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Abstract. In this paper, we study the equations governing the steady motion of a class
of second-grade fluids in a bounded domain of R"?, n = 2,3, with the nonlinear slip
boundary condition. We prove the existence of a weak solution without assuming
smallness of the data. Moreover, we give estimates for weak solutions and show that
the solution set is sequentially weakly closed.
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1 Introduction

Experimental and theoretical investigations show that non-Newtonian fluids often exhibit wall
slip, and that this is governed by nonlinear relation between the slip velocity and the shear
stress (see, e.g., [10,14] and the references therein). In this paper, we investigate the boundary
value problem for the regularized stationary equations of motion of second-grade fluids with
the nonlinear slip boundary condition.

Steady flows of an incompressible fluid are described by the system of differential equa-
tions in the Cauchy form [13]:

. oJv . .
pjg vjach =—-Vp+DivS+pf in(Q, (1.1)

divo =0 inQ, (1.2)

where O C R", n = 2,3, is the flow domain, v = v(x) is the velocity vector of the particle
at a point x € ), p = p(x) is the pressure, V denotes Eulerian spatial gradient, f = f(x)
is the external body force, p is the positive constant density (without loss of generality it can
be assumed that p = 1), S = S(x) is the extra stress that is specified constitutively. The
divergence Div S is the vector with coordinates
. L 05j
(Divs); = ; v,
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For fluids of second-grade (see [23]) the extra stress S is given by
S = uA; + 1Ay + apAl. (1.3)

Here, u is the viscosity, a; and a, are the normal stress moduli, A; and A; are the first two
Rivlin—Ericksen tensors:

A1 = A (v) := Vo + (Vo)T,
A = Ay(v) := DiA; + A1(Vo) + (Vo)A

T 0A
=) v 1(v) +A1(Vo) + (Vo) Ay,
= 0

It was shown in [11,12] that
u=>0, w1 >0, a1 +ax =0.
Let us denote
N=w = —ap, (1.4)
W(v) := %(Vv —(Vo)T). (1.5)

The tensor W is called the vorticity tensor.
Combining (1.3), (1.4), and (1.5), we get

S = jAs +a flvj aAalx(j”) (A1 (0)W(0) — W(D) A ().
£

Following [28], we consider the regularized constitutive law

S=uA+a ivj(’malx(jv) + & (A1 ()W, (v) — W, (0)A1(0)). (1.6)
i

Here, W), is the regularized vorticity tensor:

W, (0)(x) = [ p(x—y)W(e)(w)dy, (1.7)

n

p: R" — R is a smooth function with compact support such that

/n p(x)dx =1

and p(x) = p(y) whenever |x| = |y|. In formula (1.7), we set W(v)(y) = 0if y € R" \ Q.
Note that the constitutive law (1.6) is frame-indifferent. This means (see e.g. [27]) that
the form of (1.6) does not change after a change of spatial variables. This can be proved by
methods of [28].
We will use general Navier-type slip boundary conditions (see [21] for the original refer-
ence):

v-n=0 onT, (1.8)
(Sn)r = —A(x, |vc|)vr onT, (1.9
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where T’ is the boundary of the flow region, n is the outer unit normal on I', v - n is the scalar
product of the vectors v and n in space R?, u, denotes the tangential component of any vector
field u defined on T, i.e.,

ur =u— (u-n)n,

and the slip coefficient A is a given function A: T’ x [0,00) — [0, o0).

Boundary value problems for the equations of motion of second-grade fluids have been
studied by several authors. Existence results for the corresponding no-slip problems have
been established under various restrictions on the data in [5,7-9,20]. In [2], the optimal flow
control problem for second-grade fluids was studied. The slip problem for time-dependent
flows of second-grade fluids was considered by Le Roux in [17]. He showed the existence of a
unique classical solution under suitable regularity and growth restrictions on the data and the
body and surface forces. For small initial data, the global existence of H® solutions is shown
in Busuioc and Ratiu [6]. Moreover, Tani and Le Roux [25] proved the unique solvability in
Holder spaces of the stationary slip problem with a sufficiently small body force.

In this paper, we consider the slip problem without restrictions on the data. Instead of
assuming smallness of the data, we use the regularization of constitutive law. We show the
existence of a weak solution and establish some estimates for the flow velocity. We also show
that the solution set is sequentially weakly closed.

To prove the existence of weak solutions, we give the operator treatment for the slip prob-
lem and investigate the corresponding operator equation. First we construct a suitable system
of functional spaces with a special basis. Then we construct approximate solutions by the
Galerkin method. Using the special properties of the basis, we show that the limit of a se-
quence of approximate solutions is a solution of the original problem.

Note that the proposed approach is adapted for the study of non-homogeneous boundary
value problems. The classical methods are not always effective for such problems. For ex-
ample, Oskolkov [22] (see also [29]) proved the existence of a weak solution for a simplified
version of (1.1)—(1.3) with homogeneous boundary data. He used the method of introduction
of auxiliary viscosity. However, the variant with Navier slip boundary condition produces
significant technical obstacles. The integration by parts of auxiliary viscosity terms produces
additional terms in the motion equations. These terms do not vanish when the regularization
parameter tends to zero, and one has to find new methods for the study of non-homogeneous
boundary value problems. One of such methods is presented in this article.

2 Statement of the problem and the main result

Let () be a bounded locally Lipschitz domain in space R", n = 2,3, with boundary I'. Consider
the following boundary value problem:

1 8A1 (U)

’U:
= ox

ing;)j — uAv — a Div ( ) — aDiv (A1(0)W,(v) — Wy (v)A1(0))
i=

j
+Vp=f inQ, (1)

divo=0 inQ), (2.2)

v-n=0 onT, (2.3)
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[

Remark 2.1. Equation (2.1) is obtained from relations (1.1) and (1.6). Boundary condition (2.4)
is obtained from (1.9) and (1.6).

8A1 (TJ)
Xj

HA1(v) + o (i v + A1 (v)Wy(v) — Wp(v)Al(v)>] n)
j=1 T

= —A(x, |vc])vr onT. (24)

Let us describe the concept of a weak solution (see also [3,4,19]).

We use the standard notations L,(Q2), H"(Q2), H"~1/2(T) for Lebesgue and Sobolev spaces
of vector-functions. The scalar product in L,(Q)) is denoted by (-,-). The restriction of v €
H'(Q) to T is given by the formula v|r = 7ov, where vo: H'(Q) — HY?2(T) is the trace
operator (see, e.g., [18]).

We set

X(Q)={veC®(Q):dive =0, v/, -n=0},
X(Q) = the closure of X(Q)in H'(Q),
[X(Q)]" is the dual space of X(Q)).

Suppose the function A: T x [0,00) — [0, 00) satisfies the condition
0<Ag < Ax,8) < Ay, (x,8) €T x [0,00),

where Ag and A are constants.
Define the scalar product in X(Q)) as

(0, 0)x) = b (A1(0), Av () + Ao / (0r - wy) dT.
T
The scalar product in well defined. This follows from Korn’s inequality (see, e.g., [19, Chap-
ter I, Theorems 2.2 and 2.3]):
1A @)1, @ + 1100l ) 2 CllolZey, o € H(Q),
where C is a constant.

Suppose that f € L,(Q)).

Definition 2.2. We shall say that a function v € X(Q) is a weak solution of problem (2.1)-(2.4)
if the equality

Y A a A (¢)
_]2 <v]-v,axj> + E(Al(v),Al((P)) - Ej:1 <A1(v),v]- alx]- >

2 (A @)W, () ~ Wy (0)A1(2), As(g)) + [ Alx locl)or - @edl = (£,9) (25)
r
holds for any ¢ € X (Q).

Remark 2.3. Equality (2.5) appears from the following reasoning. Let (v, p) be a classical
solution of problem (2.1)—(2.4). We can rewrite (2.1), (2.4) as follows

gngz —DivS+Vp=f inQ, (2.6)
]:
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(Sn)T = —A(x, |v¢])vr onT, (2.7)
where -
S =puAi(v)+a) v ‘:;(v) + (A1 ()W, (v) — W, (v)A1(0)). (2.8)
j=1 j

Taking the L;-scalar product of equality (2.6) with ¢ € X'(Q2), we obtain

L v .
3 (01920) ~ (DI S,0) + (Tp.9) = (£, 29)
j=1 j
Integrating by parts the terms of equality (2.9), we have
n a¢
- Y. (00 52 ) +(5,Vg) — [(Sn)-gdr = (f.9). (2.10)
j=1 j v

Since the matrix S is symmetric, it follows that

(5,V9) = 5 (5,99) + 5 (ST, (Ve)")

=2 (8,99) + 5 (3,(Vo)") = 5 (S, Ai(p). 1)
Furthermore, taking into account
@lr-n=0,
we obtain
/(Sn) @l = /(Sn)T @ d. 2.12)
r T

Using (2.11) and (2.12), we can rewrite (2.10) in the following form:
& op 1
- L (o gy ) £ 5 (S M)~ [ (S gedl = () 213)
j=1 X T
Combining (2.13), (2.7), and (2.8), we get equality (2.5).

Remark 2.4. Let us show that if the weak solution v of problem (2.1)—-(2.4) is sufficiently
smooth, then there exists a function p such that (v, p) is a classical solution. Multiplying (2.5)
by —1 and integrating by parts, we can rewrite (2.5) as follows:

n ) .
(‘J;Ufa;j +D1Vs+f/¢> = /((Sn)ﬂr?&(x,lvf\)vr) @ dl (2.14)

T

with S defined in (1.6). This yields that
"9
(- Zvjal +Divs+f,¢> =0
=1 9%

for any ¢ € H'(Q) such that dive = 0 and ¢|r = 0. Hence (see, e.g., [16]), there exists a
function p such that

g
= gvja;’j +DivS+ f = Vp. (2.15)
]:
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This implies that equation (2.1) holds. Moreover, by definition of the space X(Q), equalities
(2.2) and (2.3) are valid. It remains to show that boundary condition (2.4) holds. Substituting
(2.15) in (2.14), we get

(Vp.g) = [ ((Sn)c +A(x, [oc])or) - pedr 2.16)
T

for any ¢ € X(Q)). Integrating by parts, we obtain that the left-hand side of (2.16) is equal to
zero. Therefore, we have

/((Sn)T + A%, [ve])vr) - e dT = 0. 2.17)
r
Since the set {@|r : ¢ € X(Q)} is dense in the space
{w e Ly(T): w-n=0},

it follows that equality (2.17) still holds by continuity for any vector function ¢ € L,(I') such
that @ - n = 0. This implies that

(Sn)r = —A(x, |vt])vr on T,
i.e.,, boundary condition (2.4) holds.
The main result of this paper is the following.
Theorem 2.5.

1) Boundary value problem (2.1)—(2.4) has a weak solution, which satisfies the estimate
Ella1 (@)1, + Ao loelEyry < I I

2) The weak solution set is sequentially weakly closed.

The proof of Theorem 2.5 is given in Section 4.

3 Auxiliary results

To prove Theorem 2.5, we study a class of operator equations.

Let Ky, Fi, Z, ..., Z,, be separable real Hilbert spaces, and & be a linear subspace of F.

Suppose the embedding Fy C F; is continuous. Let symbols X and Y denote the closures
of X in F; and F, respectively.

Let Z7 be the set of all continuous linear functionals on Z;. The value of a functional
from Z; on an element from Z; is denoted by (-, -).

Let T;: X — Z7, Q;: X X Y — Z; be nonlinear operators. Fix a functional f € X*.

We assume the following:

(i) the map Q;[v,-]: Y — Z;islinear foranyv € X, i=1,...,m,

(ii) there exists a function a: [0,c0) — R such that

m

Y (Ti(v), Qilv,0]) > a(|lv]lx), w©veEX,

i=1
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(iii) there exists a constant rp > 0 such that

a(ro)
ro

> || ]

X*r

(iv) for any sequence {v;} C X such that vy — vy weakly in X, it follows that

(Ti(vk), Qilvr, @]) — (Ti(v0), Qilvo,@)), @€ X, i=1,...,m
as k — oo.

Consider the following problem: Find an element v € X such that

(Ti(v), Qi[v,@]) = (f, ) (A)

o

Il
—

forany @ € X.

Theorem 3.1. Under conditions (i)—(iv), there exist a solution to problem (A) in the ball {v € X :
lollx <o}

Proof. Consider a sequence

(xl,yl), (x2, yz), ceey (xk, yk),~ ..

such that (x;,y;) € X x Y forany i € IN, the set {x1,x,...,x, ... } is everywhere dense in the
space X, and the set {y1,y2,..., Y, ... } is everywhere dense in the space Y.
Since the set X x & is everywhere dense in X x Y, we see that there exist a pair (@11, ¢11) €

X x X such that . .
- <z - <z

|21 —@11]|x < 5 ly1 — Purly < >

Moreover, there are pairs (@21, P¥21), (@22, P22) € X x X such that

I —@allx <5 g — gmlly < >
1 §021X_4, 1 1/’211/_4/

2 —@llx < 5 ly2— gzlly < &

X —¢nlx < 4 Y — P» y<s
Similarly, for each k € IN, there are k pairs
(Pr1, ¥i1), - (Prier Prx) € X X X
such that . .
12 — puillx < Sk’ lyi — Prilly < ok’ i=1...k
Consider the following sequence
@11, P11, @21, P21, 922, Yo, @31, P31, - - - 3.1)

It is clear that system (3.1) is complete in the space X, i.e., the smallest closed subspace
containing (3.1) is the whole space X. Moreover, system (3.1) is complete in Y.
We make the following transformations of sequence (3.1):
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1) we eliminate from sequence (3.1) all elements which can be written as linear combina-
tions of elements with smaller indices;

2) we apply the orthogonalization process (in X) to the obtained system.

Denote the resulting system as uy,uy,...,u;,... We get an orthonormal basis in X such
that u; € X for any j € N and the system {u;} is complete in Y.

We fix a number k € IN. Consider the auxiliary problem:

Find a vector & = (&4,...,&) € RF such that

Z<Ti(vk>/ Qi[vkzuj]> = <f/uj>/ ] =1,...,k (3.2)
i=1
k
Ok — Z@,'ui. (33)
i=1

Let us show that problem (3.2), (3.3) is solvable. Let us define the operator Gy: RF — RF
by

s

Il
—_

Gr(¢) = <i<Ti(vk)rQi[vk/ul]>r-”/ <Ti(vk)/Qi[vkzuk]>>

1

and the vector fi € R¥, fi = ((f,u1), ..., (f, ux)).
It is clear that problem (3.2), (3.3) is equivalent to the operator equation

Gr(&) = fr- (3.4)

Observe that
(Gk(8) — fi, §)re > 0

for all & € RF such that ||&||gx = 0. In fact, using (i)—(iii), we get

M»

(Gr(§) = fi Ore =, (Ti(v1), Qilve, wi]) & — (frr &) re

\
Il
—_
-
Il
—_

Il
NgE

A (Ti(or), Qilv, okl) = (fir Ore = a(loellx) — [ Fllx- 18] e

= (a(lgllre) /18 lIre = I fllx=) 18 ]lre = (a(ro)/ro = [ fllx+)r0 > O.

Then, by [26, Chapter II, Lemma 1.4], equation (3.4) (and, therefore, problem (3.2), (3.3)) has a
solution in the ball {& € RF: ||&||ge < 70}

Let & be a solution of (3.4). Consider the vector vy defined by formula (3.3). It is obvious
that

[y

x)

ocllx = [18k|Ire < 70 (3.5)

Since ry does not depend on k, there exist a element v, € X such that Vg, = Vs weakly in X
for some subsequence {k;}. We can assume without loss of generality that vy — v. weakly
in X.

Using (3.2) and (iv), we conclude that

m

Y (Ti(:), Qil+, wi]) = (f,u))

i=1



Existence results for reqularized equations of second-grade fluids 9

for any j € IN. The system {”j};‘i1 is complete in the space Y. This yields that
m
Y (Ti(v.), Qilv-, 9l) = (f. )

i=1

for any ¢ € X. Thus, the element v, is a solution to problem (A).

Let us recall that vy — v, weakly in X. Taking into account (3.5), we obtain ||v.||x < ro.
This completes the proof. O

4 Proof of Theorem 2.5
The proof of Theorem 2.5 is based on Theorem 3.1. We set
X=Xx(Q), X=X(O), FKk=H(Q), F=H().

Let Y be the closure of X in the space F.
Define the operators T;: X — Z7, Q;: X x Y — Z; by the following formulas:

<T1( ) ll)> = - (U,l/]),
Zv]ax]

(B(0),9) = 5 (A1(0), 9),
Qa[v, 9] = Ai(g),
(Ts(0), ¢) = 5 (A1(0), 9),
_ v, 9i(9)
Qilogl = o5 P
(Ti(0), ) = 5 (A1(0)W, (0) — Wy (0) A (0), Av(9)),
Qilv, 9] = A1(p),
(T5(0), 9) = [ Alx, o)) (oc - ) ar
T
Qs[v, 9] = ¢.

It is clear that the weak statement of problem (2.1)—(2.4) is equivalent to the following
equation

; ), Qilv.@]) = (f.9), @EX.

Trivially, the operators Qy, ..., Qs satisfy condition (i).
Using the equalities

i (vjv, g:;) =0, i <A1(v),vjaAl<v>>

i—1 Bx]

0,

(A1(0)Wy(v) — Wy(v)Aq(v),A1(v)) =0,
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we get
<T1 (Z)), Q [v, v]> =0, <T3(v)r QS[U;UD =0, <T4("0), Q4[vl ZJ]> =0 (4.1)

forany v € X.
Let the function a be given by r — a(r) = r2. Obviously, the function a satisfies condi-
tion (iii). Taking into account (4.1), we obtain

5
Y (T:(v), Qilv,v]) = a(llollx),  weX.
i=1
Now we must only prove that condition (iv) holds. Let v* — v° weakly in X. Since the
embedding H!(Q) C Lys(Q) is compact (see e.g. [1]), we see that v — v strongly in Ly(Q).
Therefore, for i = 1,2, 3, condition (iv) holds.

Note that
1 d0;(y)  dui(y)
W,) (v =S / - < e ) i
e b 4 A T T R
1 / do(x —vy) dp(x —y)
= —su — oY)+ u(y) d
2 et Yk i) 9%Yj o

Rl’l

< [IVell o]l -

This yields that condition (iv) is true for i = 4.
Finally note that the operator yo: H' (Q) — Ly(T) is compact. Hence, v*|r — ©°|r strongly
in Ly(T'). By Krasnoselskii’s theorem [15,24] on continuity of the Nemytskii operator, we have

A, |05 oR = A(-, [09])0?  strongly in Ly(T).

It follows that condition (iv) is true for i = 5. This completes the proof.
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