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Abstract. In this paper, we obtain some new sufficient conditions for the oscillation of
all solutions of third order nonlinear neutral difference equation of the form

3 «
A3 (3 + buXn—r, + CnXngr)" = quXhy g + PuX] iy 1> g,

where «, B, and vy are the ratios of odd positive integers. Examples are given to illustrate
the main results.
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1 Introduction

In this paper, we study the oscillation of all solutions of the third order nonlinear difference
equation with mixed neutral terms of the form

A3 (xy + buXp—m 4 CpXngr,)" = qnx,f,(,1 + Xy iy, 1> Mg, (1.1)
where 1y is a nonnegative integer, subject to the following conditions:
(C1) &, B and vy are the ratios of odd positive integers;
(C2) ©, 1, 01 and o7 are positive integers;
(C3) {gn} and {pn} are sequences of nonnegative real numbers;

(C4) {b,} and {c,} are nonnegative real sequences, and there exist constants b and ¢ such
that 0 < b, <b<ooand 0 < ¢, <c¢ < 0.
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Let 6 = max{cy, 1}. By a solution of equation (1.1), we mean a real valued sequence
{x,} defined for all n > ny — 6 and satisfying the equation (1.1) for all n > ny. As customary,
a nontrivial solution {x,} of equation (1.1) is said to be oscillatory if it is neither eventually
positive nor eventually negative, otherwise it is called nonoscillatory.

Recently, there has been much interest in studying the oscillatory behavior of neutral type
difference equations, see, for example [1,2,6,8-10,12-14] and the references cited therein. This
is because such type has various applications in natural sciences and engineering. Regarding
mixed type neutral difference equations, the authors Agarwal, Grace and Bohner [3], Ferreira
and Pinelas [4], Grace [5], and Grace and Dontha [7] considered several third order neutral
difference equations with mixed arguments and established sufficient conditions for the os-
cillation of all solutions. It is to be noted that all the results are obtained only for the linear
equations, and the paper dealing with the oscillation of nonlinear equation is by Thandapani
and Kavitha [15]. In [15], the authors considered equation of the form (1.1) with the sequences
{g+} and {p,} are non-positive. The purpose of this paper is to obtain some new sufficient
conditions for the oscillation of all solutions of equation (1.1) when the sequences {g,} and
{pn} are non-negative. In Section 2, we obtain some new sufficient conditions for the oscilla-
tion of all solutions of equation (1.1), and in Section 3, we provide some examples in support
of our main results. Thus, the results obtained in this paper extend and complement to that
of in [2,6,9,13-15].

2 Oscillation results

For the convenience of the reader, in what follows, we use the notation without further men-
tion:

Qn = min {5]71/ Gn—oys anrl} ’ P, = min {pn/ Prn—oyr Pn—mq } ’
and

®
Zn = (xn + bnxn—rl + Cnxn—i-rz) .

Throughout this paper we prove the results for the positive solution only since the proof for
the other case is similar.
We start with the following lemmas.

Lemma 2.1. Assume A > 0,and B> 0. If0 < <1 then

A’ + B> (A+B), 2.1)

and if § > 1 then
A’ + B > % (A+B)°. (2.2)
Proof. The proof can be found in Lemma 2.1 and Lemma 2.2 of [11]. O

Lemma 2.2. If {x,} is a positive solution of equation (1.1), then the corresponding sequence {z, }
satisfies only one of the following two cases:

(1) z, >0, Az, >0, Az, >0, and A%z, >0, (2.3)

(I) z, >0, Az, >0, A2z, <0, and A%z, >0. (2.4)
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Proof. Assume that {x,} is a positive solution of equation (1.1). Then there exists an integer
ny > np such that x, > 0, x,—», > 0, and x,_ > 0 for all n > n;. By the definition of z,, we
have z, > 0 for all n > n;. From the equation (1.1), we have A3z, > 0 for all n > ny. Then
{A%z,} is strictly increasing and both A%z, and Az, are of one sign for all n > n;. We shall
prove that Az, > 0 for all n > n;. Otherwise there exists an integer n, > 1, and a negative
constant M such that Az, < M for all n > n,. Summing the last inequality from n, to n —1,
we obtain
Zn < Zn, + M(n — np).

Letting n — co in the above inequality we see that z, — —oo, which is a contradiction to the
positivity of z,. This contradiction proves the lemma. O

Theorem 2.3. Assume 0 < B = ¢ < land o3 > max{t, o} If the second order difference
inequalities
(o1 — )P g/

2
I g e 2O

(2.5)

and ( )ﬁ/
o — 1)’ g/
(1 4 bB —|—Cﬁ)ﬁ/a n—o+1 >0 (2.6)

have no positive increasing solution, and no positive decreasing solution, respectively, then every solu-
tion of equation (1.1) is oscillatory.

Ay, — Qu

Proof. Suppose {x,} is a nonoscillatory solution of equation (1.1). Without loss of generality,
we may assume that {x,} is a positive solution of equation (1.1). Then there exists an integer
N1 > ng such that x, > 0, x,—», > 0, and x,_ > 0 for all n > Nj. Set

Yn = 2n + bPzy o + Pzyiq, 2.7)
foralln > ny > Nj. Theny, > 0 for all n > ny, and
Ny, = Nz, + PNz, o + PA3z, s,
= Elnxﬁ—al + an£+az +bP [qnfnxin—al + Pnfnxirﬁaz}
+cP [%Jrfzxgﬂz—al + pH+T2x£+T2+UJ
> Qu Mgy + 0y gy + Pl
+ Py [x5+az + bﬁxg—rﬁaz + Cﬁxg+Tz+Uz:| :
Now using (2.1) in the right hand side of the last inequality, we obtain

A3yn > anﬁ/“ + Pnzﬁ/“ n > ny. (2.8)

n—op n—+oy’

Since {x,} is a positive solution of equation (1.1), we have two cases for {z,} as given in
Lemma 2.2.
Case (I). Suppose there exists an integer 1, > n; such that Az, > 0, A%z, > 0, and A%z, > 0
for all n > ny. Then from the definition of y,, we have Ay, > 0, Azyn > 0 and A3yn > 0 for all
n > nz > np. From (2.8), we have

A3yn > Pnzﬁ/“ for all n > ns. (2.9)

n-+oy’
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Using the monotonicity of Az,, we have

Ay, = Az, + erAzn_T1 + cﬁAan2 < (1 +bP + cﬁ) Azyyv,,

and
n+o—1mn—1
Znjo—n =Zn+ Y, Dzg > (01 — T)Azy. (2.10)
S=n

Combining (2.9), (2.10) and (2.10), we obtain

(1 — 1)P/*

p/a
(1061 )7 (OYrevsen) 21D

AB]/n > Py

for all n > n3. Define w, = Ay, for all n > nz. Then w, > 0 and Aw, > 0 for all n > n3. Now
from the inequality (2.11), we obtain

(Ul - T2)ﬁ/a B/u

n—oq1+03

for all n > n3. Thus {w,} is a positive increasing solution of the inequality (2.5), which is a
contradiction.

Case (II). Suppose there exists an integer 1, > ny such that Az, > 0, A%z, < 0, and A3z, > 0
for all n > ny. From the definition of y,,, we have Ay, > 0, Azyn < 0 forall n > nz > n,. Now

from the inequality (2.8), we have
Ay > Quzb (2.12)

n—op

for all n > n3. By the monotonicity of Az,, we have
Ayy = Dz, + b/SAzn_lrl + cﬁAszr1r2 < (1 +bP + cﬁ> Azy_v,

and

n—1
Zn = Zn—oi4+1 T+ Z Azg > (Ul —T1)Azy. (2.13)

s=n—(1—11)
Combining (2.12), (2.13) and (2.13), we obtain

(1 — )P/
(146 +cP)P®

A3yn > Qn plu

(Ayﬂ—U1+T1)

for all n > n3. By setting w,, = Ay,, we see that w,, > 0, Aw,, = Azyn <0, and

(o —1)f’* g/
(1408 +cp)P/e "0

Azwn > Qn
for all n > n3. That is, {w,} is a positive decreasing solution of the inequality (2.6), which is a
contradiction. Now the proof is complete. O
Theorem 2.4. Assume f =y > 1, and 01 > max {1, ©2}. If the second order difference inequalities

Py(o1 — TZ)B/IX B/u
_ B
4p-1 (1 + B+ 22

>0, (2.14)

Azy” - )lg/aynolﬂfg =
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and
Qu(on —)P/® /
A2y, — : n : ﬁ/ayﬁjfﬁm >0 (2.15)
4137 (1 + b,B + F)

have no positive increasing solution, and no positive decreasing solution, respectively, then every solu-
tion of equation (1.1) is oscillatory.

Proof. The proof is similar to that of Theorem 2.3, and so the details are omitted. O

Theorem 2.5. Assume 0 < p<1,v>1,b<1,¢c<1,and oy > max{7, }. If the second order
difference inequalities

_ v/
Pu(or — ) e 5 (2.16)

A%y, — ’ ,
Yn A1 (1—}—[7!3—1—0/3)7/“ n—oi+o; =

and ,
— . \B/a
A2y, — (?Jr(c; :1;),3/0( b e >0, (2.17)
C

have no positive increasing solution, and no positive decreasing solution, respectively, then every solu-
tion of equation (1.1) is oscillatory.

Proof. Let {x,} be a nonoscillatory solution of equation (1.1). Without loss of generality, we
may assume that {x,} is a positive solution of equation (1.1). Then there exists an integer
Np > ng such that x,_g > 0, for all n > Nj. Define

Yn =2 + Pz o + Pzyie (2.18)
forall n > ny > Nj. Then y, > 0, and
Ny, = Nz, + PNz, o + Pzyiey
= qnxﬁ—m + anZ+az +bP [qn*TlngTlfo'l + pn*ﬁxzfﬁﬂfz}
+cP [qnﬂzxgﬂz—al + Pn+szZ+r2+az}
> Qu Mgy + 0y gy + Pl
+ Py [XZ+02 + bﬁxZ—rﬁaz + CﬁxZ+T2+th:|

for all n > np > ny. Now using (2.1) twice on the first part of right hand side of last inequality,
we have

Ny, > Quzt/S + P, [xgm A cﬁx,LTHUJ . (2.19)

Sinceb<1,c<1,9>1and 0 < B <1, we have by (2.2) that

e
4y—17n+02

v Y Y Y Y Y
xn+o2 + bﬁxn7ﬁ+az + CryanrTeroz 2 xn+(72 + byxnfrlﬂfz + CIYXH+T2+02 Z
Using (2.20) in (2.19), we have

Pn v/
4771 n+oy*

Ny > Qub’% + (2.20)
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Now we consider the two cases for {z,} as stated in Lemma 2.2.
Case (I). Suppose there exists an integer n3 > ny such that Az, > 0, A%z, > 0, and A3z, > 0
for all n > n3. From the inequality (2.20), we have

P
By > 5520, (2.21)

for all n > n3. By the monotonicity of Az,, we obtain
Ay, = Az, + bﬁAzn_Tl + cﬁAszFTZ < (1 + P+ cﬁ> JAVA,

for all n > n3, and

n+o—1mn—1
Znbo—n =Znt+ Y, Dzg > (01 — T) Az (2.22)
S=n

Using (2.22) and (2.22) in (2.21), we obtain

Ny, > Pa(on — )7

AYn-cytay)""
U7 4T (14 0B B) T (B

By taking w, = Ay, we see that w, > 0, Aw, = A%y, > 0, and

Py(01 — )"/" v/

2
A Wn > n—oy+03

= (]—{—bﬁ+cﬁ)7/“

for all n > n3. Thus {wy} is a positive increasing solution of the inequality (2.16), which is a
contradiction.

Case (II). In this case, we have Az, > 0, A%z, < 0, and A3z, > 0 for all n > ny. Therefore
Ay, >0, Azyn < 0,and A3yn > 0 for all n > n3 > ny. From the inequality (2.20), we have

Ay > Quzb" (2.23)

n—op

for all n > n3. By the monotonicity of Az,, we obtain
Ay, = Dz, + bﬁAzn_T1 + c/SAszrT2 < (1 + P+ c/S) Az,

for all n > n3, and
n—1

Zn =Zn-oy4n + Y, Az > (01 —1)Az, (2.24)

s=n—(o1—1)

for all n > n3. Combining (2.23), (2.24) and (2.24), we obtain

Qu(or —1)P/"
(14 0P + cB)P/*

A3yn > (Ayn—aﬁ-ﬁ)ﬁ/a

for all n > n3. Setting w, = Ay,, we see that {w,} is a positive decreasing solution of the
inequality (2.17), which is a contradiction. This completes the proof. O

Theorem 2.6. Assume 0 <y <1,>1,b<1,¢c<1,and oy > max{t, n}. If the second order
difference inequalities

Py (01 — 1)P/*
n(01 — 7o) Bl S (2.25)

A%y, — a >0,
Yn 4p—1 (1—|—b15—|—C/5)ﬁ/{X n—oy+0,
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and
A2 o Qn(o'l _Tl)ly/’x y/a
(1408 4cp)7/ 27700

have no positive increasing solution, and no positive decreasing solution, respectively, then every solu-
tion of equation (1.1) is oscillatory.

(2.26)

Proof. The proof is similar to that of Theorem 2.5, and hence the details are omitted. O

Theorem 2.7. Assume p>1,0< vy <1,b>1,c>1,and o7 > max{n,w2}. If the second order
difference inequalities
Pu(o _72)7/0‘ v/

Azyn _ ( B P )'Y/lx n—o1+0; >0, (2.27)
1+bP + 5
and
o —1)P/%
A2y, — Qu(or —m) 5 Myﬁﬁ tin =0 (2.28)

have no positive increasing solution, and no positive decreasing solution, respectively, then every solu-
tion of equation (1.1) is oscillatory.

Proof. Assume that {x,} is a nonoscillatory solution of equation (1.1). Without loss of gener-
ality, we may assume that {x,} is a positive solution of equation (1.1). Then there exists an
integer n; > ngp such that x,,_y > 0 for all n > n;. Set

p

c
Yn = 2zy +bPzy o + T (2.29)
for all n > ny > ny. Then Ay, > 0, and
3 3 B A3 F s
A Yn = A Zn +b A Zp—m + FA Zn+1,

= qﬂxﬁfal + panJraz + bﬁ [qn*ﬁngnfm + pn*ﬁxzfrﬁraz}
cP B 0%
+ 71 [”ln+rzxn+rz—al + Pn+rzxn+rz+az]

> Q, [xﬁa] P ziixﬁﬂm}
+ P, [XZ+172 + blBXZ*ﬁ‘FO'Z + Zriﬁj]x5+rz+az:| :
Sinceb>1,c>1,v <1and B > 1, we have from the last inequality
P g

Agyn 2 Qn |:x5171 + bﬁxﬁ*l’]*(ﬁ + 2‘51xn+1’2(71:| + Pn |:x;rl+0'2 + b,)/x;z%’lfz*ﬁ + CIYxZ+Tz+U’2:| *

Now using (2.1) and (2.2) in the right hand side of the last inequality, we obtain

Q
Ny > 57 2B P2l (2.30)
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for all n > ny. In the following we consider the two cases for {z,} as stated in Lemma 2.2.
Case (I). In this case, we have Az, > 0, A’z, > 0, and A3z, > 0 for all n > n3 > n,. From the
inequality (2.30), we have

A%y, > P,z)" (2.31)

n-+oy

for all n > n3. Now applying the monotonicity of Az,, we obtain

p i py <
Ayn = AZn + b AZTI—Tl + FAZVH‘TZ < <1 —+ b + 271> AZn+~L-2

for all n > n3, and
n+o1—1mn—1

Znto—1 = Zn + Z Azs > ((71 - TZ)AZn (232)
s=n
for all n > n3. Combining (2.31), (2.32) and (2.32), we obtain

Py(o1 — 1)7/®

A3yn >
il 5 ’)’/06
(1408 + 2%)

)

(AYn—ci+o,

for all n > n3. By setting w, = Ay,, we have w, > 0, Aw, > 0, and

Py(01 — TZ)WQ v/

2
A Wy Z IB o ,)//awn—lﬁ-‘ro'z
(1 BB+ p—,l)

for all n > n3. This implies that {w, } is a positive increasing solution of the inequality (2.27),
which is a contradiction.

Case (II). In this case, we have Az, > 0, A%z, < 0,and A3z, > 0 for all n > n3 > ny. Using the
monotonicity of Az,, we have

p il py
Ayn = AZH + b Azn,ﬁ + 2,Y7_1Azn+'(2 S <1 + b + 27_1> Azn_T]

for all n > n3, and
n—1

Zn = Zn—oi+1 T Z Azg > (07 — 1) Azy (2.33)

s=n—(01—11)

for all n > n3. Again from (2.30), we have

Qn__p/
Ny > s, (2.34)

for all n > n3. Using (2.33) and (2.33) in (2.34), we obtain

o —1)P/"
AZyn > Qn( 1 1) B/a (Ayn,0—1+1—1)

4 (1 bh 4 )

B/

for all n > n3. By setting w,, = Ay,, we see that {w,} is a positive decreasing solution of the
inequality (2.28), which is a contradiction. This completes the proof. ]
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Theorem 2.8. Assumey >1,0< B <1,b>1,¢c>1,and oq > max {7, a}. If the second order
difference inequality

Pu(o1 — )7/ /
Azyn - . N v/ E/fonwz >0 (2.35)
41 (1 + 52+ c“f)
has no positive increasing solution, and if the second order difference inequality
Qulon —m)P’™ 5y
A2y — n . ﬁ/ayg_"(‘f iy 20 (2.36)
<1 + 261 + C’y)
has no positive decreasing solution, then every solution of equation (1.1) is oscillatory.
Proof. The proof is similar to that of Theorem 2.7, and hence the details are omitted. O
Corollary 2.9. Let o« = = > 1,and 0 > 01 + 2 with oq > max {7, ©}. If
n—op+oy—2 (1 + b* 25%) 4“_1
lim su n—oy+o—s5—1)FP > , (2.37)
D PR G
and ’
n (1 + b 2%1) 4“_1
lim sup Z (n—s+1)Qs > (2.38)
n=00  s—p_(g;—11) (Ul - Tl)

then every solution of equation (1.1) is oscillatory.

Proof. By Lemma 7.6.15 of [1], conditions (2.37) and (2.38) ensure that the inequalities (2.14)
and (2.15) have no positive increasing solution and no positive decreasing solution, respec-
tively. Now the conclusion follows from Theorem 2.4. O

Corollary 2.10. Let 0 < B <1,y > 1withp <a <y, b <1,¢ <1 and oo > 01 + 2 with
01 > max {Tl,Tz} . If
) n—1
) Y D=, (2.39)
n=ng s=n+o0y—0or+1

and
oo n+o01—T

Y Y Qi=oo, (2.40)

n=ng s=n
then every solution of equation (1.1) is oscillatory.
Proof. By Lemmas 2.2 and 2.3 of [16], conditions (2.39) and (2.40) ensure that the inequalities

(2.16) and (2.17) have no positive increasing solution, and no positive decreasing solution,
respectively. Now the conclusion follows from Theorem 2.5. O

Corollary 2.11. Let > 1,0 < y < L withy <a < B, b <1,¢c <1, and oo > 01 + 2 with
o1 > max{n, n}. If

y nf P, = oo, (2.41)

n=ng s=n+o;—or+1

and
0o n+01—T
Y Y-, 42)
n=ng S=n

then every solution of equation (1.1) is oscillatory.
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Proof. By Lemmas 2.2 and 2.3 of [16], conditions (2.41) and (2.42) ensure that the difference
inequalities (2.25) and (2.26) have no positive increasing, and no positive decreasing solution,
respectively. Then the conclusion follows from Theorem 2.6. O

3 Examples

In this section, we present three examples to illustrate the main results.

Example 3.1. Consider the following third order difference equation
A3 (xn + 2%, 1+ 3%542)° = 64(n 4+ 1)x3_5 + 64nx>_, n > 3. (3.1)

Here,b =2, c=3,a=B=9=3,n1=1,10=20=3,0 =64, =64(n+1), p, = 64n,
Qn = 64(n —2), P, = 64(n — 3). Then it is easy to see that all the conditions of Corollary 2.9
are satisfied. Therefore every solution of equation (3.1) is oscillatory. In fact {(—1)"} is one
such oscillatory solution of equation (3.1).

Example 3.2. Consider the following third order difference equation

1 1 25 1 5
A3 (xn + Exn_l + 3xn+2) = 33(«273 + §X2+6, n>>5. (32)

1 1 1 25 5
Here/b:j/C:§/“:1/,B:§/r)/:3/T1:1/T2:2101:3/0—2:6/qn:§1p71:§/

Q, = %, and P, = % Then it is easy to see that all the conditions of Corollary 2.10 are
satisfied. Therefore every solution of equation (3.2) is oscillatory. In fact {(—1)%"} is one such
oscillatory solution of equation (3.2).

Example 3.3. Consider the following third order difference equation
1 1
A3 (xn + 5%n-1 + xn+2> = (n+12)x3 -+ nx,,s, 1 =05 (3.3)

Here, b=1c=1La=16=3,y=Ln=1,10=20=50n=84,=n+12,p, =n,
Qu =n+7,and P, = n — 5. Then it is easy to see that all the conditions of Corollary 2.11 are
satisfied. Therefore every solution of equation (3.3) is oscillatory. In fact {(—1)3”} is one such
oscillatory solution of equation (3.3).

We conclude this paper with the following remark.

Remark 3.4. The results obtained in this paper extend and complement to that of in [2,6,9,
10,13-15]. Further if ¢, = 0 and p, = O for all n > nyg, then our results reduced to some of
the results in [1,5,7,13,14]. It would be interesting to study the oscillatory behavior of the
equation

A(”nAZ (Xn 4 bnXn—z, + CaXniny)") = qnngal + panm' n = no,

) _ 00 1
when ) 77, o= =ooor )L, o < oo

1
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