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Abstract. In this paper, we consider the equation for a class of nonlinear operators con-
taining p(-)-Laplacian and mean curvature operator with mixed boundary conditions
in a bounded domain Q) of RN, under the hypothesis p(x) > 1 in Q. More precisely, we
are concerned with the problem under the Dirichlet condition on a part of the bound-
ary and the Steklov boundary condition on an another part of the boundary. We show
the existence of one, two and infinitely many nontrivial weak solutions of the equation
according to the conditions on given functions.
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1 Introduction

In this paper, we consider the following equation

—div [a(x, Vu(x))] = f(x,u(x)) inQ,
u(x) =0 onTy, (1.1)
n(x)-a(x, Vu(x)) = g(x,u(x)) onTh.

Here Q) is a bounded domain of RN (N > 2) with a Lipschitz-continuous (C%!' for short)
boundary 0Q) = I satisfying that

I'; and T are disjoint open subsets of T such that [y UT, =T and I'; # @, (1.2)
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and the vector field n denotes the unit, outer, normal vector to I'. The function a(x,¢) =
V:A(x, &) is a Carathéodory function on Q) x RY satisfying some structure conditions asso-
ciated with an anisotropic exponent function p € C(Q) with 1 < p(x) for x € Q. Then the
operator div [a(x, Vu(x))] is more general than the p(-)-Laplacian

Apxyu(x) = div [[Vu(x)|PH 2V u(x)]
and the mean curvature operator
div [(14 |Vu(x)[2)P0=2/2gy(x)).

These generalities bring about difficulties and requires some conditions.

We impose the mixed boundary conditions, that is, the Dirichlet condition on I'y and the
Steklov condition on I';. The given data f : O xR — R and g : I'; x R — R are Carathéodory
functions satisfying some conditions.

The study of differential equations with p(-)-growth conditions is a very interesting topic
recently. Studying such problem stimulated its application in mathematical physics, in partic-
ular, in elastic mechanics (Zhikov [31]), in electrorheological fluids (Diening [10], Halsey [19],
Mihdilescu and Radulescu [22], Razicka [24]).

Since we can only find a few of papers associate with the problem with the mixed bound-
ary condition in variable exponent Sobolev space as in (1.1). See Aramaki [2,5]. We are
convinced of the reason for existence of this paper.

Fan [13] considered the problem (1.1) when A(x, §) = ﬁ\(’,‘ |P*) and T, = @, and derived
the existence of a nontrivial weak solution to (1.1). Yiicedag [29] and Mashiyev et al. [21]
and many authors extended the result to the case where A(x,¢) satisfies the p(-)-uniform
convexity. In Aramaki [3] and Dai and Hao [8], the authors treated the Kirchhoff-type operator
in the case where A(x, {) satisfies the p(-)-uniform convexity. Here the p(-)-uniform convexity
of A(x, &) means that

A (xg—;”> +elg—y|P™ < %A(x, &)+ %A(x,n) (1.3)

forae. x € Qand all ¢,y € RN with some constant ¢ > 0. However, even in the case
where A(x, &) = ﬁ &P, in general, if 1 < p(x) < 2 in a non-empty subset of ), then this
p(+)-uniform convexity does not hold. Of course, if p(x) > 2 in ), then (1.3) holds.

In this paper, we give up this condition, but we assume that a(x, ) is uniformly monotone
(see (A.2) below in Section 3), because we think that this hypothesis is more natural for the
p(-)-Laplacian and the mean curvature operator, and allow not only the case 2 < p(x) in
Q, but also the case 1 < p(x) in Q. To overcome this, if we apply a version of the idea
of Glowinski and A. Marroco [18] who treated the case p(x) = p = const., then we get
Proposition 3.7 below. So our results are new, because the results contain the case 1 < p(x) in
Q.

We derive that there exist one, two and infinitely many nontrivial weak solutions. We
use the standard Mountain-Pass Theorem, Ekeland variational principle and the Symmetric
Mountain-Pass Theorem, respectively (cf. Aramaki [4,6], [21]).

This paper is also an extension of the articles [13] to the case of mixed boundary value
problem and of a class of operators containing the p(-)-Laplacian and the mean curvature
operator with the case where p(x) > 1in Q.
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The paper is organized as follows. In Section 2, we recall some well-known results on
variable exponent Lebesgue-Sobolev spaces. In Section 3, we give the assumptions to the
main theorems. In Section 4, we state the main theorems (Theorem 4.3, 4.5 and 4.6) on the
existence of at least one, two and infinitely many nontrivial weak solutions according to the
hypotheses on given functions f and g. The proofs of these main theorems are given in
Section 5.

2 Preliminaries

Throughout this paper, let () be a bounded domain in RY (N > 2) with a C*'-boundary T
and () is locally on the same side of I'. Moreover, we assume that I satisfies (1.2).

In the present paper, we only consider vector spaces of real valued functions over R. For
any space B, we denote BN by the boldface character B. Hereafter, we use this character
to denote vectors and vector-valued functions, and we denote the standard inner product of
vectors a = (ay,...,ay) and b = (by,...,by) n RN by a-b = YN a;b; and |a| = (a-a)"/2.
Furthermore, we denote the dual space of B by B* and the duality bracket by (-, -)p- p.

We recall some well-known results on variable exponent Lebesgue and Sobolev spaces.
See Fan and Zhang [15], Kovacik and Racosnik [20] and references therein for more detail.
Furthermore, we consider some new properties on variable exponent Lebesgue space. Define
C(Q) = {p; p is a continuous function on Q}, and for any p € C(Q), put

pT=p"(Q) =supp(x) and p~ = p~(Q) = inf p(x).
xeQ) xeQ)

For any p € C(Q) with p~ > 1 and for any measurable function u on ), a modular p,.) =
Pp(-),0 is defined by

pp() (1) = /Q Ju(x) [P dx.
The variable exponent Lebesgue space is defined by
LPO(Q) = {u;u : Q@ — R is a measurable function satisfying Pp(y (1) < oo}

equipped with the (Luxemburg) norm

: u
lull ooy = inf {A > 0ipp(y (5 ) <1}
Then LP()(Q) is a Banach space. We also define
WHO(Q) = {u e 10 (Q) Vil € FO(@)},

where Vu is the gradient of u, that is, Vu = (d1u,...,dyu), 9; = 9/0x;, endowed with the
norm

Il = Il + 17l

The following three propositions are well known (see Fan et al. [16], Fan and Zhao [17],
Zhao et al. [30]).

Proposition 2.1. Let p € C(Q) with p~ > 1, and let u,u, € LP*)(Q) (n = 1,2,...). Then we have
the following properties.
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@) [lullpoq) <U=1>1) <= pyy(u) <1(=1,>1).
() [l >1= Hu”ﬂ(-)(g) < pp(y (u) < ||u||zp(')(())'

(i) 4l < 1= Ml ) < Pp () < Nl
(iv) Lmyseo [[tn — ul| 1) () = 0 <= limu—e0 0y (n — 1) = 0.
(V) lunllppeyqy — 00 as n — 00 <= pp()(un) — 00 as n — .

The following proposition is a generalized Holder inequality.

Proposition 2.2. Let p € C,(Q)), where

CL(Q):={peC(Q),p >1}.
For any u € LPO)(Q)) and v € LV'1)(Q)), we have
1 1

dx < | — + —— . " <2 . /. .
[ o ldx < (S5 + o ) ool e < 2l oo

Here and from now on, for any p € C4+(Q), p'(-) denote the conjugate exponent of p(-), that is,
p'(x) = p(x)/(p(x) = 1).
For p € C+(Q), define for x € Q,
Np(x)
p*(x) = { NP0 if p(x) <N,
00 if p(x) > N.

Proposition 2.3. Let Q be a bounded domain of RN with CO-boundary and let p € C+(Q). Then
we have the following properties.

(i) The spaces LPC)(Q)) and W) (Q)) are separable, reflexive and uniformly convex Banach spaces.

(i) If g(x) € C(Q) with q— > 1 satisfies that q(x) < p*(x) for all x € Q, then the embedding
WO (Q) — LI (Q)), where < means that the embedding is continuous.

(iii) If g(x) € C(Q) with g~ > 1 satisfies that q(x) < p*(x) for all x € Q, then the embedding
WO (Q) «— LI (Q) is compact.

Next we consider the trace (cf. Fan [14]). Let Q) be a bounded domain of RN with a C%!-
boundary T and p € C(Q) with p~ > 1. Since W'P()(Q) € W' (Q), the trace y(u) = ”‘r to
T of any function u in W?()(Q) is well defined as a function in L!(T'). We define

(Tr WP (T) = {f; f is the trace to T of a function F € W"?()(Q)}

equipped with the norm
HfH(TrerV('))(F) = inf{HFHwLn(~)(Q)}F € Wl'p(')(Q) satisfying F}r: f}

for f € (Tr WP())(T), where the infimum can be achieved. Then we can see that (Tr W?())(T)
is a Banach space. In the later we also write F |r: gby F = gonTI. Moreover, fori = 1,2, we
denote

(W O) (T = {f]; f € (TWPO)(T)}

I’
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equipped with the norm

”gH(TrWW('))( = inf{| f|| (w0 f € (Tr WHPL))(T) satisfying f’ri: g}

where the infimum can also be achieved, so for any g € (Tr W'/P())(T;), there exists F €
WP (€2) such that F| = g and [|Fllyp00) = 18]l irewrro r)-

Letqg € C4(T) :={q € C(T');q~ > 1} and denote the surface measure on I' induced from
the Lebesgue measure dx on (2 by doy. We define

L1N(T) = {u; u:I' — R is a measurable function with respect to doy

satisfying /]u(x)\q(x)dax < oo}
r
and the norm is defined by

[l oy ry = 1nf{)x > 0; /

dUX S 1} 7
and we also define a modular on L10)(T) by

- / ()79 dory.
T

Similarly as Proposition 2.1, we have the following proposition.

u(x)
A

Proposition 2.4. Let g € C(T) with g~ > 1, and let u,u, € L1)(T). Then we have the following
properties.

(1) [ullpgorry <U=1,>1) <= py)r(u) <1U=1,>1).
(i) [l ooy > 1= ull]ye) ) < pge() < Nl )
(i) il ey < 1 — |\uuzq<.>(r) <yt ) < [l
(iv) [l 900y = 0 <= py(),r(n) — 0.

(v) H”nHLq<~>(r) — 0 Pq(-),r(“n) — oo.

The Holder inequality also holds for functions on I'.

Proposition 2.5. Let g € C(I') with g~ > 1. Then the following inequality holds.
J 18 ldes < 201 fl o gl oo, forall £ € 110(D),g € L),

Proposition 2.6. Let Q) be a bounded domain of RN with a CO'-boundary T and let p € C;(Q). If
f e (TrWWPO)(T), then f € LPU)(T) and there exists a constant C > 0 such that

Hf”m ) < ClIfll (T WiPL))(T)"

In particular, If f € (TrWYPO))(T), then f € LPON(T;) and 1oy < CUfllmwieo)m) for
i=1,2
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For p € C4(Q), define for x € O,

N—-1 .
iy = | S i) <N,
00 if p(x) > N.

The following proposition follows from Yao [28, Proposition 2.6].

Proposition 2.7. Let p € C, (Q). Then if ¢ € C(T) satisfies q(x) < p°(x) for all x € T, then the
trace mapping W@P()(Q) — L1C)(T) is well-defined, continuous and

”“Hm(»(r) < CHuHWLp(.)(Q) foru € WLP(')(Q)

for some constant C > 0.
In particular, if q(x) < p°(x) for all x € Ty, then the trace mapping W'@*()(Q) — L1C)(T) is
compact.

Now we consider the weighted variable exponent Lebesgue space. Let p € C(Q)) with
p~ > 1 and let a(x) be a measurable function on Q) with a(x) > 0 a.e. x € Q). We define a
modular

Pp()a(-)) () = / a(x)|u(x) ]’”(x)dx for any measurable function u in Q).
0
Then the weighted Lebesgue space is defined by
Ls(())(()) = {u;u is a measurable function on Q satisfying p(p(.)a(.))(#) < oo}
equipped with the norm

u(x)
A

p(x)
HMHLEé_-;(Q) = mf{)\ > 0;/061(36) dx < 1} .

Then LZ (()) (Q)) is a Banach space.
We have the following proposition (cf. [13, Proposition 2.5]).

Proposition 2.8. Let p € C(Q) with p~ > 1. For u,u, € LZ((:))(Q), we have the following.

(i) Foru #0, HuHLZ((_‘;(Q) =)= O(p(-)a(-)) (%) =1L

(H) ||uHL5<())(Q) <1 (: 1l> 1) — p(p(),a())(u) <1 (: 1,> 1)

p-
(111) HuHLZé;(Q) >1= HuHLp(~)

.
@ S PoOae) (1) < el
a()

Q) aC)

Q)

. pt
(IV) HuHLi’é;(Q) <l= HuHLZ(:)

,
i) < O(p()a() (#) < ““HLZ?')

(@

(V) lim,; oo Hun — MHLZ(())( =0 < lim; e p(p('),a(~)) (un — u) =0.

Q)

(vi) Hu”HL"((f))(Q) —> 00 aS N — 00 <= 0(p(.) a(.)) (Un) —> 00 A N — 00,

The author of [13] also derived the following proposition (cf. [13, Theorem 2.1]).



Existence of weak solutions for a class of nonlinear equation 7

Proposition 2.9. Let Q) be a bounded domain of RN with a C%'-boundary and p € C.(Q). Moreover,
let a € L) (Q) satisfy a(x) > 0 ae. x € Qand « € C(Q). If g € C(Q) satisfies

a(x)—1

1<g(x) < p*(x) forallx € Q,

then the embedding W) (Q) — LZE; (Q) is compact.

Similarly, let g € C(I') with g~ > 1 and let b(x) be a measurable function with respect to o
on I with b(x) > 0 g-a.e. x € I'. We define a modular

P r(0) = [ b0 |u(x) 1 dos.
Then the weighted Lebesgue space on I' is defined by

LZE:;(T) = {u;u is a c-measurable function on I satisfying p(,(.) p(.))r(#) < oo}

equipped with the norm

u(x)

X
A

q(x)
. =i ; < .
901 mf{A >0; [ b(x) dory < 1}

Then LZE:; (T') is a Banach space.
Then we have the following proposition.

Proposition 2.10. Let g € C(T') with q— > 1. For u, u, € LZE:%(F), we have the following.
(i) H””ngj;(r) <1(=1>1) <= puopeyru) <1(=1,>1).

i . 1= [|ull?,
(ii) H””ng_;(r) > HuHngq

< < 7
S Oq()p()ru) < HMHL%»

()
gt
(iii) IIuIILZE;;(F) <1=|lull,,

< g < ull?y,
b L

r) 1@

(iV) lim,; o ||un — =0<«<— limn*)oo P(q(-),b(~)),l"(un — M) =0.

Ullgory

(V> Hu”HLZE;(r) — 00 as N — 00— P(q(.),b(.))/r<un) — 00 aAsn — o0,

The following proposition plays an important role in the present paper.

Proposition 2.11. Let Q) be a bounded domain of RN with a C®'-boundary T and let p € C.(Q).
Assume that 0 < b € LPO)(T), B € C.(T). Ifr € C(T) satisfies

Lx)_lax or all x
1<r(x) < 5% p°(x) forallx €T,

then the embedding W'P() (Q) — LZ((

The following proposition is due to Edmunds and Rakosnik [11, Lemma 2.1].

)) (T) is compact.
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Proposition 2.12. Let g € L®(Q)) and p be a measurable function on Q such that 1 < p(x) < oo
and 1 < q(x)p(x) < co. Assume that f € LPU)(Q) with f # 0. Then we have the following.

1oy € 1= 1m0y < MA@y < 1A 00
. +
Hf“m > 1= HfH Q) < H|f|q( )HLP(')(Q) < Hf”tzq( )p()
In particular, if (x) = q = const., then || |f|‘7HL,,(,) HfHW

Define a space by
X={veW"”0(Q);v=00nT;}. 2.1)

Then it is clear to see that X is a closed subspace of W?()(Q), so X is a reflexive and separable
Banach space. We get the following Poincaré-type inequality (cf. Ciarlet and Dinca [7]).

Proposition 2.13. Let Q) be a bounded domain of RN with a C%'-boundary and let p € C+(Q)). Then
there exists a constant C = C(Q, N, p) > 0 such that

HuHLP(')(Q) < CHVMHLV(-)(Q) forallu € X.
In particular, ||V ul| ) ) is equivalent to ||ull 0 q) for u € X.

For the direct proof, see Aramaki [1, Lemma 2.5].
Thus we can define the norm on X so that

[ollx = [IVoll ) foroe X, (2.2)

which is equivalent to ]|ZJHW1,,,<.)(Q) from Proposition 2.13.

3 Assumptions to the main theorems

In this section, we state the assumptions to the main theorems. Let p € C+(Q) be fixed.
Throughout this paper, we assume the following.

(A0) Let A : O x RN — [0,00) be a function satisfying that for a.e. x € Q the function
A(x,-) : RN 5 & — A(x,€) is of Cl-class, and for all & € RN the function A(-,¢) :
Q 3 x — A(x, ) is measurable. Moreover, suppose that A(x,0) = 0 and put a(x,¢) =
V:A(x, ). Then a(x, ¢) is a Carathéodory function on Q x RN.

Moreover, we assume the following structure conditions. There exist constants Co, kg > 0,
nonnegative functions g € L¥'()(Q) and by € L'(Q) with iy (x) > 1 for a.e. x € Q such that
the following conditions hold.

(A1) |a(x,&)| < Colho(x) + hy(x)|E]PH)-1) for all € € RN and a.e. x € Q.

(A2) a(x,0) =0 fora.e. x € ) and

kol ()18 — y|P™) if p(x) > 2,

(a(x,¢) —alx, ) (§—1) = { kohy (x) (1 + [&] + )P =21 — g2 if p(x) < 2

fora.e.x € Qandall g,y € RN.
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(A.3) Ais p(-)-subhomogeneous in the sense of

a(x,&) - &< p(x)A(x, &) + hi(x) for all € RN and a.e. x € Q.

Lemma 3.1. Under (A.0) and (A.2), there exists a constant ¢ > 0 such that

1 1 N §+n chy(x)|& — 5P if p(x) > 2
A+ Al A<x’ 2 ) - {Chl(X>(1+|§|+!'7\)”(">2\6—11|2 ifp(x) <2

forae x € Qandall &y € RN,
In particular, A(x, &) is convex with respect to ¢.

A(x,q)—A(x,éHz—”> :/Ola<x,§211—|—s (1726“")) ”;gds,

A(x,g—;”) —A(x, &) :/Olu(x,g—i—s <”;§>).";§ds,

it follows from (A.0) and (A.2) that

1 1 ¢+
EA(x,§)+fA(x,11) —A (x, )

Proof. Since

and

2
S A 1—8¢\\ 71-¢
2/(( +52 ax,é‘%—s2 2ds
_xp(x) .
| J 3k () \"T if p(x) >
> B p(x)—
Leohy () |} (1+]¥+s’775)+\g+s"7‘) ]’7 g‘ ds if p(x) <2
++1 x
N {(;)P Kohs (x)[§ — [P if p(x) >
Thohy (x) (1 + [&] + |))P™)2|g — 4> if p(x) <
In particular, since A(x, #) < %A(x, &)+ %A(x, 1) and A(x, €) is continuous with respect to
¢, it is well known that A(x, §) is convex. O

Example 3.2.
(i) A(x,¢) =

Z’;; |E|P™) with h € L'(Q) satisfying h(x) > 1 for a.e. x € Q.
(ii)) A(x,¢) = 22 (14 |E[*)P™)/2 —1) with h € LV'()(Q) satisfying h(x) > 1 for a.e. x € Q.

Then A(x,¢) and a(x,§) = VzA(x, ) satisfy the above assumptions (A.0)—(A.3).

Proof. In the case (i), A(x, ) is clearly differentiable with respect to  for § # 0 and a(x,¢) =
h(x)|E|PX)=2F for & # 0. Since p(x) > 1, if we define a(x,0) = 0, then we see that A(x,&)
is of Cl-class with respect to &, so (A.0) holds. (A.1) easily holds. If we use the well-known
inequality (cf. Thelin [25]): there exists a constant kg > 0 such that

) B ko|& — y|P®) if p(x) > 2,
px)—2x _ 1p(0)-2,) (x> SR
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for all & 5 € RV, then we see that (A.2) holds. We can easily see that (A.3) holds.
In the case (i), clearly A(x,§) is of C!-class with respect to ¢ and a(x,&) = h(x)(1 +

g[2)P)-2)72g,
If p(x) > 2, since |&] < 1+ |&PM)1, we have

a(x,&)| < h(x)2% 2214 gPD72) g < 272 (h(x) + h(x) [P0 ).

If p(x) <2
a(x,8)] < ()2 2[g] = h(x) g

Thus (A.1) with kg = h; = h holds. We show that (A.2) holds. We have
(a(x,8) = a(x,1) - (€ —1)
:h<x>/olj [(1+\s¢+<1—s>n|> D25+ (1-s)y)| ds - (- 1)
= () [ (UHISE+ (1= )Y 2l — g
FR(x)(p(x) ~2) [ (UHISE+ (1= pP) P72 4+ (1= s)y) - (&~ ).
If p(x) > 2, it follows from DiBenedetto [9, p. 14] that
(a8) — () -~ ) = hix) [ 158+ (1= )l 2aslg — g = Koh()[Z — "
If p(x) < 2, we have
(a(x,8) = al(x,1) - (1)

> h(x) / (14 |58+ (1= s)y ) P02 25 — 2
FR(x)(p(x) ~2) [ (UH[SE+ (1= pP)PO 9725 4 (1= s)yPE s
> h(x)(p(x) — 1) / (4[58 + (1= s)y ) P)-2/2as]g — P2

> (p~ = Dh(x)(1+ 18]+ [n))P21g — 4>
Thus (A.2) holds. We show that (A.3) holds.

a(x,§) & =h(x)(1+2? 2>/2\(§"I2
x)(1+ [ PEO22(1 4 g2 — 1)
(

= h(x)
= h(x)

= h(x)(1+ [E2)PE2 — h(x)(1 + |E[?) (P=2)/2
= p(x)
)

\_/\_/

X)A(x, &) + h(x)(1— (1+ |§[3) P22
< p(x)A(x, &) + h(x).

If p(x) > 2, then we can delete the last term h(x), however if p(x) < 2, then we can not delete
the last term h(x) since {(1 + |&?)P()=2)/2,& ¢ RN} = [0,1]. O

Remark 3.3.

(i) When h(x) = 1, (i) corresponds to the p(-)-Laplacian and (ii) corresponds to the pre-
scribed mean curvature operator for nonparametric surface.
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(ii) In many papers (for example, [29], [21], [6], [4]), the authors assume that a(x,¢) - & <
p(x)A(x, &) instead of (A.3). However, in the above Example 3.2 we saw that if the
example (ii) satisfies 1 < p(x) < 2 in a subset of () with positive measure, then we have
to assume (A.3).

Lemma 3.4. Under (A.0)—(A.2), we have the following.
(i) |A(x,&)| < Colho(x)|E| + hy(x)|E|PX)) for a.e. x € Qand all & € RN.
(ii) There exist constants ¢ > 0 and C > 0 such that
a(x,&) - &> chy(x)|EPY) — Chy(x) for ae. x € Qand all & € RN,

In particular, if p~ > 2, then we can take C = 0.

Proof. (i) From (A.0) and (A.1), we have

AG5,8) = 14(x8) — A 0) =| [ G A 2] = | [ aln10)- g

< Co(ho(x)[g] + ha(x)[Z]7)).

(ii) Since it follows from (A.2) with # = 0 that

kohi (x)|&[P™) if p(x) > 2,

a(x§)-¢= {kohl(x)(l +HIENPIREPif p(x) <2,

it suffices to show that when p(x) < 2, we have (1 4+ |&])PW 2|2 > ¢/|&|P®¥) — C’ for some
constant ¢/,C’ > 0. Using an elementary inequality (a + b)7 < 29(a? 4 b7) for real numbers
a,b > 0and g > 0, we have

(14 ()27 < 2P (Jg20) 4 1) < 29 |gop) 4 22
Thereby, |&[>7P®*) > 2P =2(1 +|¢[)27P*) — 1. When || < 1, since p(x) — 1 > 0, we have

(L+[Z)P72g 2 = (1 + [g])P) 2 g7 g™
> (14! 7227 21+ [g)* P —1)[g)P)
= 27 2P — (14 [g])r )2 )
> 27 2|gp) — (2152
> 2r 2|z — zp*—2|g|2(p(X)—1)
> 2F 2| — opt-2

When |&] > 1, we have (1 4+ |&])P()2|g]2 > (2]&|)P¥)-2|> > 2F ~2|&|P(¥). Therefore, we have
(1+]&))PW=2)g2 > 2p —2|F|P) — 20" -2 for all £ € RN, O

For the function h; € L'(Q) with hy(x) > 1 for a.e. x € O, we define a modular

Pp)m () () = Py (,0(0) = /th(x)le(x)l”(x)dx forvey,
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where Y is our basic space defined by
Y = Y(Q) = {U S X;pp(_),hl(,)(v) < OO}, (3.1)
the space X is defined by (2.1), equipped with the norm

. v
lolly = inf {2 > 00,00 () <1}
Then Y is a Banach space (see Proposition 3.5 below). We note that C°(Q2) C Y. Since

1/p(-
Pu( () (©) = ppy (1P V70),

we have
1 .
olly = 111" V0l s - (3.2)

We have the following propositions.
Proposition 3.5. The space (Y, || - ||y) is a separable and reflexive Banach space.
For the proof, see [4, Lemma 2.12].

Proposition 3.6. Let Y be the above Banach space defined by (3.1) and X be the space defined by (2.1).
Then we have the following properties.

(i) Y= Xand ||v||x < ||v]|y forallv e Y.

(ii) Letv € Y. Then ||o[ly > 1(=1,< 1) <= pp) 1) (0) > 1(=1,<1).
see - +
(iii) Letv € Y. Then |jv]ly > 1= [jv||} < Pp( () (0) < ol -

. + -

(iv) Letv € Y. Then |jolly <1 = [[o|l} < oy (0) < [loll}

(v) Let uy,u €Y. Then limy e ||ty — lly = 0 <= limy—c0 0p(.) g () (n — 1) = 0.
(vi) Let uy € Y. Then |lun|ly — 00 asn — 00 <= 0,0y () (4n) —> 00 as n — oo.

The following proposition fulfills an important role in this paper. In the following, we
denote positive constants by ¢, ¢/, C,C’ which may vary from line to line, and put Oy = {x €
Q;p(x) >2}, Op = {x € Q; p(x) <2}

Proposition 3.7. Under (A.0)—(A.2), there exist positive constants c and C such that

/Q(a(x,Vu(x)) —a(x,Vo(x))) - (Vu(x) — Vo(x))dx > cphl(.),p(.),gl(u —0)

(O — = 2/p" ()
4 {e(C ully + o) @22, o (- 0))

_ - _ 2/]77(02)
A e(C+ llully + Jolln) (@200 2, (0 (u—0) |

for u,v € Y. Here and from now on, we denote a V' b = max{a,b} and a Nb = min{a, b} for real
numbers a and b.
In particular, if v = 0 and ||u||y < 1, then we have

/Q a(x, Vu(x)) - Vit(x)dx > c1(0p, () p(00 (1) + Oy (00 (1))

for some constant ¢c; > 0. We also get the following estimate.

/ a(x, Vu(x)) - Vu(x)dx > c||u|\€+ AMully = Climlpq) forallueY. (3.3)
)
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Proof. For brevity of notation, for u,v € Y, we put

J(u(x);0(x)) = (a(x, Vu(x)) — a(x, Vo(x))) - (Vu(x) = Vo(x)).

We decompose the integral of J(u(x);v(x)) over Q) as follows.

[ w@so@)dx = [ ;o) [ ;o)

Jo,

We can easily see that when |Q)1| > 0, it follows from (A.2) that

/Q1 J(u(x);v(x))dx > ko/ I (x)| Vu(x) — Vo(x)[P®dx

(O]

When |();| > 0, it follows from (A.2) that

(i ()P 1y () PO W () |+ () VPO W 0(2) )P0 ] (u(x); 0(x))
> ko|h1 (x)YPOWVu(x) — hy (x) POV o(x)|2.

By integrating p(x)/2-powers of the above inequality over (), we have

/Q kb2 iy ()P W (x) — Iy ()P W () [P
>
S/Q (h1 ()P 4y ()Y PO [0 (x) |+ By ()P [ W () ) B P)IP()/2
2 < J(u(x);0(x))P 2l
We note that
(1 (70 I () PO[Tu()| 4+ (70| 0() 2P0 € 121500 (),

and (J(u(-);0(-))P0)/2 € L2/P()(Q), and (2 — p(x))/2+ p(x)/2 = 1. By the Holder inequality
(Proposition 2.2), we have

b [ @M () — ()70 o)
97)
<2/ (h ()P 4 h (VPO uC) |+ B ()Y POV ()) EPOPO2Y 2000y
X T (); 00 )P 20 )

where k; = kéﬁmZ)/Z /\kpi(QZ)/z. We choose C > 1 so that C||h1(-)1/”(')HLW(QZ) > 1. Then

ICh ()P0 + By (VY POINu()| + B ()Y POV 0() | iy > 1 by the definition of LP0)-
norm. By Proposition 2.12,

1(Chy ()P 1y (VY POIT ()| + Iy () PO W0 () ) &P >>(02)
< (|ChL (VPO 4 by (VPO 1T ()| 4 by (PO [T | (G POIRE2TO2),

Here since (2 — p(x))p(x)/2 = —3(p(x) — 1) + 3, we see that (2 — p(x))p(x)/2)" () =
(2—p (Q2))p (92)/2. Since it follows from Proposition 2.12 that

I1Ch ()P Ly <CHh1H1/” DVl ™ = Gy,
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and [y ()P0 V()| o ) < llully and |5 ()P 0() [l 1oq,) < olly, we have

H(Ch (VPO + B (OVPOIVu() + 1 ()P V() )PP a0 g

o(:
< (Cr+ [lully + [folly) @7 ©2Dp (02072,

Using Proposition 2.12,

1@ 0P 2 2y < 1T @00 G2 V@015 G
Hence we have

/QZI(u(X);v(X))dx = [J(u();v( )y

2/p* (M)

> (€t lully + o) P @20 @72k, [y (0] D) — Tl
(0}

2/p~ ()
A€ Tl + ol @27 @905 [ ()| V() - Go(p D
(9]

In particular case where v = 0 and |[jully <1,

/Qa(x,Vu(x)) Vu(x)dx > ko /Q iy (x) | Wt () [P

_ 2/ +(Q ) 2/ *(Q ) z/pi(QZ)
+(Cy + 1)P @) =2 /PR p P {/Q hl(x)|Vu(x)|”(x)dx} :
2

For the estimate (3.3), it suffices to use Lemma 3.4 (ii). This completes the proof. O

Here we state the assumptions on functions f and g in (1.1).

(f1) f = f(x,t) is a real Carathéodory function on Q) x R and there exist 1 < a € L*0)(Q)
with a € C4(Q), and g € C;(Q) with

g(x) < 2(x) p*(x) forallx € O

such that
1f(x, )] < Cr(1+a(x)[t]191) forallt € R and a.e. x € Q,
where C; is a positive constant and p™ < g~
(f.2) There exist 6 > p™ and ty > 0 such that
0 < OF(x,t) < f(x,t)t forallt € R\ (—#o,to) and a.e. x € ),
where

F(x,t) = /Otf(x,s)ds. (34)

(£3) f(x,t) = o(|t|P 1) uniformly as t — 0.
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(g.1) ¢ = g(x,t) is a real Carathéodory function on I'; x R and there exist 1 < b € LF)(T,)
with B € C1(T3), and r € C4(T;) with

Mpa(x) forall x € T

such that
1g(x, )] < Co(1+b(x)[t]"™~1) forallt € R and c-ae. x € Ty,
where C; is a positive constant and p* < r~.

(g.2) Let 6 and f be as in (f.2). That is, there exist 0 > p*(Q;) V2pT(Q2)/p~ () and ty > 0
such that

0<0G(x,t) <g(x,t)t forallt € R\ (—to, to) and a.e. x € I'y,
where ,
G(x,t) = / g(x,s)ds. (3.5)
0
(g.3) g(x,t) = o(|t|""~1) uniformly as t — 0.
Lemma 3.8. Under (f.1)—(f.3) and (3.1)—(g.3), we have the following.

(i) Forany A > 0, there exists a constant C{ > 0 such that

1

0l [h/pllpq) forae xe€QteR.

[F(x )] < p)ilf\’ﬁ + Cja(x)|#7) —

(ii) Forany A > 0, there exists a constant C, > 0 such that

IG(x,1)] < pﬁmp* + OB for o-ae. x € Tyt € R.

Proof. From (£.3), for any A > 0, there exists 6 € (0,1) such that
If(x, )] < AP forae x € Ot € (—5,6).

Hence we have A
N
|F(x,t)| < p—+|t|p fora.e x € Ot € (—4,90).

On the other hand, from (f.1), we have

F(x, )] < Ca(JH + Y5 1909) < Cha()[H90) for ace. x € O, [t > 6.

q(x)
If we choose C} > 0 so that C§é7" > ﬁuhl/pHLl(Q), then
1" g(x) 1 1 sqt 1
Ca(x) |t — @th/pHLl(Q) > Gl — @th/PHLl(Q) >0
for a.e. x € Q and [t| > 6. Hence |F(x,t)| < (Cy+4 Cy)a(x)|t[1%) — ‘(1)—|||h1/p||L1(Q) for a.e.

x € Qand |t| > 6. It suffices to put C; = C} + CJ.
Similarly (ii) holds. O
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Define a functional on Y by

I(u) = ®(u) — J(u) —K(u) forucy, (3.6)
where
D) = /Q A(x, Vu(x))dx, (3.7)
T(u) = /Q F(x,u(x))dx, F(x,t) is defined by (3.4), (3.8)
K(u) = /r Gl u(x))do, Glx,1) is defined by (35), (3.9)

Proposition 3.9. Assume that (A.0)-(A.3), (f.1)—~(f.3) and (g.1)—(g3.3) hold. Then the functionals
®,],K € CY(Y,R) and the Fréchet derivatives @', ]' and K’ satisfy the following equalities.

(@ (u),v) = /Q a(x, Vu(x)) - Vo(x)dx, (3.10)
U'(w),0) = | flxu()o (3.11)
(K'(w),0) = [ 8 u(x))o(x)dor (3.12)

forall u,v € Y. Here and hereafter, we write the duality (-,-)y+y by simply (-, ).
For the proof, see [4, Proposition 4.2].

Proposition 3.10. Assume that (A.0)—(A.3), (f.1)—(f.3) and (g.1)—(g.3) hold. Then we have the follow-
ing.

(i) The functionals | and K are weakly continuous in Y, that is, if u, — u weakly in'Y as n — oo,
then J(uy) — J(u) and K(u,) — K(u) as n — oo.

(ii) The functional ® is sequentially weakly lower semi-continuous in Y, that is, if u, — u weakly
inY asn — oo, then ®(u) < liminf, e @(uy).

(iii) ®(u) — ®(v) > (P'(v),u —v) forall u,v €Y.
For the proof, see [4, Proposition 4.4].

Lemma 3.11. Under (f.1)—(f.3) and (3.1)—(g.3), there exist constants c1, ca, Cz and C4 such that for
u € Y with ||u|ly <1, the following inequalities hold.

(i) We have

A + -
J(u) < FClHMH? +Csllully = lIr1/pllo)-

(ii) We have

A + _
K(u) < pTCZHMHf/ + Cylully -
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Proof. From Lemma 3.8,

A .
Jw) < o [ G dx+Cs [ a(e) (o)l *Odx — i/ plus o

Here it suffices to note that .
[ ue)P” dx < Clully
Q

with some constant C > 0, and
[ alluGo 9z < C'Jull}
o)
(i) follows from the similar arguments as (i). O

Proposition 3.12. Assume that (A.0)—(A.3), (f.1)—(f.3) and (3.1)—(g.3) hold. Then there exist constants
c,c1,¢2 > 0and C},Ch > 0 such that for u € Y with |Jully <1,

N _ _
(1) > (c = Acy = Aco) ully = Cillully — Coflully .
In particular, there exists p € (0,1) such that

inf I(u) > 0. (3.13)
lully=p

Proof. Let ||u|ly < 1. It follows from (A.3) and Proposition 3.7 that

1
() = / Alx, Vu(x))dx > / ——a(x, Vu(x)) - Vau(x)dx — [ /pll )
Q a p(x)
p+
> cllully = lIh/pllq)-
From Lemma 3.11,
+ - -

I(u) = @(u) — J(u) — K(u) > (c — Acr — Aco) [[ully — Cillull} — Collully .

If we choose A > 0 small enough so that ¢ := ¢ — Ac; — Acz > 0, then we have
+ -t -t
I(w) > [lullf (" =Cillully 77 = Collully 7).

Since g~ > p* and r~ > p*, if [Jully = p > 0 is small, then we have infy,; _, I(u) > 0. O

Proposition 3.13. Assume that (A.0)—(A.3), (f.1)—(f.3) and (3.1)—(g.3) hold. Then there exists a con-
stant C4 > 0 such that

I(u) > (1 - 1) clullZ A lE + S (u),u) — Cy forallu € Y.

pt 6 0
Proof. From (A.3) and Lemma 3.4 (ii), for u € Y, we have
D(u) — %<CI>’(u),u> = / A(x, Vu(x))dx — 2}/ a(x, Vu(x)) - Vu(x)dx
Q Q

- [ (p(l) _ ;) a(x, Vu(x)) - Vau(x)dx — | /pll s

> (pﬂ _ 1) <c/0h1(x)|Vu(x)\p(x)dx—C/th(x)dx> — I/ pllpq)

(1
> (=
=\ p7

| = D

o
)cuuui Al = Cillh e
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for some constant C; > 0.
On the other hand, it follows from (f.2) that

0 < OF(x,t) < f(x,t)t fora.e. x € O, t € R\ (—to, tp).

Put Q, = {x € O;|u(x)| > to}. Then §f(x,u(x))u(x) — F(x,u(x)) > 0 for ae. x € Q. For
x € O\ Oy, we have

() ~ Fu()| < Calto +a()ef V).

Hence we have
{100 = 1) = [ (Grtxuteut) - Flxu()) ) ds
= o (Fo ) = Pt ) dx

_cz/ (to+a(x)t] v )dx
0\Q,

Vv

> _Coto|Q — CotT v T
> —Cato|QY — Caty Vi [lallpq)-

Similarly we have

%<K’(u)fu> — K(u) > —Cato|T2| — Caty V£ [[bl11(r)-
Thus we have
1,5 1, 1,
1) 1 1)) = @) = (@) — (o) = 7"
1, , 1 1 " -
- (Ko = ek, = (Sz =5 ) ellll Al ~c:
for some constant Cjy. O

Proposition 3.14. Assume that (A.0)-(A.3), (f.1)—(f.3) and (g.1)—(g.3) hold. Then the functional I
satisfies the Palais—Smale condition, that is, if a sequence {u,} C Y satisfies that limy, e I(1,) =
v € R exists and limy,_,e0 || I (tty)||y+ = O, then {u, } has a convergent subsequence.

Proof. Let {u,} C Y satisfy that lim,_,e I(11,) = v € R exists and limy, e || I (1) ]

y- = 0.

Step 1. {u,} is bounded in Y. Indeed, if it is false, then passing to a subsequence, we can
assume that lim,,_,« ||, ||y = oo. By proposition 3.13, we have

1 1 -1
1) 2 (5 = 5 ) Rl = Gl o)l il = Ca

for large n. Since p% —2>0and p~ > 1 and limy e || I’ (1)

n — oo. This is a contradiction.

y+ = 0, we have I(u,) — o as

Step 2. Since Y is a reflexive Banach space from Proposition 3.5, there exist a subsequence
{uy} of {u,} and u € Y such that u,y — u weakly in Y as n’ — co. Since {u,, — u} is bounded
inY and lim,y e ||I'(u)||y+ = 0, we see that

(I'(tyy), thyy —u) — 0 asn’ — co.
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By Proposition 2.9, u,, — u strongly in LZE ;(Q) and LZ(()) (I'2) as n’ — co. From (f.1), using the

Holder inequality, |

3030 1 (3) = ()
< [ G+ ) (1 () — ()
< Cr (@)1 () = )|+ ()M ()10 () () — ()
< 2C1H1||m’(~)(0) ||al/€I(')|”n’ — u| ||Lq(->(Q)
+2C a7y ()70 170 a4 1 — 190 (0)-
Since

PN ICIRTIORS! :/ ()19
Py (a |14 ) Qﬂ(x)!“n (x) |7 dx

is bounded, we see that ||a1/q,(')]un/\”/(')_1||m/(4>(0) is bounded. Since |ju, — u||Lq<.)(Q) — 0 as
a(-)

n’ — oo, we see that

lim <]/(”n’)/ Uy — u> = lim f(xr ”n’(x))(un’(x) - u(x))dx =0.

n'—oco n'—oo JO)

Similarly, we have

m (K (wy), ty — u) = lim [ g(x,u(x)) (1 (x) — u(x))doy = 0.

n'—oo n'—o0 JT,

Thus we have

Hm (D (), tyy — 1) = Lm ({J' (), thyy — u) + (K (), iy — ) + (I' (), 4y — 1)) = 0.

n'—oo0 n’—o0
Since u,y — u weakly in Y, we have lim,_,(®' (1), ,y — u) =0, so

lim (D' (u,y) — @' (u), ttyy — u) = 0.

n'—oo0

Since {u,,} is bounded in Y, it follows from Proposition 3.7 that
/ 11.(3) | Vit () — Vau(2)[PDdx — 0 as 1’ — oo,
o)

so U, — u strongly in Y. O

4 Main theorems

In this section, we state the main theorems (Theorem 4.3, 4.5 and 4.6).

Definition 4.1. We say u € Y is a weak solution of (1.1) if u satisfies that

/Q a(x, Vu(x)) - Vo(x)dx = /Qf(x,u(x))v(x)dx + [ g(x,u(x))v(x)doy 4.1)

I

forallveY.
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Remark 4.2. Since C°(Q)) C Y, if u € Y satisfies (4.1), then the equation (1.1) holds in the
distribution sense.

Now we obtain the following three theorems.

Theorem 4.3. Let Q) be a bounded domain of RN (N > 2) with a CO'-boundary T satisfying (1.2).
Under the hypotheses (A.0)—(A.3), (f.1)—(f.3) and (g.1)—(g.3), the problem (1.1) has a nontrivial weak
solution.

Remark 4.4. This theorem extends the result of [8] in which the authors considered the case
where A(x, &) = ﬁ |&|P¥), Ty = @ and p~ > 2. This theorem is new and also an extension to

the case p~ > 1.

We impose one more assumption.
(f4) For any ¢’ € (0,1), the function f(x, t) satisfies the following inequality.

ct™ 1 fort e [§,1],

flat) 2 {0 fort € [0,00) \ [¢',1],

wherec >0and 0 < m < 1.

For example, A function f(x,t) = xg (t)|t|" 2t + a(x)|t|7¥)=2t, where x5 € Co(R) satisfying
that 0 S X6 S 1,

0 forlt]| <¥'/2
Xo(t) = { 4

1 ford <[t <1
and that a function a is as in (f.1) verifies (f.1)—(f.4).

Theorem 4.5. In addition to the hypotheses of Theorem 4.3, assume that (f.4) also holds. Then the
problem (1.1) has at least two nontrivial weak solutions.

Finally, in addition to the hypotheses of Theorem 4.3, we assume the following hypotheses.

(A4) A(x,¢) is even with respect to ¢, that is, A(x,—) = A(x,¢) for a.e. x € O and all
e RN

(£5) f(x,t) is odd with respect to t, thatis, f(x, —t) = —f(x,t) fora.e.x € Qand all t € R.

(g-4) g(x,t)is odd with respect to ¢, that is, g(x, —t) = —g(x,t) for c-a.e. x € Tp and all t € R.

Then we can derive that there exist infinitely many weak solutions of (1.1).

Theorem 4.6. In addition to the hypotheses of Theorem 4.3, assume that (A.4), (f.5) and (3.4) also
hold. Then the problem (1.1) has infinitely many nontrivial weak solutions.

5 Proofs of Theorem 4.3, 4.5 and 4.6

In this section, we give proofs of Theorem 4.3, 4.5 and 4.6. Assume that (A.0)—-(A.3), (f.1)—(£.3)
and (g.1)—(g.3) hold.
The proofs of Theorem 4.3, 4.5 and 4.6 consist of some lemma and propositions.
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Lemma 5.1. Under the hypotheses of Theorem 4.3, we have the following.

(1) |F(x, )| < C{(1+a(x)[t|79) for a.e. x € Q and all t € R with some constant C; > 0.

(ii) There exists v € L*)(Q) such that y(x) > 0 ae. x € Q and F(x,t) > ~(x)t° for all
t € [to,00) and a.e. x € Q), where a(-) and ty are as in (f.1) and (f.2), respectively.

(iil) |G(x,t)] < Cy(1+b(x)|t|"™)) for o-a.e. x € T and all t € R with some constant Cy > 0.

(iv) There exists 6 € LPU)(Ty) such that 6(x) > 0 o-ae. x € T and G(x,t) > 6(x)t? for all
t € [to,00) and o-a.e. x € Iy, where B(-) and ty are as in (g.1) and (g.2), respectively.

Proof. (i) easily follows from (f.1).
(ii) From (f.2), for t > tg,
0 < OF(x,t) < f(x,t)t. (5.1)

Put y(x) = F(x,to)ty?. Then y(x) > 0 for a.e. x € Q and it follows from (ii) that
(x) < G+ a()f )" < L+ a(@)t V] )t

So v € L*)(Q). From (5.1),

0 _ flxT) _ Ex)
T~ F(x,T) F(x,7)"

Integrating this inequality over (fy,t), we have

F(x,t)
F(X, to)

This implies that F(x,t) > «(x)t? for all t > t,.
(iii) and (iv) follow from the similar argument as (i) and (ii) using (g.1) and (g.2), respec-
tively. O

910gti <log for all t > £.
0

5.1 Proof of Theorem 4.3

For a proof of Theorem 4.3, we apply the following standard Mountain-Pass Theorem (cf.
Willem [26]).

Proposition 5.2. Let (V,| - ||v) be a Banach space and I € C'(V,R) be a functional satisfying
the Palais—Smale condition. Assume that 1(0) = 0, and there exist p > 0 and zo € V such that
llzollv > p, I(z0) < I(0) = 0and

a = inf{I(u);u € V with ||ully = p} > 0.

Let G := {9 € C([0,1],V); (0) =0, ¢(1) = 2o} # D and p = inf{max I(¢([0,1]); p € G}. Then
B > a and B is a critical value of 1.

We apply Proposition 5.2 with (V, || - |[v) = (Y, | - ||y)- By Proposition 3.9 and Proposition
3.14, the functional I satisfies that I € C'(Y,R) and the Palais-Smale condition holds. Since
®(0) = J(0) = K(0) = 0, we have I(0) = 0. According to (3.13),

a= inf I(v) > 0. (5.2)
[olly=p
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We show that there exists 1y € Y such that |jup|ly > p and I(1y) < 0. Choose vy € C{(Q2)
such that v9 > 0 and W = {x € O;v9(x) > to} has a positive measure, where t; is as in
(f.2). We see that F(x,v9(x)) > 0 for a.e. x € W from (f.2). Let t > 1 and define W; = {x €
O; tog(x) > to}, then W C W;. By Lemma 5.1 (i), there exists y € L*()(Q)(c L'(Q)) such
that y(x) > 0 a.e. x € Q and F(x,t) > (x)t? for t € [tg, o). Thereby,

/ F(x, tug(x))dx 2/ v (x)t%00(x)%dx > t9L(vy),
Wi

Wi

where L(vg) = [, v(x)vo(x)%dx > 0. For t € [0, to], it follows from Lemma 5.1 (i) that
|F(x, 1) < Ci(1+a(x)t1¥)) < Cj(1 —Hz(x)tg+ V).

By (f.2), F(x,st) > F(x,t)s? fort € R\ (—ty,t9) and s > 1. Indeed, if we define h(s) = F(x,st),
then

W(s) = f(x,st)t = %f(x,st)st > gF(x,st) = gh(s).

Thus 1/ (s)/h(s) > 6/s, so logh(s)/h(1) > 0logs for s > 1. This implies h(s) > h(1)s®.
(A.3) implies that

I’ll (x)
p(x)

Indeed, if we define k(s) = A(x,s¢) + h1(x)/p(x), then we see that k'(s) <
we obtain the inequality. Thus we see that, for t > 1, ®(su) + [[h1/pll11(q
[h1/pllp1(q) for u € Y and s > 1. Thereby we see that, for t > 1,

A(x,s€) + i (x) < P <A(x, &)+

() = > for s > 1.

p(x)k(s). Hence
< 5P (D(u) +

~ »|

I(tl)o) = dD(tvo) — ](tvo)
< ®(toy) — / F(x, too(x))dx — / F(x, too(x))dx

Wt Q\Wt
+ + -
< 0(v0) + 1 I/ plla) — /Pl — L(vo) + CHQI + £ V] [lall1s o)

Since 6 > p* and L(vp) > 0, we can see that I(tvy) — —oo as t — oo. Hence there exists t; > 1
such that ||f1vg||y > p and I(t;v0) < 0. Put ug = t10.

If we define ¢(t) = tug, then ¢ € G, so G # @. Hence all the hypotheses of Proposition
5.2 hold. Therefore, p = inf{max I(¢([0,1]); ¢ € G} satisfies that § > a > 0 and p is a critical
value of I, that is, there exists u; € Y such that I(u;) = B and I'(u1) = 0. Thus u; is a weak
solution of (1.1). Since I(u1) = B > a > 0 = I(0), u; is nontrivial weak solution of (1.1). This
completes the proof of Theorem 4.3.

5.2 Proof of Theorem 4.5.

It follows from (f.4) that for 0 <t <1,

! i / c m \Nm . /

=z (" — >
Fx,t) > J5 f(x,)ds 1ft_(5,2 C(m—(5)my ift>¢,
0 if t <& 0 ift <&

Fix t; € (0,1) small enough and choose ¢’ € (0,1) such that (6')" < t;. If (8')" < t, then
F(x,t) > <(#" —t) since (¢')" > ¢'. Choose ¢ € C5°(Q) so that 0 < ¢ < 1and ¢ # 0. Put
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Qg = {x € O; (") < t1¢(x)}. Then we note that A\ Qg| — 0 as &' — 0, where |A| denotes
the measure of a measurable set A. Thus we have

Ih9) = [ Flxhig(x)dx
2/(),F(x,t1qo(x))dx

> [ (9"~ g ()i

ot ([otmas— [ gtomas) o [ gl

5/
C o m m _ , _i
oo ([ otrar =10\l ) - Snlol.

m

v

v

If we replace ¢’ with smaller one, if necessary, we may assume that [ ¢(x)"dx — |Q\ Qg| > 0.
On the other hand, since A(x,¢) is convex with respect to ¢ and A(x,0) = 0, we have
A(x,118) = A(x, 1E+ (1 —11)0) < t1A(x, &). Thus

®(h¢) :/QA(x,tho(x))dxgthD(go).

Therefore, we have

I(hg) = @(t19) ~ J(ng) < 11 (®(g) + 100) = a7 [ gmar =10\ )

Since 0 < m < 1, if t; > 0 is small enough, then we see that I(t;¢) < 0. By Proposition 3.12, I

is bounded from below on B, (0), where B,(0) = {v € Y; o[y < p}, p is as in (3.13). Hence

—oo < c:= inf I(v) <0.
vEB,(0)

Let 0 < e <inf,cpp (o) I(v) —inf I(v). Here we note that inf,cpp, (o) [(v) > 0. Then there

Uem

exists u € B,(0) such that

inf I(v) <I(u) < inf I(v)+ €2
v€B,(0) vEB,(0)

Since inf ¢B,(0) I(v) < 0, we can choose u € B,(0) so that I(u) < 0. By applying the Ekeland

variational principle (cf. Ekeland [12, Theorem 1.1]) in the complete metric space B,(0), there
exists ue € B,(0) such that

I(ue) < I(u), (5.3)
I(ue) < I(v) +€||v — ue||y for all v € B,(0), (5.4)
| — uel|y <e. (5.5)

Define a functional T : B,(0) — R by I(v) = I(v) + ¢l|v — ug|y for v € B,(0). Since I(u,) <
I(u) < 0 from (5.3) and I(v) > 0 for all v € 9B,(0), we have u, € B,(0). Choose p’ > 0 small
enough so that u. +w € B,(0) for w € By(0). From (5.4), since T(ue) < T(ue +w) for all
w € By (0), we have
(I'(ue), w) + e[w]|y
lwlly
(1), ) + ey — (Tl + ) — Tae)) | Tlue + t0) — T(ue)
B el el
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Here we note that from (5.4),
T(ue + tw) — T(ue) = I(ue + tw) + || tw]|y — I(ue) >0

for t € (0,1). Hence

(I'(ue), w) +ellwlly o (I'(ue), tw) — (I(ue + tw) — ()

> —0 ast— +0.
Jwlly t|wl|y

So (I'(ue), w) + ¢l|w||y > 0 for all w € B, (0), so (I'(ue), w) > —¢||w||y. Replacing w with —w,
we have [(I'(ue), w)| < el|w||y for all w € By (0). Thus [[I'(u¢)||y- < e. Letting e — 0, we see
that I(ue) — ¢ and I'(ue) — 0 in Y*. Since I satisfies the Palais-Smale condition in Y, there
exist a subsequence {u,} of {uc} and up € B,(0) such that u, — up in Y and I'(up) = 0.
Therefore, u; is a weak solution of (1.1). Since I(u2) = ¢ < 0 = 1(0), up is a nontrivial weak
solution of (1.1). Since I(u) = ¢ < 0 < I(u1), we have uj # uy. This completes the proof of
Theorem 4.5.

5.3 Proof of Theorem 4.6

We apply the following Symmetric Mountain-Pass Theorem due to the Rabinowitz [23, Theo-
rem 9.12] (cf. Xie and Xiao [27, Proposition 2.1]).

Proposition 5.3. Let V be an infinite-dimensional real Banach space. A functional I : V. — R is of
Cl-class and satisfies the Palais—Smale condition. Furthermore, assume that

(I1) I(0) = 0and I is an even functional, that is, I(—u) = I(u) forallu € V.
(L2) There exist positive constants a and p such that

inf I(u) > a.
u€adB,(0)
(L.3) For each finite-dimensional linear subspace Vi C V, the set {u € Vy;1(u) > 0} is bounded.

Then I has an unbounded sequence of critical values.

We apply Proposition 5.3 with V' = Y. Note that the functional I defined by (3.6) is of class
C! (Proposition 3.9) and satisfies the Palais-Smale condition (Proposition 3.14). From (A.4),
(£.5) and (g.4), (I.1) is trivial. (I.2) follows from (3.13). Thus it suffices to derive (1.3).

Let u € Y with [Jully > 1. Since ®(u) < c1l[hol| e llully —I—C1||u||§+ from Lemma 3.4
and p* > 1, we have

®(u) < C5HuH§+ for some constant Cs > 0. (5.6)

Since F(x, t) is an even function with respect to ¢, it follows from Lemma 5.1 (ii) that F(x, ) >
v (x)|t|? for || > to. Define O, = {x € OQ;|u(x)| > to}. Then

T(u) :/Q F(x, u(x))dx = /Q () [ ()
From (f.1),

.
| IFGu()dx < GOl Ve llalo.
O\,
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Hence we have

| V

r(x de — Cq

9z,
/ x)|%dx — /Q\Qto v (x)|u(x)|dx — Cs
AL

x)|%dx — Cy, (5.7)

where C7 is a constant. Similarly we have

K(w) = [ 6(x)[u(x) do - Cs, (5.8)

I

where Cg is a constant.
We note that

1/6
</ () |u(x 9dx+/ eda)
isanormin Y.

Let Y; be any finite-dimensional linear subspace of Y. Since Y; is of finite-dimensional, the
above norm is equivalent to the norm ||u||y in Y3, so there exists C9 > 0 such that

Gollully < [ v(xlu(x 9dx+/ x)|*do.
Therefore, for u € Y7 with ||u||y > 1, it follows from (5.6), (5.7) and (5.8) that
+
I(u) < Csllull}, — Collul$ + C7 + Cs.

If u € Y; with |lully > 1 satisfies I(u) > 0, then we have Collu|l} < C5HMH§7/+ + C; + Cs.
Since 6 > p*, the set {u € Yi;||u|y > 1,I(u) > 0} is bounded, so {u € Yy;I(u) > 0} is
bounded. Since all the assumptions of Proposition 5.3 hold, I has an unbounded sequence of
critical values, so problem (1.1) has infinitely many weak solutions. This completes the proof
of Theorem 4.6.
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