θtω
, xu

θtω

)
satisfies,

for all i ∈ {c, s, u} and all t ∈ R,

xi
θtω = Φi,t

ω xω +
∫ t

0
Φi,t−s

θsω fθsω(xc
θsω, xs

θsω, xu
θsω) ds. (3.10)

Taking into account the invariance required in (3.7), for any given xω ∈ Γφ,ω and t ∈ R we
must have xθtω ∈ Γφ,θtω. Thus, in this situation, the equations given by (3.10) can be written
as

xc
θtω = Φc,t

ω xω +
∫ t

0
Φc,t−s

θsω fθsω(xc
θsω, φθsω(xc

θsω)) ds,

φs
θtω(xθtω) = Φt

ω φs
ω(xc

ω) +
∫ t

0
Φs,t−s

θsω fθsω(xc
θsω, φθsω(xc

θsω)) ds,

φu
θtω(xθtω) = Φt

ω φu
ω(xc

ω) +
∫ t

0
Φu,t−s

θsω fθsω(xc
θsω, φθsω(xc

θsω)) ds.
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Lemma 3.3. Consider (h, φ) ∈ U
(B)
M,N such that, for all (t, ω, ξ) ∈ C,

ht,ω(x) = Φt
ωξ +

∫ t

0
Φc,t−r

θrω fθrω(hr,ω(ξ) , φθrω(hr,ω(ξ))) dr. (3.11)

The following properties a) and b) are equivalent:

a) For each j ∈ {s, u} and all (t, ω, ξ) ∈ C,

φ
j
θtω

(ht,ω(ξ)) = Φt
ω φ

j
ω(ξ) +

∫ t

0
Φj,t−r

θrω fθrω(hr,ω(ξ) , φθrω(hr,ω(ξ))) dr (3.12)

b) For all (ω, ξ) ∈ D

φs
ω(ξ) =

∫ 0

−∞
Φs,−r

θrω fθrω(hr,ω(ξ) , φθrω(hr,ω(ξ))) dr (3.13)

and
φu

ω(ξ) = −
∫ +∞

0
Φu,−r

θrω fθrω(hr,ω(ξ) , φθrω(hr,ω(ξ))) dr. (3.14)

Proof. From (2.4), (2.16) and (2.10) we have

∥ fθrω(hr,ω(ξ), φθrω(hr,ω(ξ)))∥ ⩽ Lip( fθrω)(∥hr,ω(ξ)∥+ ∥φθrω(hr,ω(ξ))∥)
⩽ M(1 + N)Lip( fθrω)α

c
r,ω∥ξ∥

for every (ω, ξ) ∈ D. Thus, by (T2),∫ 0

−∞

∥∥Φs,−r
θrω fθrω(hr,ω(ξ) , φθrω(hr,ω(ξ)))

∥∥ dr ⩽ M(1 + N)τ∥ξ∥,

and by (T3) we obtain∫ +∞

0

∥∥Φu,−r
θrω fθrω(hr,ω(ξ) , φθrω(hr,ω(ξ)))

∥∥ dr ⩽ M(1 + N)τ∥ξ∥.

Hence the integrals are convergent.
Suppose that (3.12) holds for j = s and all (t, ω, ξ) ∈ C. By applying Φ−t

θtω
to both sides, it

is equivalent to

φs
ω(ξ) = Φs,−t

θtω
φs

θtω(ht,ω(ξ))−
∫ t

0
Φs,−r

θrω fθrω(hr,ω(ξ) , φθrω(hr,ω(ξ))) dr. (3.15)

Using (T2), (2.16) and (2.10), for t ⩽ 0 we have∥∥∥Φs,−t
θtω

φs
θtω(ht,ω(ξ))

∥∥∥ ⩽ MNαs
−t,θtω αc

t,ω∥ξ∥,

which converges to zero as t → −∞ by (3.5). Thus, by taking t → −∞ in equation (3.15) we
obtain (3.13). Similarly, equation (3.12) with j = u can be written as

φu
ω(ξ) = Φu,−t

θtω
φθtω(ht,ω(ξ))−

∫ t

0
Φu,−r

θrω fθrω(hr,ω(ξ) , φθrω(hr,ω(ξ))) dr. (3.16)

Using (T3), (2.16) and (2.10), for t ⩾ 0 we have∥∥∥Φu,−t
θtω

φθtω(ht,ω(ξ))
∥∥∥ ⩽ MNαu

−t,θtωαc
t,ω ∥ξ∥ ,
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which, by (3.5), converges to zero as t → +∞. Thus, we obtain (3.14) by taking t → +∞ in
equation (3.16).

For the converse, assume now that (3.13) and (3.14) hold for all (ω, ξ) ∈ D. For all t ∈ R ,
we have

Φt
ω φs

ω(ξ) =
∫ 0

t
Φs,t−r

θrω fθrω(hr,ω(ξ) , φθrω(hr,ω(ξ))) dr

+
∫ 0

−∞
Φs,−r

θt+rω
fθt+rω(ht+r,ω(ξ) , φθt+rω(ht+r,ω(ξ))) dr

and

Φt
ω φu

ω(ξ) = −
∫ t

0
Φu,t−r

θrω fθrω(hr,ω(ξ) , φθrω(hr,ω(ξ))) dr

−
∫ 0

−∞
Φu,−r

θt+rω
fθt+rω(ht+r,ω(ξ) , φθt+rω(ht+r,ω(ξ))) dr.

Since ht+s,ω(ξ) = hs,θtω(ht,ω(ξ)) due to the uniqueness of the solution of (3.3), we get the
identity (3.12) for j = s and j = u.

Consider the operator C, which assigns each pair (h, φ) ∈ U
(B)
M,N to the map C(h, φ) : C → X

given by

[C(h, φ)] (t, ω, ξ) = Φt
ωξ +

∫ t

0
Φc,t−r

θrω φ(r, ω) dr.

Lemma 3.4. C
(
U
(B)
M,N

)
⊆ C

(B)
M .

Proof. Fix a pair (h, φ) ∈ U
(B)
M,N . It is straightforward to check that C(h, φ) satisfies conditions

(2.5) to (2.8). Define

γθrω(ξ, ξ ′) = ∥ fθrω(hr,ω(ξ), φθrω(hr,ω(ξ)))− fθrω(hr,ω(ξ
′), φθrω(hr,ω(ξ

′)))∥.

From (2.3), (2.15) and (2.9) we have

γθrω(ξ, ξ ′) ⩽ Lip( fθrω)M(1 + N)∥ξ − ξ ′∥αc
r,ω. (3.17)

Following the previous notation, C(h, φ)t,ω (ξ) stands for [C(h, φ)](t, ω, ξ). By (T1), (3.1),
(3.17) and (3.9), we have

∥C(h, φ)t,ω (ξ)− C(h, φ)t,ω (ξ ′)∥ ⩽ ∥Φc,t
ω ∥∥ξ − ξ ′∥+

∫ t

0
∥Φc,t−r

θrω ∥γθrω(ξ, ξ ′) dr

⩽ (1 + σM(1 + N)) αc
t,ω∥ξ − ξ ′∥

= Mαc
t,ω∥ξ − ξ ′∥.

Hence C(h, φ) also satisfies (2.9).

Consider now the operator D, which assigns each pair (h, φ) ∈ U
(B)
M,N the map

D(h, φ) : D → X

given by
[D(h, φ)] (ω, ξ) = [Ds(h, φ)] (ω, ξ) + [Du(h, φ)] (ω, ξ)
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where

[Ds(h, φ)] (ω, ξ) =
∫ 0

−∞
Φs,−r

θrω fθrω(hr,ω(ξ) , φθrω(hr,ω(ξ))) dr

and

[Du(h, φ)] (ω, ξ) = −
∫ +∞

0
Φu,−r

θrω fθrω(hr,ω(ξ) , φθrω(hr,ω(ξ))) dr.

Lemma 3.5. D
(
U
(B)
M,N

)
⊆ D

(B)
N .

Proof. Fix (h, φ) ∈ U
(B)
M,N . It is immediate to check that [D(h, φ)] (ω, ξ) satisfies conditions

(2.12) to (2.14). Again, D(h, φ)ω (ξ) stands for [D(h, φ)] (ω, ξ). From (T2), (T3), (3.17), (3.2)
and (3.9) we have

∥∥D(h, φ)ω (ξ)− D(h, φ)ω (ξ ′)
∥∥ ⩽

∫ 0

−∞

∥∥Φs,−r
θrω

∥∥ γθrω(ξ, ξ ′) dr +
∫ +∞

0

∥∥Φu,−r
θrω

∥∥ γθrω(ξ, ξ ′) dr

⩽ τM(1 + N)
∥∥ξ − ξ ′

∥∥
= N

∥∥ξ − ξ ′
∥∥ .

Hence (2.15) also holds for D(h, φ).

Consider now U : U(B)
M,N → U

(B)
M,N given by

U(h, φ) =(C(h, φ), D(h, φ)) .

Lemma 3.6. The operator U is a contraction in (U
(B)
M,N , d).

Proof. Consider (h, φ) ,(g, ψ) ∈ U
(B)
M,N . Define

γ̂θrω(ξ) = ∥ fθrω(hr,ω(ξ), φθrω(hr,ω(ξ)))− fθrω(gr,ω(ξ), ψθrω(gr,ω(ξ)))∥.

By (2.3), (2.15), (2.11), (2.17) and (2.10), for all (r, ω) ∈ R+
0 × Ω and all ξ ∈ Eω,

γ̂θrω(ξ) ⩽ Lip( fθrω)α
c
r,ω((1 + N)d1(h, g) + Md2(φ, ψ)) ∥ξ∥. (3.18)

Hence, in one hand, from (T1), (3.18) and (3.1), we have

∥C(h, φ)t,ω(ξ)− C(g, ψ)t,ω(ξ)∥ ⩽
∫ t

0

∥∥∥Φc,t−r
θrω

∥∥∥ γ̂θrω(ξ) dr

⩽ σαc
t,ω((1 + N)d1(h, g) + Md2(φ, ψ)) ∥ξ∥ ,

which implies
d1(C(h, φ), C(g, ψ)) ⩽ σ((1 + N)d1(h, g) + Md2(φ, ψ)) .

On the other hand, from (T2), (T3), (3.18) and (3.2) we get

∥D(h, φ)ω (ξ)− D(g, ψ)ω (ξ)∥ ⩽
∫ 0

−∞

∥∥Φs,−r
θrω

∥∥ γ̂θrω(ξ) dr +
∫ +∞

0

∥∥Φu,−r
θrω

∥∥ γ̂θrω(ξ) dr

⩽ τ((1 + N)d1(h, g) + Md2(φ, ψ)) ∥ξ∥,

which implies
d2(D(h, φ), D(g, ψ)) ⩽ τ((1 + N)d1(h, g) + Md2(φ, ψ)) .
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In overall we get

d(U(h, φ), U(g, ψ)) ⩽ (σ + τ)((1 + N)d1(h, g) + Md2(φ, ψ))

⩽
1
2

max {1 + N, M} d((h, φ), (g, ψ))

and because N < 1 and M < 2, U is a contraction.

Proof of Theorem 3.1. Since U is a contraction, by the Banach Fixed Point Theorem, U has a
unique fixed point (h, φ), that satisfies (3.11), (3.13) and (3.14). By Lemma 3.3, the pair (h, φ)

also satisfies conditions (3.12). Therefore, for given initial condition xω = (ξ, φs
ω(ξ), φu

ω(ξ)) ∈
Ec

ω × Es
ω × Eu

ω, the trajectory xθtω =(ht,ω(ξ), φθtω(ht,ω(ξ))) is the solution of (3.3). The graphs
Γφ,ω are the required invariant manifolds of Ψ. To obtain (3.8), it follows from (2.15), (2.9)
and (3.9) that, for each (t, ω, ξ), (t, ω, ξ ′) ∈ C

∥Ψt
ω(ξ, φs

ω(ξ), φu
ω(ξ))− Ψt

ω(ξ
′, φs

ω(ξ
′), φu

ω(ξ
′))∥

= ∥(ht,ω(ξ), φθtω(ht,ω(ξ)))−
(
ht,ω(ξ

′), φθtω(ht,ω(ξ
′))

)
∥

⩽ M(1 + N)αc
t,ω∥ξ − ξ̄∥

⩽
N
τ

αc
t,ω∥ξ − ξ̄∥.

4 Invariant manifolds in discrete-time RDS

Throughout this section we consider T = Z. Given a measurable linear RDS Φ and a map
f ∈ F , we define

σ−
ω = sup

n∈N

1
αc
−n,ω

−1

∑
k=−n

αc
−n−k−1,θk+1ω Lip( fθkω)α

c
k,ω,

σ+
ω = sup

n∈N

1
αc

n,ω

n−1

∑
k=0

αc
n−k−1,θk+1ω Lip( fθkω)α

c
k,ω

and
σ = sup

ω∈Ω
max

{
σ−

ω , σ+
ω

}
.

Moreover, writing

τ−
ω =

−1

∑
k=−∞

αs
−k−1,θk+1ω Lip( fθkω)α

c
k,ω,

τ+
ω =

+∞

∑
k=0

αu
−k−1,θk+1ω Lip( fθkω)α

c
k,ω,

we also define
τ = sup

ω∈Ω
(τ−

ω + τ+
ω ).

Consider the measurable RDS Ψ : Z × Ω × X → X given by

Ψn
ω(x) =



Φn
ωx +

n−1

∑
k=0

Φn−k−1
θk+1ω

fθkω(Ψ
k
ω(x)) if n ⩾ 1,

x if n = 0,

Φn
ωx −

−1

∑
k=n

Φn−k−1
θk+1ω

fθkω(Ψ
k
ω(x)) if n ⩽ −1

(4.1)
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which encapsulates the solutions of the random nonlinear difference equation

xn+1 = Φ1
θnωxn + fθnω(xn).

Theorem 4.1. Let Φ be a measurable linear RDS exhibiting an α-trichotomy and let f ∈ F . If

lim
n→−∞

αs
−n,θnωαc

n,ω = lim
n→+∞

αu
−n,θnωαc

n,ω = 0

for all ω ∈ Ω, and
σ + τ < 1/2,

then there are N ∈ ]0, 1[ and a unique φ ∈ DN such that for the RDS Ψ given by (4.1) we have

Ψn
ω(Γφ,ω) ⊆ Γφ,θnω (4.2)

for all (n, ω) ∈ Z × Ω. Moreover, for every (n, ω, ξ), (n, ω, ξ ′) ∈ C we have

∥Ψn
ω(ξ, φω(ξ))− Ψn

ω(ξ
′, φω(ξ

′))∥ ⩽ (N/τ)αc
n,ω ∥ξ − ξ ′∥.

The proof of Theorem 4.1 is analogous to the proof of Theorem 3.1. Therefore, in the
remainder of this section, we provide a guide to the necessary adaptations. Fix M and N as
in (3.9). Given ω ∈ Ω and

xω = (xc
ω, xs

ω, xu
ω) ∈ Ec

ω × Es
ω × Eu

ω,

the trajectory
xθnω = Ψn

ωxω =(xc
θnω, xs

θnω, xu
θnω) ∈ Ec

ω × Es
ω × Eu

ω

satisfies the following equations for each i ∈ {c, s, u}:

xi
θnω =


Φi,n

ω xi
ω +

n−1

∑
k=0

Φi,n−k−1
θk+1ω

fθkω(xc
θkω, xs

θkω, xu
θkω) if n ⩾ 1,

Φi,n
ω xi

ω −
−1

∑
k=n

Φi,n−k−1
θk+1ω

fθkω(xc
θkω, xs

θkω, xu
θkω) if n ⩽ −1.

(4.3)

In view of the invariance required in (4.2), if xω ∈ Γφ,ω then xθnω must be in Γφ,θnω for every
n ∈ Z, and thus, in this situation, the equations from (4.3) can be written as

xc
θnω =


Φc,n

ω xc
ω +

n−1

∑
k=0

Φc,n−k−1
θk+1ω

fθkω(xc
θkω, φθkω(xc

θkω)) if n ⩾ 1,

Φc,n
ω xc

ω −
−1

∑
k=n

Φc,n−k−1
θk+1ω

fθkω(xc
θkω, φθkω(xc

θkω)) if n ⩽ −1

(4.4)

and, for j ∈ {s, u},

φ
j
θnω(xθnω) =


Φj,n

ω φω(xω) +
n−1

∑
k=0

Φj,n−k−1
θk+1ω

fθkω(xc
θkω, φθkω(xc

θkω)) if n ⩾ 1,

Φj,n
ω φω(xω)−

−1

∑
k=n

Φj,n−k−1
θk+1ω

fθkω(xc
θkω, φθkω(xc

θkω)) if n ⩽ −1.

(4.5)

Let us prove prove that equations (4.4) and (4.5) have solutions. First, we rewrite them, by a
discrete version of Lemma 3.3.
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Lemma 4.2. Consider (h, φ) ∈ UM,N such that, for all (n, ω) ∈ Z × Ω and all ξ ∈ Ec
ω

hn,ω(ξ) =


Φc,n

ω ξ +
n−1

∑
k=0

Φc,n−k−1
θk+1ω

fθkω(hk,ω(ξ), φθkω(hk,ω(ξ))) if n ⩾ 1,

Φc,n
ω ξ −

−1

∑
k=n

Φc,n−k−1
θk+1ω

fθkω(hk,ω(ξ), φθkω(hk,ω(ξ))) if n ⩽ −1.

(4.6)

Then the following conditions a) and b) are equivalent:

a) For each j ∈ {u, s} and all (n, ω, ξ) ∈ C

φ
j
θnω(hn,ω(ξ)) =


Φj,n

ω φω(ξ) +
n−1

∑
k=0

Φj,n−k−1
θk+1ω

fθkω(hk,ω(ξ), φθkω(hk,ω(ξ))) if n ⩾ 1,

Φj,n
ω φω(ξ)−

−1

∑
k=n

Φj,n−k−1
θk+1ω

fθkω(hk,ω(ξ), φθkω(hk,ω(ξ))) if n ⩽ −1.

(4.7)

b) For all (ω, ξ) ∈ D

φs
ω(ξ) =

−1

∑
k=−∞

Φs,−(k+1)
θk+1ω

fθkω(hk,ω(ξ), φθkω(hk,ω(ξ))) (4.8)

and

φu
ω(ξ) = −

+∞

∑
k=0

Φu,−(k+1)
θk+1ω

fθkω(hk,ω(ξ), φθkω(hk,ω(ξ))). (4.9)

Consider here the operator C, which assigns each pair (h, φ) ∈ U
(B)
M,N to the map

C(h, φ) : C → X

given by

[C(h, φ)] (n, ω, ξ) =


Φc,n

ω ξ +
n−1

∑
k=0

Φc,n−k−1
θk+1ω

fθkω(hk,ω(ξ), φθkω(hk,ω(ξ))) if n ⩾ 1,

Φc,n
ω ξ −

−1

∑
k=n

Φc,n−k−1
θk+1ω

fθkω(hk,ω(ξ), φθkω(hk,ω(ξ))) if n ⩽ −1,

and D be the operator that assigns to each pair (h, φ) ∈ UM,N the map D(h, φ) : D → X
defined by

[D(h, φ)] (ω, ξ) = [Ds(h, φ)] (ω, ξ) + [Du(h, φ)] (ω, ξ),

where

[Ds(h, φ)] (ω, ξ) =
−1

∑
k=−∞

Φs,−(k+1)
θk+1ω

fθkω(hk,ω(ξ), φθkω(hk,ω(ξ)))

and

[Du(h, φ)] (ω, ξ) = −
+∞

∑
k=0

Φu,−(k+1)
θk+1ω

fθkω(hk,ω(ξ), φθkω(hk,ω(ξ))).
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To finalize, define U : UM,N → UM,N by

U(h, φ) =(C(h, φ), D(h, φ)) .

The operator U is a contraction in (UM,N , d). By the Banach Fixed Point Theorem, U as
a unique fixed point (h, φ), which satisfies conditions (4.6), (4.8) and (4.9). By Lemma 4.2
the pair (h, φ) also satisfy the conditions in (4.7). Hence, by (4.4) and (4.5), we get that
(hn,ω(ξ), φθnω(hn,ω(ξ))) is the orbit by Ψ of the initial condition

(ξ, φs
ω(ξ), φu

ω(ξ)) ∈ Ec
ω × Es

ω × Eu
ω.

The graphs Γφ,ω are the required invariant manifolds of Ψ. Furthermore, for all ω ∈ Ω, all
n ∈ Z and all ξ, ξ ′ ∈ Ec

ω it follows from (2.15), (2.9) and (3.9) that

∥Ψn
ω(ξ, φω(ξ))− Ψn

ω(ξ
′, φω(ξ

′))∥ ⩽
N
τ

αc
n,ω∥ξ − ξ̄∥,

which finishes the proof of Theorem 4.1.

5 Continuous-time examples

For this section assume T = R. Throughout this entire section we consider a constant δ ∈
]0, 1/6[ and a random variable G : Ω → ]0,+∞[ satisfying∫ +∞

−∞
G(θrω) dr ⩽ 1 for all ω ∈ Ω.

In all the following examples we may consider different growth rates along the central directions
Ec

ω, depending if we are looking to the future (t → +∞) or to the past (t → −∞).

5.1 Tempered exponential trichotomies

Let
λc, λc, λs, λu : Ω → R

be θ-invariant random variables, i.e. satisfying λℓ(θtω) = λℓ(ω) for all ω ∈ Ω, t ∈ R and
ℓ ∈ {c, c, s, u}. A Bochner measurable linear RDS Φ exhibits an exponential trichotomy if it
exhibits a generalized trichotomy with bounds

αc
t,ω =

{
K(ω) eλc(ω)t, t ⩾ 0,

K(ω) eλc(ω)t, t ⩽ 0,

αs
t,ω = K(ω) eλs(ω)t, t ⩾ 0,

αu
t,ω = K(ω) eλu(ω)t, t ⩽ 0

for some random variable K : Ω → [1,+∞[. If the random variable K is tempered, i.e., if

ΛK,γ,ω := sup
t∈T

[
e−γ|t| K(θtw)

]
< +∞ (5.1)

for all γ > 0 and all ω ∈ Ω, we say that Φ exhibits an tempered exponential trichotomy.
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Corollary 5.1. Let Φ be a Bochner measurable linear RDS exhibiting a tempered exponential tri-
chotomy such that

λc(ω) > λs(ω) and λc(ω) < λu(ω)

for all ω ∈ Ω, and let f ∈ F
(B)
α . Assume that Ψ is a Bochner measurable RDS such that (3.3)

has unique solution Ψ(·, ω, x) for every (ω, x) ∈ Ω × X. Consider a θ-invariant random variable
γ(ω) > 0 satisfying

a(ω) := λc(ω)− λs(ω)− γ(ω) > 0 and b(ω) := λu(ω)− λc(ω)− γ(ω) > 0

for all ω ∈ Ω. If

Lip( fω) ⩽
δ

K(ω)
min

{
G(ω),

a(ω)

ΛK,γ(ω),ω
,

b(ω)

ΛK,γ(ω),ω

}
for all ω ∈ Ω, then the same conclusions of Theorem 3.1 hold.

Proof. Since K is a tempered random variable, we have

lim
t→−∞

αs
−t,θtωαc

t,ω = lim
t→−∞

K(ω)K(θtω) e(λ
c(ω)−λs(ω))t ⩽ lim

t→−∞
K(ω)ΛK,a(ω),ω eγ(ω)t = 0

and

lim
t→+∞

αu
−t,θtωαc

t,ω = lim
t→+∞

K(ω)K(θtω) e(λ
c(ω)−λu(ω))t ⩽ lim

t→+∞
K(ω)ΛK,b(ω),ω eγ(ω)t = 0

for all ω ∈ Ω. Therefore condition (3.5) holds. Let us check (3.6). Indeed, for every t ⩾ 0 and
every ω ∈ Ω we have

1
αc

t,ω

∫ t

0
αc

t−r,θrω Lip( fθrω)α
c
r,ω dr =

∫ t

0
K(θrω)Lip( fθrω) dr

⩽ δ
∫ +∞

−∞
G(θrω) dr

⩽ δ,

and, similarly, for every t ⩽ 0 and every ω ∈ Ω we have

1
αc

t,ω

∫ 0

t
αc

t−r,θrω Lip( fθrω)α
c
r,ω dr ⩽ δ.

Thus, σ ⩽ δ. Moreover, since K(ω) ⩽ eγ(ω)|r| ΛK,γ(ω),θrω for every ω ∈ Ω and r ∈ R, we have∫ 0

−∞
αs
−r,θrω Lip( fθrω)α

c
r,ω dr =

∫ 0

−∞
K(ω)K(θrω) e(λ

c(ω)−λs(ω))r Lip( fθrω) dr

⩽ δ
∫ 0

−∞
a(ω) ea(ω)r dr

⩽ δ.

and ∫ +∞

0
αu
−r,θrω Lip( fθrω)α

c
r,ω dr =

∫ +∞

0
K(ω)K(θrω) e(λ

c(ω)−λu(ω))r Lip( fθrω) dr

⩽ δ
∫ +∞

0
b(ω) e−b(ω)r dr

⩽ δ.

Henceforth, σ + τ ⩽ 3δ < 1/2.
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5.2 ψ-trichotomies

Consider measurable functions

ψc, ψc, ψs, ψu : R × Ω →]0,+∞[

such that for ℓ ∈ {c, c, s, u} we have

ψℓ(t + s, ω) = ψℓ(t, θsω)ψℓ(s, ω) (5.2)

for all t, s ∈ R and all ω ∈ Ω. A ψ-trichotomy is a generalized trichotomy with bounds

αc
t,ω =

{
K(ω)ψc(t, ω), t ⩾ 0,

K(ω)ψc(t, ω), t ⩽ 0,

αs
t,ω = K(ω)ψs(t, ω), t ⩾ 0,

αu
t,ω = K(ω)ψu(t, ω), t ⩽ 0

for a random variable K : Ω → [1,+∞[.
For all ℓ ∈ {c, c, u, s} set

dψℓ(ω) = lim
h→0

ψℓ(h, ω)− 1
h

. (5.3)

Since ψℓ(0, ω) = 1, from (5.2) we have

d
dt

ψℓ(t, ω) = dψℓ(θtω)ψℓ(t, ω)

whenever limits (5.3) exist. Moreover, in this situation we also have

d
dt

ψℓ(−t, θtω) =
d
dt

1
ψℓ(t, ω)

= −dψℓ(θtω)ψℓ(−t, θtω).

From now on we also assume that for all ω ∈ Ω the following limit exists:

dK(ω) = lim
h→0

K(θhω)− K(ω)

h
. (5.4)

We notice that for all t ∈ R, d
dt K(θtω) = dK(θ

tω).

Corollary 5.2. Let Φ be a Bochner measurable linear RDS exhibiting a ψ-trichotomy such that the
limits in (5.3) and (5.4) exist and satisfy

dψc(ω)− dψu(ω) <
dK(ω)

K(ω)
< dψc(ω)− dψs(ω)

for all ω ∈ Ω. Let f ∈ F
(B)
α be such that

Lip( fω) ⩽
δ

K(ω)
min

{
G(ω),

a(ω)

K(ω)
,

b(ω)

K(ω)

}
for all ω ∈ Ω, where

a(ω) =
dK(ω)

K(ω)
− dψc(ω) + dψu(ω) and b(ω) = −dK(ω)

K(ω)
+ dψc(ω)− dψs(ω).
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Assume that Ψ is a Bochner measurable RDS such that (3.3) has unique solution Ψ(·, ω, x) for every
ω ∈ Ω and every x ∈ X. If, for all ω ∈ Ω,

lim
t→−∞

K(θtω)ψs(−t, θtω)ψc(t, ω) = lim
t→+∞

K(θtω)ψu(−t, θtω)ψc(t, ω) = 0 (5.5)

then the same conclusions of Theorem 3.1 hold.

Proof. Conditions in (5.5) are equivalent to those in (3.5), and, as in the proof of Corollary 5.1
we have σ ⩽ δ. Moreover, since

d
dt

(
ψu(−t, θtω)ψc(t, ω)

K(θtω)

)
=

(
−dψu(θtω) + dψc(t, ω)

)
K(θtω)− dK(θ

tω)

[K(θtω)]2
ψu(−t, θtω)ψc(t, ω)

= − a(θtω)

K(θtω)
ψu(−t, θtω)ψc(t, ω),

we have∫ +∞

0
αu
−r,θrω Lip( fθrω)α

c
r,ω dr = K(ω)

∫ +∞

0
K(θrω)ψu(−r, θrω)Lip( fθrω)ψ

c(r, ω) dr

⩽ δK(ω)
∫ +∞

0

a(θrω)

K(θrω)
ψu(−r, θrω)ψc(r, ω) dr

= δ − δK(ω) lim
r→+∞

ψu(−r, θrω)ψc(r, ω)

K(θrω)

= δ.

Similarly, since

d
dt

(
ψs(−t, θtω)ψc(t, ω)

K(θtω)

)
=

(
−dψs(θtω) + dψc(t, ω)

)
K(θtω)− dK(θ

tω)

[K(θtω)]2
ψs(−t, θtω)ψc(t, ω)

=
b(θtω)

K(θtω)
ψs(−t, θtω)ψc(t, ω),

we have∫ 0

−∞
αs
−r,θrω Lip( fθrω)α

c
r,ω dr = K(ω)

∫ 0

−∞
K(θrω)ψs(−r, θrω)Lip( fθrω)ψ

c(r, ω) dr

⩽ δK(ω)
∫ 0

−∞

b(θrω)

K(θrω)
ψs(−r, θrω)ψc(r, ω) dr

= δ − δK(ω) lim
r→−∞

ψs(−r, θrω)ψc(r, ω)

K(θrω)

= δ.

Thus σ + τ ⩽ 3δ < 1/2.

In the following we provide a particular example of a ψ-trichotomy in R4.

Example 5.3. Let ψc, ψc, ψs, ψu : R × Ω →]0,+∞[ be measurable functions satisfying (5.2) and
let K : Ω → [1,+∞[ be a random variable. In X = R4, equipped with the maximum norm,
consider the projections

Pc
ω(x1, x2, x3, x4) = (0, 0, x3 + (K(ω)− 1)x4, 0)

Pc
ω(x1, x2, x3, x4) = ((1 − K(ω))x2, x2, 0, 0)

Ps
ω(x1, x2, x3, x4) = (x1 + (K(ω)− 1)x2, 0, 0, 0)

Pu
ω(x1, x2, x3, x4) = (0, 0, (1 − K(ω))x4, x4)
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For all ω′, ω ∈ Ω,

Pc
ω′Pu

ω = (0, 0, (K(ω′)− K(ω))x4, 0),

Ps
ω′Pc

ω = ((K(ω′)− K(ω))x2, 0, 0, 0)

and for all the remaining i, j ∈ {c, c, s, u}, with i ̸= j,

Pi
ω′Pj

ω = 0.

Notice that for all ω, ω′ ∈ Ω

Ps
ω′Ps

ω = Ps
ω, Pu

ω′Pu
ω = Pu

ω′ , Pc
ω′Pc

ω = Pc
ω and Pc

ω′P
c
ω = Pc

ω′ .

Moreover,
∥Pc

ω∥ = ∥Ps
ω∥ = K(ω)

and
∥Pc

ω∥ = ∥Pu
ω∥ = max {K(ω)− 1, 1} ⩽ K(ω).

We define Φ : R × Ω × R4 → R4 by

Φt
ω = ψc(t, ω) Pc

ω +
K(ω)

K(θtω)
ψc(t, ω) Pc

θtω
+ ψs(t, ω)Ps

ω +
K(ω)

K(θtω)
ψu(t, ω) Pu

θtω.

Let Pc = Pc + Pc and P = (Pc, Ps, Pu). We have that Φ is a measurable linear RDS over Σ that
admits a measurable P-invariant splitting, and

∥Φc,t
ω ∥ = max

{
ψc(t, ω)∥Pc

ω∥,
1

K(θtω)
ψc(t, ω)∥Pc

θtω
∥
}
⩽ K(ω)max

{
ψc(t, ω), ψc(t, ω)

}
,

∥Φs,t
ω ∥ = ψs(t, ω)∥Ps

ω∥ = K(ω)ψs(t, ω),

∥Φu,t
ω ∥ =

K(ω)

K(θtω)
ψu(t, ω)∥Pu

θtω∥ ⩽ K(ω)ψu(t, ω).

Hence the linear RDS Φ exhibits a generalized trichotomy with bounds

αc
t,ω = K(ω)max

{
ψc(t, ω), ψc(t, ω)

}
,

αs
t,ω = K(ω)ψs(t, ω),

αu
t,ω = K(ω)ψu(t, ω).

If we assume ψc(t, ω) ⩾ ψc(t, ω) for all t ⩾ 0 then

αc
t,ω =

{
K(ω)ψc(t, ω) if t ⩾ 0,

K(ω)ψc(t, ω) if t ⩽ 0,

and Φ exhibits a ψ-trichotomy.

Next, based on the previous example, we provide an example of a ψ-trichotomy on an
infinite dimensional Banach space.
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Example 5.4. Let Kn : Ω → [1,+∞[ be a sequence of random variables such that

K(ω) := sup
n∈N

Kn(ω) < +∞ for all ω ∈ Ω.

In ℓ∞, the space of bounded sequences equipped with the supremum norm, consider, for all
n ∈ N and for all ω ∈ Ω, the projections

Pc
n,ω, Pc

n,ω, Ps
n,ω, Pu

n,ω : ℓ∞ → ℓ∞

defined by

Pc
n,ω(x1, x2, x3, x4, x5, . . .) = (0, . . . , 0︸ ︷︷ ︸

4n−4 zeros

, 0, 0, x4n−1 + Ln(ω)x4n, 0, 0, 0, . . .),

Pc
n,ω(x1, x2, x3, x4, x5, . . .) = (0, . . . , 0︸ ︷︷ ︸

4n−4 zeros

,−Ln(ω)x4n−2, x4n−2, 0, 0, 0, . . .),

Ps
n,ω(x1, x2, x3, x4, x5, . . .) = (0, . . . , 0︸ ︷︷ ︸

4n−4 zeros

, x4n−3 + Ln(ω)x4n−2, 0, 0, 0, . . .),

Pu
n,ω(x1, x2, x3, x4, x5, . . .) = (0, . . . , 0︸ ︷︷ ︸

4n−4 zeros

, 0, 0,−Ln(ω)x4n, x4n, 0, 0, 0, . . .),

where Ln(ω) = Kn(ω)− 1. It follows that for all ω′, ω ∈ Ω, for all i, j ∈ {c, c, s, u} and for all
n, m ∈ N, we have

Pi
n,ωPj

m,ω′ = 0 with n ̸= m,

Pi
n,ω′Pj

n,ω = 0 with i ̸= j, (i, j) ̸=(c, u) and (i, j) ̸=(s, c) ,

Pc
n,ω′Pu

n,ω = (0, . . . , 0︸ ︷︷ ︸
4n−4 zeros

, 0, 0, (Kn(ω
′)− Kn(ω))x4n, 0, 0, 0, . . .),

Ps
n,ω′Pc

n,ω = (0, . . . , 0︸ ︷︷ ︸
4n−4 zeros

, (Kn(ω
′)− Kn(ω))x4n−2, 0, 0, 0, . . .).

Moreover, for all ω, ω′ ∈ Ω and for all n ∈ N,

Pi
n,ω′Pi

n,ω = Pi
n,ω and Pj

n,ω′P
j
n,ω = Pj

n,ω′ with i ∈ {c, s} and j ∈ {c, u} .

Let ψc
n, ψc

n, ψs
n, ψu

n : R × Ω → ]0,+∞[ be sequences of measurable functions satisfying (5.2)
and such that

ψi(t, ω) := sup
n∈N

ψi
n(t, ω) < +∞

for all ω ∈ Ω, for all t ∈ R and for all i ∈ {c, c, s, u}. If Φ : R × Ω × ℓ∞ → ℓ∞ is given by

Φt
ω =

+∞

∑
n=1

[
ψc

n(t, ω) Pc
n,ω +

Kn(ω)

Kn(θtω)
ψc

n(t, ω) Pc
n,θtω

+ ψs
n(t, ω)Ps

n,ω +
Kn(ω)

Kn(θtω)
ψu

n(t, ω) Pu
n,θtω

]
,

then Φ is a measurable linear RDS over Σ that admits a measurable (Pc, Ps, Pu) -invariant
splitting, where, for all ω ∈ Ω,

Pi
ω =

+∞

∑
n=1

Pi
n,ω, i ∈ {c, c, s, u} , and Pc

ω = Pc
ω + Pc

ω.
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Moreover, since
∥Pc

n,ω∥ = ∥Ps
n,ω∥ = Kn(ω)

and
∥Pc

n,ω∥ = ∥Pu
n,ω∥ = max {Kn(ω)− 1, 1} ,

it follows that ∥∥Pc
ω

∥∥ = sup
n∈N

∥∥Ps
n,ω

∥∥ = sup
n∈N

Kn(ω) = K(ω)

and ∥∥Pc
ω

∥∥ =
∥∥Pu

n,ω
∥∥ = sup

n∈N

(max {Kn(ω)− 1, 1}) = max {K(ω)− 1, 1} ⩽ K(ω).

Hence

∥Φc,t
ω ∥ = sup

n∈N

[
max

{
ψc

n(t, ω)∥Pc
n,ω∥,

1
Kn(θtω)

ψc
n(t, ω)∥Pc

n,θtω
∥
}]

⩽ sup
n∈N

[
Kn(ω)max

{
ψc

n(t, ω), ψc
n(t, ω)

}]
⩽ K(ω)max

{
ψc(t, ω), ψc(t, ω)

}
,

∥Φs,t
ω ∥ = sup

n∈N

[
ψs

n(t, ω)∥Ps
n,ω∥

]
= sup

n∈N

[ψs
n(t, ω)Kn(ω)] ⩽ K(ω)ψs(t, ω),

∥Φu,t
ω ∥ = sup

n∈N

[
Kn(ω)

Kn(θtω)
ψu

n(t, ω)∥Pu
n,θtω∥

]
⩽ K(ω)ψu(t, ω).

This implies that the linear RDS Φ admits a generalized trichotomy with bounds

αc
t,ω = K(ω)max

{
ψc(t, ω), ψc(t, ω)

}
,

αs
t,ω = K(ω)ψs(t, ω),

αu
t,ω = K(ω)ψu(t, ω).

If, in addition, ψc, ψc, ψs, ψu satisfy (5.2) and ψc(t, ω) ⩾ ψc(t, ω), for all t ⩾ 0 and for all ω ∈ Ω,
then

αc
t,ω =

{
K(ω)ψc(t, ω) if t ⩾ 0,

K(ω)ψc(t, ω) if t ⩽ 0,

and Φ exhibits a ψ-trichotomy.

In the next sections we consider particular ψ-trichotomies.

5.2.1 Integral exponential trichotomy

Let
λc, λc, λs, λu : Ω → R

be random variables such that for all ω ∈ Ω and ℓ ∈ {c, c, s, u}, the map r 7→ λℓ(θrω) is
integrable in every interval [0, t] An integral exponential trichotomy is a ψ-trichotomy with

ψℓ(t, ω) = e
∫ t

0 λℓ(θrω)dr
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for all ℓ ∈ {c, c, s, u}, i.e., is a generalized trichotomy with bounds

αc
t,ω =

{
K(ω) e

∫ t
0 λc(θrω)dr, t ⩾ 0,

K(ω) e
∫ t

0 λc(θrω)dr, t ⩽ 0,

αs
t,ω = K(ω) e

∫ t
0 λs(θrω)dr, t ⩾ 0,

αu
t,ω = K(ω) e

∫ t
0 λu(θrω)dr, t ⩽ 0.

Notice that if

lim
h→0

1
h

∫ h

0
λℓ(θrω) dr = λℓ(ω) (5.6)

then dψℓ(ω) = λℓ(ω) for all ℓ ∈ {c, c, s, u}. From Corollary 5.2 we get the following.

Corollary 5.5. Let Φ be a Bochner measurable linear RDS exhibiting an integral exponential tri-
chotomy such that (5.6) holds and the limit (5.4) exists and satisfyies

λc(ω)− λu(ω) <
dK(ω)

K(ω)
< λc(ω)− λs(ω)

for all ω ∈ Ω. Let f ∈ F
(B)
α be such that

Lip( fω) ⩽
δ

K(ω)
min

{
G(ω),

a(ω)

K(ω)
,

b(ω)

K(ω)

}
for all ω ∈ Ω, where

a(ω) =
dK(ω)

K(ω)
− λc(ω) + λu(ω) and b(ω) = −dK(ω)

K(ω)
+ λc(ω)− λs(ω).

Assume that Ψ is a Bochner measurable RDS such that (3.3) has a unique solution Ψ(·, ω, x) for every
ω ∈ Ω and every x ∈ X. If for all ω ∈ Ω,

lim
t→+∞

K(θtω) e
∫ t

0 λc(θrω)−λu(θrω) dr = lim
t→−∞

K(θtω) e
∫ t

0 λc(θrω)−λs(θrω) dr = 0,

then the same conclusions of Theorem 3.1 hold.

5.2.2 Non exponential trichotomies

We provide now a particular type of ψ-trichotomies that can be easily handled to construct
trichotomies beyhond the exponential bounds. Let

λc, λc, λs, λu : Ω → R

be random variables such that for all ℓ ∈ {c, c, s, u} the following limit exists for all ω:

dλℓ(ω) := lim
h→0

λℓ(θhω)− λℓ(ω)

h
. (5.7)

Consider a ψ-trichotomy with

ψℓ(t, ω) =
λℓ(ω)

λℓ(θtω)
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for all ℓ ∈ {c, c, s, u}, i.e., is a generalized trichotomy with bounds

αc
t,ω =


K(ω)

λc(ω)

λc(θtω)
, t ⩾ 0,

K(ω)
λc(ω)

λc(θtω)
, t ⩽ 0,

αs
t,ω = K(ω)

λs(ω)

λs(θtω)
, t ⩾ 0

αu
t,ω = K(ω)

λu(ω)

λu(θtω)
, t ⩽ 0.

(5.8)

Notice that

dψℓ(ω) = −dλℓ(ω)

λℓ(ω)
.

for all ℓ ∈ {c, c, s, u}. From Corollary 5.2 we get the following.

Corollary 5.6. Let Φ be a Bochner measurable linear RDS exhibiting an α-trichotomy, with
bounds (5.8) and such that (5.7) and (5.4) exist and satisfy

dλu(ω)

λu(ω)
− dλc(ω)

λc(ω)
<

dK(ω)

K(ω)
<

dλs(ω)

λs(ω)
− dλc(ω)

λc(ω)
.

Let f ∈ F
(B)
α be such that for all ω ∈ Ω we have

Lip( fω) ⩽
δ

K(ω)
min

{
G(ω),

a(ω)

K(ω)
,

b(ω)

K(ω)

}
,

where

a(ω) =
dK(ω)

K(ω)
+

dλc(ω)

λc(ω)
− dλu(ω)

λu(ω)
and b(ω) = −dK(ω)

K(ω)
− dλc(ω)

λc(ω)
+

dλs(ω)

λs(ω)
.

Assume that Ψ is a Bochner measurable RDS such that (3.3) has a unique solution Ψ(·, ω, x) for every
ω ∈ Ω and every x ∈ X. If for all ω ∈ Ω,

lim
t→+∞

K(θtω)
λs(θtω)

λc(θtω)
= lim

t→+∞
K(θtω)

λu(θtω)

λc(θtω)
= 0

then the same conclusions of Theorem 3.1 hold.

Example 5.7 (Non exponential trichotomy). Consider for the driving system the horizon-
tal flow in R2 given by θt(x, y) = (x + t, y), which preserves the Lebesgue measure. Let
C, ξc, ξc, ξs, ξu and ε be some real constants with C ⩾ 1 and ε ⩾ 0, and set:

λℓ(x, y) = (1 + x2)−(1+y2)ξℓ , ℓ ∈ {c, c, s, u} ,

K(x, y) = C(1 + x2)(1+y2)ε.
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In this case we obtain a polynomial type trichotomy. Let us assume λc ⩾ λc. Thus we have a
trichotomy with

αc
t,(x,y) =


C
(

1 + (x + t)2

1 + x2

)(1+y2)ξc

(1 + x2)(1+y2)ε, t ⩾ 0,

C
(

1 + (x + t)2

1 + x2

)(1+y2)ξc

(1 + x2)(1+y2)ε, t ⩽ 0,

αs
t,(x,y) = C

(
1 + (x + t)2

1 + x2

)(1+y2)ξs

(1 + x2)(1+y2)ε, t ⩾ 0,

αu
t,(x,y) = C

(
1 + (x + t)2

1 + x2

)(1+y2)ξu

(1 + x2)(1+y2)ε, t ⩽ 0.

Notice that dλℓ(x, y) = ∂
∂x λℓ(x, y).

6 Discrete-time examples

In this section we assume T = Z and provide some corollaries to Theorem 4.1. Let X be a Ba-
nach space and let Σ ≡ (Ω,F , P, θ) be a measure-preserving dynamical system. Throughout
this subsection we consider a real number δ ∈ ]0, 1/6[ and a random variable G : Ω → ]0,+∞[

such that for all ω ∈ Ω we have
+∞

∑
k=−∞

G(θkω) ⩽ 1.

6.1 Tempered exponential trichotomies

Consider θ-invariant random variables

λc, λc, λs, λu : Ω → R.

We say that a measurable linear RDS Φ on X over Σ exhibits an exponential trichotomy if it
admits a generalized trichotomy with bounds

αc
n,ω =

{
K(ω) eλc(ω)n, n ⩾ 0,

K(ω) eλc(ω)n, n ⩽ 0,

αs
n,ω = K(ω) eλs(ω)n, n ⩾ 0,

αu
n,ω = K(ω) eλu(ω)n, n ⩽ 0

for some random variable K : Ω → [1,+∞[. If the random variable K is tempered we say
that Φ exhibits an tempered exponential trichotomy. Notice that in the discrete-time case the
condition (5.1) is equivalent to

lim
n→±∞

1
|n| log K(θnω) = 0 for all ω ∈ Ω.

Corollary 6.1. Let Φ be a measurable linear RDS exhibiting a tempered exponential trichotomy such
that, for all ω ∈ Ω, satisfies

λc(ω) > λs(ω) and λc(ω) < λu(ω)
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and let f ∈ F . Consider a θ-invariant random variable γ(ω) > 0 satisfying for all ω ∈ Ω

a(ω) := λc(ω)− λs(ω)− γ(ω) > 0 and b(ω) := λu(ω)− λc(ω)− γ(ω) > 0.

If

Lip( fω) ⩽
δ

K(θω)
min

{
emin{λc(ω),λc(ω)} G(ω), eλu(ω) ea(ω) −1

ΛK,γ(ω),ω
, eλs(ω) 1 − e−b(ω)

ΛK,γ(ω),ω

}

for all ω ∈ Ω then the same conclusions of Theorem 3.1 hold.

6.2 ψ-trichotomies

Consider measurable functions

ψc, ψc, ψs, ψu : Z × Ω →]0,+∞[

such that for ℓ ∈ {c, c, s, u} we have

ψℓ(t + s, ω) = ψℓ(t, θsω)ψℓ(s, ω)

for all t, s ∈ Z and all ω ∈ Ω. A ψ-trichotomy is a generalized trichotomy with bounds

αc
n,ω =

{
K(ω)ψc(n, ω), t ⩾ 0,

K(ω)ψc(n, ω), t ⩽ 0,

αs
t,ω = K(ω)ψs(n, ω), t ⩾ 0,

αu
t,ω = K(ω)ψu(n, ω), t ⩽ 0

where K : Ω → [1,+∞[ is a random variable. We notice that, as in the continuous-time case,
we may consider different growth rates along the central directions Ec

ω, depending if we are
looking to the future (n → +∞) or to the past (n → −∞).

Corollary 6.2. Let Φ be a measurable linear RDS exhibiting a ψ-trichotomy such that

ψc(1, ω)

ψu(1, ω)
<

K(θω)

K(ω)
<

ψc(1, ω)

ψs(1, ω)
. (6.1)

Let f ∈ F be such that

Lip( fω) ⩽
δ

K(θω)
min

{
ψc(1, ω)G(ω), ψc(1, ω)G(ω), a(ω), b(ω)

}
,

where

a(ω) =
ψu(1, ω)

K(ω)
− ψc(1, ω)

K(θω)
and b(ω) =

ψc(1, ω)

K(θω)
− ψs(1, ω)

K(ω)
.

If
lim

n→−∞
K(θnω)ψs(−n, θnω)ψc(n, ω) = lim

n→+∞
K(θnω)ψu(−n, θnω)ψc(n, ω) = 0

for all ω ∈ Ω, then the same conclusion of Theorem 4.1 holds.
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Proof. We will check that we are in conditions to apply Theorem 4.1. Notice that from (6.1) we
conclude a(ω), b(ω) > 0. We have

σ−
ω = sup

n∈N

1
ψc(−n, ω)

−1

∑
k=−n

K(θk+1ω)ψc(−n − k − 1, θk+1ω)Lip( fθkω)ψ
c(k, ω)

⩽ δ
+∞

∑
k=−∞

G(θkω) ⩽ δ,

and, similarly, σ+
ω ⩽ δ. Thus σ ⩽ δ. Moreover,

τ+
ω =

+∞

∑
k=0

K(θk+1ω)ψu(−k − 1, θk+1ω)Lip( fθkω)K(ω)ψc(k, ω)

⩽ δK(ω)
+∞

∑
k=0

[
ψu(−k, θkω)ψc(k, ω))

K(θkω)
− ψu(−(k + 1), θk+1ω)ψc(k + 1, ω))

K(θk+1ω)

]
⩽ δK(ω)

(
1

K(ω)
− lim

k→+∞

ψu(−k, θkω)ψc(k, ω))

K(θkω)

)
= δ.

Similarly we get τ−
ω ⩽ δ. Therefore σ + τ ⩽ 3δ < 1/2.

In the following we consider particular ψ-trichotomies.

6.2.1 Summable exponential trichotomies

We start by considering the integral (or summable) exponential trichotomies, which are a
generalization of the exponential trichotomies and can be seen as the discrete counterpart of
those in Section 5.2.1. Let

λc, λc, λs, λu : Ω → R

be random variables and set For all ℓ ∈ {c, c, s, u} we set

Sℓ(n, ω) =


λℓ(ω) + · · ·+ λℓ(θn−1ω), n ⩾ 1,

0, n = 0,

−λℓ(θnω)− · · · − λℓ(θ−1ω), n ⩽ −1.

A summable exponential trichotomy is a ψ-trichotomy with

ψℓ(t, ω) = eSℓ(n,ω)

for all ℓ ∈ {c, c, s, u}, i.e., is a generalized trichotomy with bounds

αc
n,ω =

{
K(ω) eSc(n,ω), n ⩾ 0,

K(ω) eSc(n,ω), n ⩽ 0,

αs
n,ω = K(ω) eSs(n,ω), n ⩾ 0,

αu
n,ω = K(ω) eSu(n,ω), n ⩽ 0

for some tempered random variable K : Ω → [1,+∞[.
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Corollary 6.3. Let Φ be a measurable linear RDS exhibiting a summable exponential trichotomy such
that

eλc(ω)

eλu(ω)
<

K(θω)

K(ω)
<

eλc(ω)

eλs(ω)
.

Let f ∈ F be such that

Lip( fω) ⩽
δ

K(θω)
min

{
eλc(ω) G(ω), eλc(ω) G(ω), a(ω), b(ω)

}
,

where

a(ω) =
eλu(ω)

K(ω)
− eλc(ω)

K(θω)
and b(ω) =

eλc(ω)

K(θω)
− eλs(ω)

K(ω)
.

If
lim

n→−∞
K(θnω) eSs(−n,θnω)+Sc(n,ω) = lim

n→+∞
K(θnω) eSu(−n,θnω)+Sc(n,ω) = 0

for all ω ∈ Ω, then the same conclusion of Theorem 4.1 holds.

6.2.2 Non exponential trichotomies

We provide a particular type of ψ-trichotomies that can be easily handled to construct tri-
chotomies beyhond the exponential bounds in the discrete-time scenario. Consider a ψ-tri-
chotomy with

ψℓ(n, ω) =
λℓ(ω)

λℓ(θnω)

for all ℓ ∈ {c, c, s, u}, i.e., is a generalized trichotomy with bounds

αc
n,ω =


K(ω)

λc(ω)

λc(θnω)
, n ⩾ 0,

K(ω)
λc(ω)

λc(θnω)
, n ⩽ 0,

αs
n,ω = K(ω)

λs(ω)

λs(θnω)
, n ⩾ 0,

αu
n,ω = K(ω)

λu(ω)

λu(θnω)
, n ⩽ 0.

(6.2)

For future use let us define

a(ω) =
λu(ω)

λu(θω)K(ω)
− λc(ω)

λc(θω)K(θω)
and b(ω) =

λc(ω)

λc(θω)K(θω)
− λs(ω)

λs(θω)K(ω)
.

Corollary 6.4. Let Φ be a measurable linear RDS exhibiting an α-trichotomy with bounds (6.2) and
such that

λc(ω)λu(θω)

λc(θω)λu(ω)
<

K(θω)

K(ω)
<

λc(ω)λs(θω)

λc(θω)λs(ω)
.

Let f ∈ F be such that

Lip( fω) ⩽
δ

K(θω)
min

{
λc(ω)

λc(θω)
G(ω),

λc(ω)

λc(θω)
G(ω), a(ω), b(ω)

}
.

If

lim
n→−∞

K(θnω)λs(θnω)

λc(θnω)
= lim

n→+∞

K(θnω)λu(θnω)

λc(θnω)
= 0

for all ω ∈ Ω, then the same conclusion of Theorem 4.1 holds.
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We may consider Example 5.7 with T = Z to get an apllication of this result in a non
exponential trichotomy situation.
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