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Abstract. In this paper, we obtain some new sufficient conditions for the oscillation of
all solutions of third order nonlinear neutral difference equation of the form

∆3 (xn + bnxn−τ1 + cnxn+τ2)
α = qnxβ

n−σ1
+ pnxγ

n+σ2
, n ≥ n0,

where α, β, and γ are the ratios of odd positive integers. Examples are given to illustrate
the main results.
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1 Introduction

In this paper, we study the oscillation of all solutions of the third order nonlinear difference
equation with mixed neutral terms of the form

∆3 (xn + bnxn−τ1 + cnxn+τ2)
α = qnxβ

n−σ1
+ pnxγ

n+σ2
, n ≥ n0, (1.1)

where n0 is a nonnegative integer, subject to the following conditions:

(C1) α, β and γ are the ratios of odd positive integers;

(C2) τ1, τ2, σ1 and σ2 are positive integers;

(C3) {qn} and {pn} are sequences of nonnegative real numbers;

(C4) {bn} and {cn} are nonnegative real sequences, and there exist constants b and c such
that 0 ≤ bn ≤ b < ∞ and 0 ≤ cn ≤ c < ∞.
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Let θ = max {σ1, τ1}. By a solution of equation (1.1), we mean a real valued sequence
{xn} defined for all n ≥ n0 − θ and satisfying the equation (1.1) for all n ≥ n0. As customary,
a nontrivial solution {xn} of equation (1.1) is said to be oscillatory if it is neither eventually
positive nor eventually negative, otherwise it is called nonoscillatory.

Recently, there has been much interest in studying the oscillatory behavior of neutral type
difference equations, see, for example [1,2,6,8–10,12–14] and the references cited therein. This
is because such type has various applications in natural sciences and engineering. Regarding
mixed type neutral difference equations, the authors Agarwal, Grace and Bohner [3], Ferreira
and Pinelas [4], Grace [5], and Grace and Dontha [7] considered several third order neutral
difference equations with mixed arguments and established sufficient conditions for the os-
cillation of all solutions. It is to be noted that all the results are obtained only for the linear
equations, and the paper dealing with the oscillation of nonlinear equation is by Thandapani
and Kavitha [15]. In [15], the authors considered equation of the form (1.1) with the sequences
{qn} and {pn} are non-positive. The purpose of this paper is to obtain some new sufficient
conditions for the oscillation of all solutions of equation (1.1) when the sequences {qn} and
{pn} are non-negative. In Section 2, we obtain some new sufficient conditions for the oscilla-
tion of all solutions of equation (1.1), and in Section 3, we provide some examples in support
of our main results. Thus, the results obtained in this paper extend and complement to that
of in [2, 6, 9, 13–15].

2 Oscillation results

For the convenience of the reader, in what follows, we use the notation without further men-
tion:

Qn = min {qn, qn−σ1 , qn−τ1} , Pn = min {pn, pn−σ1 , pn−τ1} ,

and
zn = (xn + bnxn−τ1 + cnxn+τ2)

α .

Throughout this paper we prove the results for the positive solution only since the proof for
the other case is similar.

We start with the following lemmas.

Lemma 2.1. Assume A ≥ 0, and B ≥ 0. If 0 < δ ≤ 1 then

Aδ + Bδ ≥ (A + B)δ , (2.1)

and if δ ≥ 1 then

Aδ + Bδ ≥ 1
2δ−1 (A + B)δ . (2.2)

Proof. The proof can be found in Lemma 2.1 and Lemma 2.2 of [11].

Lemma 2.2. If {xn} is a positive solution of equation (1.1), then the corresponding sequence {zn}
satisfies only one of the following two cases:

(I) zn > 0, ∆zn > 0, ∆2zn > 0, and ∆3zn > 0, (2.3)

(II) zn > 0, ∆zn > 0, ∆2zn < 0, and ∆3zn > 0. (2.4)
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Proof. Assume that {xn} is a positive solution of equation (1.1). Then there exists an integer
n1 ≥ n0 such that xn > 0, xn−σ1 > 0, and xn−τ1 > 0 for all n ≥ n1. By the definition of zn, we
have zn > 0 for all n ≥ n1. From the equation (1.1), we have ∆3zn > 0 for all n ≥ n1. Then{

∆2zn
}

is strictly increasing and both ∆2zn and ∆zn are of one sign for all n ≥ n1. We shall
prove that ∆zn > 0 for all n ≥ n1. Otherwise there exists an integer n2 ≥ n1, and a negative
constant M such that ∆zn < M for all n ≥ n2. Summing the last inequality from n2 to n− 1,
we obtain

zn < zn2 + M(n− n2).

Letting n → ∞ in the above inequality we see that zn → −∞, which is a contradiction to the
positivity of zn. This contradiction proves the lemma.

Theorem 2.3. Assume 0 < β = γ ≤ 1,and σ1 > max {τ1, τ2}. If the second order difference
inequalities

∆2yn − Pn
(σ1 − τ2)β/α(

1 + bβ + cβ
)β/α

yβ/α
n−σ1+σ2

≥ 0, (2.5)

and

∆2yn −Qn
(σ1 − τ1)

β/α(
1 + bβ + cβ

)β/α
yβ/α

n−σ1+τ1
≥ 0 (2.6)

have no positive increasing solution, and no positive decreasing solution, respectively, then every solu-
tion of equation (1.1) is oscillatory.

Proof. Suppose {xn} is a nonoscillatory solution of equation (1.1). Without loss of generality,
we may assume that {xn} is a positive solution of equation (1.1). Then there exists an integer
N1 ≥ n0 such that xn > 0, xn−σ1 > 0, and xn−τ1 > 0 for all n ≥ N1. Set

yn = zn + bβzn−τ1 + cβzn+τ2 (2.7)

for all n ≥ n1 ≥ N1. Then yn > 0 for all n ≥ n1, and

∆3yn = ∆3zn + bβ∆3zn−τ1 + cβ∆3zn+τ2

= qnxβ
n−σ1

+ pnxβ
n+σ2

+ bβ
[
qn−τ1 xβ

n−τ1−σ1
+ pn−τ1 xβ

n−τ1+σ2

]
+ cβ

[
qn+τ2 xβ

n+τ2−σ1
+ pn+τ2 xβ

n+τ2+σ2

]
≥ Qn

[
xβ

n−σ1
+ bβxβ

n−τ1−σ1
+ cβxβ

n+τ2−σ1

]
+ Pn

[
xβ

n+σ2
+ bβxβ

n−τ1+σ2
+ cβxβ

n+τ2+σ2

]
.

Now using (2.1) in the right hand side of the last inequality, we obtain

∆3yn ≥ Qnzβ/α
n−σ1

+ Pnzβ/α
n+σ2

, n ≥ n1. (2.8)

Since {xn} is a positive solution of equation (1.1), we have two cases for {zn} as given in
Lemma 2.2.
Case (I). Suppose there exists an integer n2 ≥ n1 such that ∆zn > 0, ∆2zn > 0, and ∆3zn > 0
for all n ≥ n2. Then from the definition of yn, we have ∆yn > 0, ∆2yn > 0 and ∆3yn > 0 for all
n ≥ n3 ≥ n2. From (2.8), we have

∆3yn ≥ Pnzβ/α
n+σ2

, for all n ≥ n3. (2.9)



4 E. Thandapani, S. Selvarangam and D. Seghar

Using the monotonicity of ∆zn, we have

∆yn = ∆zn + bβ∆zn−τ1 + cβ∆zn+τ2 ≤
(

1 + bβ + cβ
)

∆zn+τ2 ,

and

zn+σ1−τ2 = zn +
n+σ1−τ2−1

∑
s=n

∆zs ≥ (σ1 − τ2)∆zn. (2.10)

Combining (2.9), (2.10) and (2.10), we obtain

∆3yn ≥ Pn
(σ1 − τ2)β/α(

1 + bβ + cβ
)β/α

(∆yn−σ1+σ2)
β/α (2.11)

for all n ≥ n3. Define wn = ∆yn for all n ≥ n3. Then wn > 0 and ∆wn > 0 for all n ≥ n3. Now
from the inequality (2.11), we obtain

∆2wn ≥ Pn
(σ1 − τ2)β/α(

1 + bβ + cβ
)β/α

wβ/α
n−σ1+σ2

for all n ≥ n3. Thus {wn} is a positive increasing solution of the inequality (2.5), which is a
contradiction.
Case (II). Suppose there exists an integer n2 ≥ n1 such that ∆zn > 0, ∆2zn < 0, and ∆3zn > 0
for all n ≥ n2. From the definition of yn, we have ∆yn > 0, ∆2yn < 0 for all n ≥ n3 ≥ n2. Now
from the inequality (2.8), we have

∆3yn ≥ Qnzβ/α
n−σ1

(2.12)

for all n ≥ n3. By the monotonicity of ∆zn, we have

∆yn = ∆zn + bβ∆zn−τ1 + cβ∆zn+τ2 ≤
(

1 + bβ + cβ
)

∆zn−τ1 ,

and

zn = zn−σ1+τ1 +
n−1

∑
s=n−(σ1−τ1)

∆zs ≥ (σ1 − τ1)∆zn. (2.13)

Combining (2.12), (2.13) and (2.13), we obtain

∆3yn ≥ Qn
(σ1 − τ1)

β/α(
1 + bβ + cβ

)β/α
(∆yn−σ1+τ1)

β/α

for all n ≥ n3. By setting wn = ∆yn, we see that wn > 0, ∆wn = ∆2yn < 0, and

∆2wn ≥ Qn
(σ1 − τ1)

β/α(
1 + bβ + cβ

)β/α
wβ/α

n−σ1+τ1

for all n ≥ n3. That is, {wn} is a positive decreasing solution of the inequality (2.6), which is a
contradiction. Now the proof is complete.

Theorem 2.4. Assume β = γ ≥ 1, and σ1 > max {τ1, τ2}. If the second order difference inequalities

∆2yn −
Pn(σ1 − τ2)β/α

4β−1
(

1 + bβ + cβ

2β−1

)β/α
yβ/α

n−σ1+σ2
≥ 0, (2.14)
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and

∆2yn −
Qn(σ1 − τ1)

β/α

4β−1
(

1 + bβ + cβ

2β−1

)β/α
yβ/α

n−σ1+τ1
≥ 0 (2.15)

have no positive increasing solution, and no positive decreasing solution, respectively, then every solu-
tion of equation (1.1) is oscillatory.

Proof. The proof is similar to that of Theorem 2.3, and so the details are omitted.

Theorem 2.5. Assume 0 < β ≤ 1, γ ≥ 1, b ≤ 1, c ≤ 1, and σ1 > max {τ1, τ2}. If the second order
difference inequalities

∆2yn −
Pn(σ1 − τ2)γ/α

4γ−1
(
1 + bβ + cβ

)γ/α
yγ/α

n−σ1+σ2
≥ 0, (2.16)

and

∆2yn −
Qn(σ1 − τ1)

β/α(
1 + bβ + cβ

)β/α
yβ/α

n−σ1+τ1
≥ 0, (2.17)

have no positive increasing solution, and no positive decreasing solution, respectively, then every solu-
tion of equation (1.1) is oscillatory.

Proof. Let {xn} be a nonoscillatory solution of equation (1.1). Without loss of generality, we
may assume that {xn} is a positive solution of equation (1.1). Then there exists an integer
N1 ≥ n0 such that xn−θ > 0, for all n ≥ N1. Define

yn = zn + bβzn−τ1 + cβzn+τ2 (2.18)

for all n ≥ n1 ≥ N1. Then yn > 0, and

∆3yn = ∆3zn + bβ∆3zn−τ1 + cβzn+τ2

= qnxβ
n−σ1

+ pnxγ
n+σ2

+ bβ
[
qn−τ1 xβ

n−τ1−σ1
+ pn−τ1 xγ

n−τ1+σ2

]
+ cβ

[
qn+τ2 xβ

n+τ2−σ1
+ pn+τ2 xγ

n+τ2+σ2

]
≥ Qn

[
xβ

n−σ1
+ bβxβ

n−τ1−σ1
+ cβxβ

n+τ2−σ1

]
+ Pn

[
xγ

n+σ2
+ bβxγ

n−τ1+σ2
+ cβxγ

n+τ2+σ2

]
for all n ≥ n2 ≥ n1. Now using (2.1) twice on the first part of right hand side of last inequality,
we have

∆3yn ≥ Qnzβ/α
n−σ1

+ Pn

[
xγ

n+σ2
+ bβxγ

n−τ1+σ2
+ cβxγ

n+τ2+σ2

]
. (2.19)

Since b ≤ 1, c ≤ 1, γ ≥ 1, and 0 < β ≤ 1, we have by (2.2) that

xγ
n+σ2

+ bβxγ
n−τ1+σ2

+ cγxγ
n+τ2+σ2

≥ xγ
n+σ2

+ bγxγ
n−τ1+σ2

+ cγxγ
n+τ2+σ2

≥ 1
4γ−1 zγ/α

n+σ2
.

Using (2.20) in (2.19), we have

∆3yn ≥ Qnzβ/α
n−σ1

+
Pn

4γ−1 zγ/α
n+σ2

. (2.20)
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Now we consider the two cases for {zn} as stated in Lemma 2.2.
Case (I). Suppose there exists an integer n3 ≥ n2 such that ∆zn > 0, ∆2zn > 0, and ∆3zn > 0
for all n ≥ n3. From the inequality (2.20), we have

∆3yn ≥
Pn

4γ−1 zγ/α
n+σ2

(2.21)

for all n ≥ n3. By the monotonicity of ∆zn, we obtain

∆yn = ∆zn + bβ∆zn−τ1 + cβ∆zn+τ2 ≤
(

1 + bβ + cβ
)

∆zn+τ2

for all n ≥ n3, and

zn+σ1−τ2 = zn +
n+σ1−τ2−1

∑
s=n

∆zs ≥ (σ1 − τ2)∆zn. (2.22)

Using (2.22) and (2.22) in (2.21), we obtain

∆3yn ≥
Pn(σ1 − τ2)γ/α

4γ−1
(
1 + bβ + cβ

)γ/α
(∆yn−σ1+σ2)

γ/α .

By taking wn = ∆yn, we see that wn > 0, ∆wn = ∆2yn > 0, and

∆2wn ≥
Pn(σ1 − τ2)γ/α

4γ−1
(
1 + bβ + cβ

)γ/α
wγ/α

n−σ1+σ2

for all n ≥ n3. Thus {wn} is a positive increasing solution of the inequality (2.16), which is a
contradiction.
Case (II). In this case, we have ∆zn > 0, ∆2zn < 0, and ∆3zn > 0 for all n ≥ n2. Therefore
∆yn > 0, ∆2yn < 0 , and ∆3yn > 0 for all n ≥ n3 ≥ n2. From the inequality (2.20), we have

∆3yn ≥ Qnzβ/α
n−σ1

(2.23)

for all n ≥ n3. By the monotonicity of ∆zn, we obtain

∆yn = ∆zn + bβ∆zn−τ1 + cβ∆zn+τ2 ≤
(

1 + bβ + cβ
)

∆zn−τ1

for all n ≥ n3, and

zn = zn−σ1+τ1 +
n−1

∑
s=n−(σ1−τ1)

∆zs ≥ (σ1 − τ1)∆zn (2.24)

for all n ≥ n3. Combining (2.23), (2.24) and (2.24), we obtain

∆3yn ≥
Qn(σ1 − τ1)

β/α(
1 + bβ + cβ

)β/α
(∆yn−σ1+τ1)

β/α

for all n ≥ n3. Setting wn = ∆yn, we see that {wn} is a positive decreasing solution of the
inequality (2.17), which is a contradiction. This completes the proof.

Theorem 2.6. Assume 0 < γ ≤ 1, β ≥ 1, b ≤ 1, c ≤ 1, and σ1 > max {τ1, τ2}. If the second order
difference inequalities

∆2yn −
Pn(σ1 − τ2)β/α

4β−1
(
1 + bβ + cβ

)β/α
yβ/α

n−σ1+σ2
≥ 0, (2.25)
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and

∆2yn −
Qn(σ1 − τ1)

γ/α(
1 + bβ + cβ

)γ/α
yγ/α

n−σ1+τ1
≥ 0 (2.26)

have no positive increasing solution, and no positive decreasing solution, respectively, then every solu-
tion of equation (1.1) is oscillatory.

Proof. The proof is similar to that of Theorem 2.5, and hence the details are omitted.

Theorem 2.7. Assume β ≥ 1, 0 < γ ≤ 1, b ≥ 1, c ≥ 1, and σ1 > max {τ1, τ2}. If the second order
difference inequalities

∆2yn −
Pn(σ1 − τ2)γ/α(

1 + bβ + cβ

2γ−1

)γ/α
yγ/α

n−σ1+σ2
≥ 0, (2.27)

and

∆2yn −
Qn(σ1 − τ1)

β/α

4β−1
(

1 + bβ + cβ

2γ−1

)β/α
yβ/α

n−σ1+τ1
≥ 0 (2.28)

have no positive increasing solution, and no positive decreasing solution, respectively, then every solu-
tion of equation (1.1) is oscillatory.

Proof. Assume that {xn} is a nonoscillatory solution of equation (1.1). Without loss of gener-
ality, we may assume that {xn} is a positive solution of equation (1.1). Then there exists an
integer n1 ≥ n0 such that xn−θ > 0 for all n ≥ n1. Set

yn = zn + bβzn−τ1 +
cβ

2γ−1 zn+τ2 (2.29)

for all n ≥ n2 ≥ n1. Then ∆yn > 0, and

∆3yn = ∆3zn + bβ∆3zn−τ1 +
cβ

2γ−1 ∆3zn+τ2

= qnxβ
n−σ1

+ pnxγ
n+σ2

+ bβ
[
qn−τ1 xβ

n−τ1−σ1
+ pn−τ1 xγ

n−τ1+σ2

]
+

cβ

2γ−1

[
qn+τ2 xβ

n+τ2−σ1
+ pn+τ2 xγ

n+τ2+σ2

]
≥ Qn

[
xβ

n−σ1
+ bβxβ

n−τ1−σ1
+

cβ

2γ−1 xβ
n+τ2−σ1

]
+ Pn

[
xγ

n+σ2
+ bβxγ

n−τ1+σ2
+

cβ

2γ−1 xβ
n+τ2+σ2

]
.

Since b ≥ 1, c ≥ 1, γ ≤ 1 and β ≥ 1 , we have from the last inequality

∆3yn ≥ Qn

[
xβ

n−σ1
+ bβxβ

n−τ1−σ1
+

cβ

2β−1 xβ
n+τ2−σ1

]
+ Pn

[
xγ

n+σ2
+ bγxγ

n+σ2−τ1
+ cγxγ

n+τ2+σ2

]
.

Now using (2.1) and (2.2) in the right hand side of the last inequality, we obtain

∆3yn ≥
Qn

4β−1 zβ/α
n−σ1

+ Pnzγ/α
n+σ2

(2.30)
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for all n ≥ n2. In the following we consider the two cases for {zn} as stated in Lemma 2.2.
Case (I). In this case, we have ∆zn > 0, ∆2zn > 0, and ∆3zn > 0 for all n ≥ n3 ≥ n2. From the
inequality (2.30), we have

∆3yn ≥ Pnzγ/α
n+σ2

(2.31)

for all n ≥ n3. Now applying the monotonicity of ∆zn, we obtain

∆yn = ∆zn + bβ∆zn−τ1 +
cβ

2γ−1 ∆zn+τ2 ≤
(

1 + bβ +
cβ

2γ−1

)
∆zn+τ2

for all n ≥ n3, and

zn+σ1−τ2 = zn +
n+σ1−τ2−1

∑
s=n

∆zs ≥ (σ1 − τ2)∆zn (2.32)

for all n ≥ n3. Combining (2.31), (2.32) and (2.32), we obtain

∆3yn ≥
Pn(σ1 − τ2)γ/α(

1 + bβ + cβ

2γ−1

)γ/α
(∆yn−σ1+σ2)

γ/α

for all n ≥ n3. By setting wn = ∆yn, we have wn > 0, ∆wn > 0, and

∆2wn ≥
Pn(σ1 − τ2)γ/α(

1 + bβ + cβ

2γ−1

)γ/α
wγ/α

n−σ1+σ2

for all n ≥ n3. This implies that {wn} is a positive increasing solution of the inequality (2.27),
which is a contradiction.
Case (II). In this case, we have ∆zn > 0, ∆2zn < 0, and ∆3zn > 0 for all n ≥ n3 ≥ n2. Using the
monotonicity of ∆zn, we have

∆yn = ∆zn + bβ∆zn−τ1 +
cβ

2γ−1 ∆zn+τ2 ≤
(

1 + bβ +
cβ

2γ−1

)
∆zn−τ1

for all n ≥ n3, and

zn = zn−σ1+τ1 +
n−1

∑
s=n−(σ1−τ1)

∆zs ≥ (σ1 − τ1)∆zn (2.33)

for all n ≥ n3. Again from (2.30), we have

∆3yn ≥
Qn

4β−1 zβ/α
n−σ1

(2.34)

for all n ≥ n3. Using (2.33) and (2.33) in (2.34), we obtain

∆2yn ≥
Qn(σ1 − τ1)

β/α

4β−1
(

1 + bβ + cβ

2γ−1

)β/α
(∆yn−σ1+τ1)

β/α

for all n ≥ n3. By setting wn = ∆yn, we see that {wn} is a positive decreasing solution of the
inequality (2.28), which is a contradiction. This completes the proof.
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Theorem 2.8. Assume γ ≥ 1, 0 < β ≤ 1, b ≥ 1, c ≥ 1, and σ1 > max {τ1, τ2}. If the second order
difference inequality

∆2yn −
Pn(σ1 − τ2)γ/α

4γ−1
(

1 + bγ

2β−1 + cγ
)γ/α

yγ/α
n−σ1+σ2

≥ 0 (2.35)

has no positive increasing solution, and if the second order difference inequality

∆2yn −
Qn(σ1 − τ1)

β/α(
1 + bγ

2β−1 + cγ
)β/α

yβ/α
n−σ1+τ1

≥ 0 (2.36)

has no positive decreasing solution, then every solution of equation (1.1) is oscillatory.

Proof. The proof is similar to that of Theorem 2.7, and hence the details are omitted.

Corollary 2.9. Let α = β = γ ≥ 1, and σ2 > σ1 + 2 with σ1 > max {τ1, τ2}. If

lim sup
n→∞

n−σ1+σ2−2

∑
s=n

(n− σ1 + σ2 − s− 1) Ps >

(
1 + bα + cα

2α−1

)
4α−1

(σ1 − τ2)
, (2.37)

and

lim sup
n→∞

n

∑
s=n−(σ1−τ1)

(n− s + 1)Qs >

(
1 + bα + cα

2α−1

)
4α−1

(σ1 − τ1)
(2.38)

then every solution of equation (1.1) is oscillatory.

Proof. By Lemma 7.6.15 of [1], conditions (2.37) and (2.38) ensure that the inequalities (2.14)
and (2.15) have no positive increasing solution and no positive decreasing solution, respec-
tively. Now the conclusion follows from Theorem 2.4.

Corollary 2.10. Let 0 < β ≤ 1, γ ≥ 1 with β < α < γ, b ≤ 1, c ≤ 1, and σ2 > σ1 + 2 with
σ1 > max {τ1, τ2} . If

∞

∑
n=n0

n−1

∑
s=n+σ1−σ2+1

Ps = ∞, (2.39)

and
∞

∑
n=n0

n+σ1−τ1

∑
s=n

Qs = ∞, (2.40)

then every solution of equation (1.1) is oscillatory.

Proof. By Lemmas 2.2 and 2.3 of [16], conditions (2.39) and (2.40) ensure that the inequalities
(2.16) and (2.17) have no positive increasing solution, and no positive decreasing solution,
respectively. Now the conclusion follows from Theorem 2.5.

Corollary 2.11. Let β ≥ 1, 0 < γ ≤ 1, with γ < α < β, b ≤ 1, c ≤ 1, and σ2 > σ1 + 2 with
σ1 > max {τ1, τ2}. If

∞

∑
n=n0

n−1

∑
s=n+σ1−σ2+1

Ps = ∞, (2.41)

and
∞

∑
n=n0

n+σ1−τ1

∑
s=n

Qs = ∞, (2.42)

then every solution of equation (1.1) is oscillatory.
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Proof. By Lemmas 2.2 and 2.3 of [16], conditions (2.41) and (2.42) ensure that the difference
inequalities (2.25) and (2.26) have no positive increasing, and no positive decreasing solution,
respectively. Then the conclusion follows from Theorem 2.6.

3 Examples

In this section, we present three examples to illustrate the main results.

Example 3.1. Consider the following third order difference equation

∆3 (xn + 2xn−1 + 3xn+2)
3 = 64(n + 1)x3

n−3 + 64nx3
n+6, n ≥ 3. (3.1)

Here, b = 2, c = 3, α = β = γ = 3, τ1 = 1, τ2 = 2, σ1 = 3, σ2 = 6, qn = 64(n + 1), pn = 64n,
Qn = 64(n− 2), Pn = 64(n− 3). Then it is easy to see that all the conditions of Corollary 2.9
are satisfied. Therefore every solution of equation (3.1) is oscillatory. In fact {(−1)n} is one
such oscillatory solution of equation (3.1).

Example 3.2. Consider the following third order difference equation

∆3
(

xn +
1
2

xn−1 +
1
3

xn+2

)
=

25
3

x
1
3
n−3 +

5
3

x3
n+6, n ≥ 5. (3.2)

Here, b = 1
2 , c = 1

3 , α = 1, β = 1
3 , γ = 3, τ1 = 1, τ2 = 2, σ1 = 3, σ2 = 6, qn = 25

3 , pn = 5
3 ,

Qn = 25
3 , and Pn = 5

3 . Then it is easy to see that all the conditions of Corollary 2.10 are
satisfied. Therefore every solution of equation (3.2) is oscillatory. In fact

{
(−1)3n} is one such

oscillatory solution of equation (3.2).

Example 3.3. Consider the following third order difference equation

∆3
(

xn +
1
2

xn−1 + xn+2

)
= (n + 12)x3

n−5 + nx
1
3
n+8, n ≥ 5. (3.3)

Here, b = 1
2 , c = 1, α = 1, β = 3, γ = 1

3 , τ1 = 1, τ2 = 2, σ1 = 5, σ2 = 8, qn = n + 12, pn = n,
Qn = n + 7, and Pn = n− 5. Then it is easy to see that all the conditions of Corollary 2.11 are
satisfied. Therefore every solution of equation (3.3) is oscillatory. In fact

{
(−1)3n} is one such

oscillatory solution of equation (3.3).

We conclude this paper with the following remark.

Remark 3.4. The results obtained in this paper extend and complement to that of in [2, 6, 9,
10, 13–15]. Further if cn = 0 and pn = 0 for all n ≥ n0, then our results reduced to some of
the results in [1, 5, 7, 13, 14]. It would be interesting to study the oscillatory behavior of the
equation

∆(an∆2 (xn + bnxn−τ1 + cnxn+τ2)
α) = qnxβ

n−σ1
+ pnxγ

n+σ2
, n ≥ n0,

when ∑∞
n=n0

1
an

= ∞ or ∑∞
n=n0

1
an

< ∞.
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