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Abstract. Let m be a positive integer and g be a positive real number. We prove that the
m-dimensional and g-periodic system

x(t) = A(t)x(t), teRy,  x(t)eC™ (%)

is Hyers—Ulam stable if and only if the monodromy matrix associated to the family
{A(t)}+>0 possesses a discrete dichotomy, i.e. its spectrum does not intersect the unit
circle.
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1 Introduction

The notion of exponential dichotomy comes from a paper published in 1930 by Oscar Perron
[25]. Over the years this concept has proven to be very useful in investigating properties of
the solutions of ordinary and functional differential equations. In particular, the existence of
bounded and periodic solutions of several families of semi-linear systems has been studied
using the Green matrix G(t,s) of the system () and concluding that for any bounded f, the
convolution G * f is a bounded solution of the non-homogeneous linear system

2(t) = A(H)x(t) + £(1). (1.1)

In 1940 S. M. Ulam has tackled some open problems (see [30] and [31]), one of those problems
concerns the stability of a certain functional equation. The first answer to that problem was
provided by D. H. Hyers in 1941, see [15]. Later on, this was coined as the Hyers-Ulam
problem and its study became an extensive object for many mathematicians. See for example
[1,3-7,12,13,16-24,27-29,32] and the references therein.
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The set of all m x m matrices having complex entries will be denoted by C"*™. Denote by
I, the identity matrix in C"*™. Assume that the map t — A(t): R — C™*™ is continuous
and then the Cauchy problem

{ X(t) = A()X(t), teR, X(t)eCm™ (1.2)

X(0) = Ly,

has a unique solution denoted by ® 4(t). It is well known that ® 4(t) is an invertible matrix
and that its inverse is the unique solution of the Cauchy problem

{ X(t) = —=X(t)A(t), te€R

The evolution family U4 = {U4(t,s) : t,s € R}, where
Ua(ts) = DD (),
has the following properties:
(i) Uyg(t,t) =1y, forallt € R;
(i) Ug(t,s) =Uy(t,r)Uy(r,s) forall t,s,r € R;
(i) SU4(t,s) = A(t)Ux(t,s) forall t,s € R;
(iv) %UA(t,s) = —Uy(t,s)A(s) forall t,s € R;
(v) the map (t,8) — U4(t,s) : R? — C™ ™ is continuous.
If, in addition, the map A(-) is g- periodic, for some positive number g, then:

(vi) Ug(t+qg,5+q) =Ua(t,s) forallt,s € R;
(vii) there exist w > 0 and M,, > 1 such that

IUA(t )| < Moe"'™),  t>5;

(viil) P 4(t+g) = Py(t) - P4(q) forall t € R.

To prove the latter statement, we remark that the map t + ®4(t+q)(P4(g)) ! is a
solution of (1.2). Now, by using the uniqueness it must be ® 4(-). The matrix T, := U 4(q,0) is
the matrix of monodromy associated with the family 4. Having in mind that T} is invertible
there exists a matrix B € C"*" such that T, = ¢P. Thus there is a periodic (period q) matrix
function t — R(t) such that ®4(t) = R(t)e'® for all t+ € R. This will be used to show that
certain family of projections described below is periodic.

The complex unit circle is denoted by I' := {z € C : |z| = 1}. Recall that the matrix A
is said to be dichotomic (or that it possesses a discrete dichotomy) if its spectrum does not
intersect the unit circle, i.e. 0(A) NT = @. An m x m complex matrix P, verifying P> = P
is called projection. The circle and closed disk centered in the eigenvalue A; € o(A) are
respectively denoted by

C(A)={zeC:lz—\j| =71}
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and

D;(Aj) ={ze€C:|z—Aj| <r}.
Here r is any positive real number, small enough such that ¢(A) N D,(A;) = {A;}, for every
1 < j < k. The projection E);(A) := Ej(A): C" — C™, defined by

_ 1 -1
Ei(A) = 5 fam(zlm A)ldz,

is called spectral projection associated to the eigenvalue A;, [10, Chap. 7]. Obviously, I, =
E),(A)+E)\(A)+ -+ E (A). The stable spectral projection of A is given by

1
= Im - A -1 d 7
27i 72(0) = )

where 0 < r < 1 is large enough such that

I1_(A)

{Aeo(A): Al <1} c{reC:|A| <}

Clearly, IT_(A) commutes with any natural power of A.
Coming back to the non-autonomous case let IT_ :=I1_(T,) and let

I (t) 1= @I (P4(t)) ™" and L. (t) := Ly — T1(t)
for t € R. Next, we list the main properties of this family of projections.
(i) T12(t) =T1_(¢t) and I1% (t) = I1.(¢) forall t € R.
(i) ITe(f)U(t,s) = U(t,s)I1e(s) for all t,s € R, (the signs correspond).
(iii) The maps t — IT.(t) are continuous on R and g-periodic.
(iv) T1_(t) + 114 (f) = L, and TT_(¢) - T1(t) = 0 for all t € R.

(v) Foreacht,s € R, U(t,s) is an isomorphism from ker(IT1_(s)) to ker(IT_(¢)).

Proposition 1.1. The following two statements, concerning an invertible m x m matrix A, are equiv-
alent.

(1) A possesses a discrete dichotomy.

(2) There exist four positive constants Ny = Ni(A), No = Np(A), v1 = v1(A), vo = 1»(A) such
that

Q) ||A"TI_(A)x|| < Nye ""||TI_(A)x||, forall x € C" and all n € Z.
(1) [|A"TLL(A)x|| < Npe" [T (A)x||, forall x € C" andalln € Z_ :={0,—1,-2,... }.

The argument is standard and the details are omitted. Mention that the above result can
be stated in a more general form with any projection P, commuting with A, instead of IT_(A).
Moreover, the assumption of invertibility can be removed. See, for example, Proposition 2.1
from [2]. For further details about the concept of dichotomy see for example [8,26].
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Let t — f(f) be a C"-valued locally Riemann integrable function on R and let x € C™ be
a given vector. Consider the Cauchy problem

{ X(t) = A(t)x(t) + f(t), t>0 (1.3)

The solution of (1.3) is given by

Pr(t) = Un(t,0)x + /Ot U(t,s)f(s)ds.

In order to prove Theorem 1.3 below, we need the following proposition, which contains
equivalent characterizations for exponential dichotomy.

Proposition 1.2. The following three statements concerning the matrix family A are equivalent.
(1) T, is dichotomic.
(2) There exist the positive constants Nj, Ny, vy, v such that

() | Ug(t,s)TT_(s)|| < Nje=1(t=%) forall t > s >0, and

(i) ||UA(t,8)TTy(s)|| < Npe2(t=9), forall 0 < t <s.

(3) For each locally Riemann integrable and bounded function f: Ry — C™ there exists a unique
x € ker(I1-), such that ¢5 () is bounded on R .

Proof. (1) = (2) Lett > s € Ry and let n and k be the integer parts of é and % respectively,
ie,n= [é] and k = [Z]. Therefore t = ng + p and s = kq +p, with n,k € Z and p,p € [0,9).
We analyze the following cases.

Case 1. When n > k, then

Ua(t,s)I1-(s) = Ua(ng + p,nq)Ua(nqg, (k+1)q)U((k + 1)q, kq + p)I1_(kq + p)
= Ua(p, 0)Ua((n — k—1)q,0)UA(q,0)TI-(p)
= U, 0)T; - Ua(q, p)-

In the view of Proposition 1.1 and taking into account that IT_(0) =IT_(g) = I1_, we get

IUA(t, $)TT-(s) ]| < Me“INye* (=1 Me| T |
S N{e_vl(t S),

where N = Ny M?¢?@1¢?"1||T1_|| and v| =
Case 2. When 1 = k, then y > p and

[Ua(s, )T ()| = [[Ua(p, 0)TT- (o).

By using sup,co 1 [11-(p)[| < ¢ < oo and letting v be an arbitrary positive number, we
may choose N € R, large enough, such that

U
7

IUa(t,$)TT-(s)]| < M P TT_(p) || < cNe 1) = Nje *i(19),

Similar estimations can be obtained in order to prove (2) (ii). We omit the details.
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(2) = (). Puts = 0 and t = ng in (2) (i), (ii) and apply Proposition 1.1 with TL7 instead
of A.
(2) = (3). The map

Fos y(t) = /Ot uA(t,s)n,(s)f(s)ds—/w UA(t $)TL4 () f(s) ds

t

is a solution of (1.1), [8, Chap. 3]. Indeed, the second integral is well defined because, from
(2) (ii), have that

| WA ds < [ Nzt | £ ds

N/
= 7§||f!|oo-

Also from (2), the solution is bounded, and

suply(0)] < S+ 52 ) sup lro.

!
>0 Vi 2/ >0

Moreover, since ker(I1_) is a closed subspace, the initial value

y(0) = — /O T UL(0,8)TL (5) f(s) ds € ker(IT_).

Let us suppose that there exist two bounded solutions of the differential equation X(t) =
A(t)x(t) + f(t), t > 0 having their start in ker(IT_). Denote them by y;(-) and y»(-). Then

yi(t) = Ua(t, 0)x +/Ot Ua(t,s)f(s)ds,  x € ker(T1_)

and

ya(t) = Uy(t,0)x2 + /Ot U(t,s)f(s)ds, xo € ker(I1_).

Their difference is bounded and y; (t) — y2(t) = U4(t,0)(x1 — x2). Since the map y1(-) — y2(+)
is bounded on R, and because T} is dichotomic it follows that x; — x, € Range(I1_). On the
other hand, x1, x, € ker(I1_) yields x; — x2 € ker(I1_) and therefore x; = x».

(3) = (1). Suppose that there exists A € ¢(T), with |A| = 1. Then, there exists xy # 0 such
that T,xo = Axo, and therefore U 4(ngq,0) = A"xo, foralln € Z,.

Set

() = {UA(S,O)XQ, ifs €10,9)

Xo, ifs=g,

and let us denote also by f its continuation by periodicity on R . By assumption there exists
a unique yo € ker(IT_) such that the map

s () = Uat, 0o + | Ua(5)£(s) ds

is bounded on IR;. Next we analyze two cases.
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Case 1. When A = 1. The sequence (¢(19))ncz, should be bounded. But,

$(10) 1= Ua(ng, 0o + [ Ualng,)£(5) s
(k+1)q

n—1
= Uy (ngq,0)yo + E/k Ua(ng,s)f(s)ds
k=0 %9

n—1 q

= Ua(19,0)y0+ Y Ua(na, (k+1)q) | Ualg,n)f (1) dr
k=0

n—1

= U4(ng,0)yo + Z U 4(ng,kq)xo = Uy(ng,0)yo + nxo.

k=0

If yo = 0, obviously we arrive at a contradiction, since the map n — nxy is unbounded,

and if yo # 0, let denote yo(n) := U 4(ng,0)yo. Then, one has

[yoll = 1ULA(0, nq)yo(n) |
= [|Ua(0,ng)TLyo(n)|| < Npe™*"||Ua(ng, 0)yo,

where the fact that

I, yo(n) = Ux(ng,0)I11yo = Ua(ng,0)(yo — I1_yo) = yo(n),

was used. This yields

1
1Ua(ng,0)yoll = F57e""l[voll,
2

and a contradiction arises again.
Case 2. When A = ¢ # 1,u € R,i? = —1. Then 1 € (T(e_”’qT), Tu(q) = e_i"qTq is the
monodromy matrix of the evolution family

. ,—iu(t—s) .
u 7 LA 7 < by
{Upgu(ts):=e Uy(t,s) : t,s € R}
and, as before, we obtain that the sequence

(e 1p(nq))nez, = (Uau(ng,0)yo + qnxo)nez,,
is unbounded, which is a contradiction. O

In the present paper we assume that the matrix-valued map t — A(t) is continuous and
g-periodic for some positive g. Next we outline the Hyers—-Ulam problem for a family of m x m
matrices A = {A(t) }+>0, m being a positive integer. Let R be the set of all nonnegative real
numbers and let p(-) be a C"-valued function defined on R . Consider the systems

#(t) = A()x(t), teR,  x(t)eC" (1.4)

and
() = A)x(t) +p(t), teRy, x(t)eC™ (1.5)

Let € be a positive real number. A continuous C"-valued function y(-) defined on R4 := [0, o)
is called e-approximate solution for (1.4) if it is continuously differentiable on R \ (4Z.) and

ly(5) =A@yl <& Yt R\(GZy). (1.6)
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The family A is said to be Hyers—Ulam stable if there exists a nonnegative constant L such
that, for every e-approximate solution ¢(-) of (1.4), there exists an exact solution 6(-) of (1.4)
such that

sup [|¢(t) — 0(t)|| < Le. (17)

teR,

The result of this paper reads as follows.

Theorem 1.3. The family A = {A(t) }+>0 is Hyers—Ulam stable if and only if its monodromy matrix
T, possesses a discrete dichotomy.

2 Hyers-Ulam stability and exponential dichotomy for linear differ-
ential systems

We can see an e-approximate solution of (1.4) as an exact solution of (1.5) corresponding to a
forced term p(-) which is bounded by e.

Remark 2.1. Let e be a given positive number. The following two statements are equivalent:
1. The matrix family A (or the system (1.4)) is Hyers-Ulam stable.
2. There exists a nonnegative constant L such that for every function p(-), continuous on

R4\ (9Z+), with sup,, [[o(t)[| < e and every x € C™ there exists xo € C" and

sup < Le. (2.1)

t>0

LLu(£,0)(x — xo) + /Ot Uu(t,)p(s) ds

Proof. Let € be a given positive number. Assume first that the system (1.4) is Hyers-Ulam
stable and let L be a positive constant verifying (1.7). Let p(-) be as assumed in the second
statement and x € C". Obviously, the solution ¢(-) of the Cauchy problem

x(t) = A(t)x(t) + p(t), x(0) = x

is an e-approximative solution for (1.4). Thus, by assumption, there exists an exact solution
() of (1.4) such that (1.7) holds true. Let xp := 0(0). Now, in view of (1.6) the inequality in
(2.1) holds true as well.

Now assume that the second statement is true and let L be a positive constant verifying
(2.1) and ¢(-) be an e-approximative solution of (1.4). Set p(t) := ¢(t) — A(t)p(t) for t €
R; \ (gZ+) and p(t) := € in the rest, and let x := ¢(0). Thus ||p|| < € and, by assumption
(2.1) holds true for a certain xg € C". The required exact solution of (1.4), verifying (1.7), is
defined by 6(t) := U(t,0)xo. O

Proof of Theorem 1.3.
Necessity. Suppose that Tj is not dichotomic. Then, there exist an integer j with 1 < j < k and
Aj = et € 0(T;), where p; is a certain real number. Let ¢ > 0 be fixed and let

Ux(s,0)ug, ifse€]0,q)
(1) :={ el
U, ifs =g,

where 1y € C™ and ||ug|| < (Mye®7)~te. Let us denote also by p the continuation by period-
icity of the previous function. Obviously, the function p(+) is locally Riemann integrable on
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R and bounded by . By assumption, the family matrix A is Hyers-Ulam stable. Hence, the
solution

$(1) = Ualt,0)(x = 30) + [ Ualt9)p(s) s,

of the Cauchy problem

y(0) = x — xo,

is bounded by Le for certain x — xg € C™. Then, the sequence

{ y(t) = A(D)y(t) +p(t), t=>0

i BT () = E(Ty) [ Ua (0,0 = 30) + [ (g 5)o) s

should be also bounded by Le. On the other hand, see for example [2, Lemma 4.5], [9,11,14],
there exists an m x m matrix-valued polynomial P; = P;(T;) (in ) having the degree at most
mj — 1, such that

Ei(T,)Ua(ngq,0) = e""P;(n),  Vne€Z,.
But,

Ei(T,) |Ua(ng,0)(x—x0) + [ uA<nq,s>p<s>ds]

e Py (n) (x — xo) + / Ty)Ux(ng,s)p(s) ds
‘ (k+1)q
= ¢MPi(n) (x — xo) + Z/k E;(T;)U4(ng,s)o(s)ds
k=0 k1

= eWJ”qP (x —x0) + Z / (Ty)Ua(ng, (k+1)q)Ua(q,s)p(s)ds
— ei]lj”qu<n)(x — XO) + Z )L;.qfkpj(n — k)up.
k=0

Now, if A; = 1 then by choosing an appropriate uy # 0, we have that

deg[P;(n)(x — x0)] < deg[Pj(n)] = deg[P;(n)uo] <1+ deg[P;(n)]
= deglg;(n)],
where gq;(n) := Y Pi(n — k)ug and the fact that the degree of the polynomial in 1, p(n) =
18+ 2k 4 ... +n*, is equal to k 4+ 1 was used. Therefore, the sequence (P;(n)(x — xo) +
q;(n))nez,, is unbounded and a contradiction arises. ‘
When A; # 1, then 1 € 0(Ty;(q)) and the map t — e Mg (t) should be bounded on RR.

Then the sequence ‘
n— e Mg (ng), ne-Zy,

is bounded as well. On the other hand
- nq s
e "MME;(Ty,(q9))9(nq) = Ej(Ty(q)) |Uay(ng,0)(x — xo) +/0 Uy, (ng,s)e”"°p(s) ds| .

Again, as above, there exists a matrix valued polynomial Q;(n) = Q;(Ty;(q)) (in n) having the
degree at most m; — 1 such that

Ei(Ty;(9))Uay(ng,0) = Qj(n) foreveryn € Z,.
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Thus after a standard calculation
) n—1
e MME;(Ty(9))p(ng) = Qj(n)(x — x0) + Y, Qj(n — k)uo.
k=0

For an appropriate ug € C™, the last expression is a vector valued polynomial of degree at
least one and so it is unbounded and a contradiction is provided again.

Sufficiency. The absolute constant L will be settled later. Let p: R — C™ be a bounded
locally Riemann integrable function on R4, with |||« < € and let x € C™. By Proposition 1.1,
there exists a unique bounded solution y(-) of the equation (1.5) starting from the subspace
ker(IT_). Let denote 1o := y(0). Then

Iy(0)] = |Uatt 0o + [ Ualt)p(s) s

_ H/Ot UA(t,s)H(s)p(s)ds—/too UL (t,$)TL (5)p(s) ds

N/ Nj
1 2

The desired assertion follows by choosing L = (M + lé) and setting xo = x — uo. O

!
51 V2

A more general result, described in the following, can be stated. Its proof is very similar
to that given before and we omit the details.

Let X be a complex, finite dimensional Banach space and let A = {A(t)}tcr, and P =
{P(t)}tcr, be two families of linear operators acting on X. Assume the following.

H1. A(t+¢q) = A(t) and P(t +q) = P(t), for all t € R} and some positive 4.
H2. P(t)?> = P(t), for all t € Ry, i.e., P is a family of projections.

H3. U4(t,s)P(s) = P(t)Ux(t,s), forany t > s € Ry. In particular, this yields that U 4(¢,s)x €
ker(P(t)) for each x € ker(P(s)).

H4. For each t > s € R4, the map
x — Uy(t,s)x : ker(P(s)) — ker(P(t))
is invertible. Denote by U 4(s, t) its inverse.

We say that the family A is P-dichotomic if there exist four positive constants Nj, Na, v
and v, such that

() ||[Ua(t,s)P(s)| < Nye~11t=%) for all t > 5 > 0;
(i) [[Uy(ts)(I—P(s))| < Npe2(t=5) for all 0 < t < s.

Proposition 2.2. Assume that the families A and P satisfy H1-H4 above. Thus the following three
statements are equivalent.

(1) T, possesses a discrete dichotomy.

(2) The family A is P-dichotomic.
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() The family A is Hyers—Ulam stable.
We conclude this note with the one-dimensional version of our result.

Corollary 2.3. Let t +— a(t): Ry — C be a given continuous and g-periodic function (for some
positive q). The scalar differential equation

X(t) = a(t)x(t), te Ry, x(t) € C (2.2)
is Hyers—Ulam stable if and only if
/Oq Ra(r)] dr # 0.
Proof. Indeed, we have
T,=el " W&, o(T)={T,} and |T,| = el ®l0)a

From Theorem 1.3 follows that (2.2) is Hyers—Ulam stable if and only if |T;| # 1 or equivalently
if and only if [ R[a(r)]dr # 0. O
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