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1 Introduction

We consider the existence of solutions for the following fourth-order boundary value problem
set on the half-line

t) —u’(t) +u(t) = f(tu(t), tel0,+00),
=u(+o0) =0, (1.1)

where f € C([0, +c0) x R,R).

Many authors used critical point theory to establish the existence of solutions for fourth-
order boundary value problems on bounded intervals (see for example [8,9,13]), but there are
only a few papers that consider the above problem on the half-line using critical point theory.
We cite [5] where the authors consider the existence of solutions for a particular fourth-order
BVP on the half-line using critical point theory.

We endow the following space

H3(0, +00) = {u € L3(0, +00), ' € L3(0, +00), u” € L*(0,+0), u(0) =0, u'(0) = 0}
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with its natural norm

]| = </0+°°u"2(t)dt+/0+°° u’z(t)dt+/0+wu2(t)dt>%.

Note that if u € H3(0,4o0), then u(+o0) = 0, u/(+00) = 0, (see [3, Corollary 8.9]). Let
p,q:10,+00) — (0, +00) be two continuously differentiable and bounded functions with

My = max(|[pllr2, |p'll2) < +oo, Mz =max([lqllz2, 9]l 12) < +oo.

We also consider the following spaces

Cip[0, +00) = {u € C([0,4+),R) : lim p(t)u(t) exists}

t——+oco

endowed with the norm

[ullep = sup p(B)|u(t)],

te[0,+00)
and

t—+oo t—Foo

Clllp,q[O,%—oo) = {u € CH([0,400),R) : lim p(H)u(t), lim q(t)u’(t) exist}
endowed with the natural norm

[ulloopg = sup p(O)[u(t)]+ sup q(£)[u’(£)].
te[0,+c0) te[0,+00)

Let
C[0, +00) = {u € C([0, +00),R) : lim u(t) exists}

t—+o0

endowed with the norm ||u||e = SUP e [0,400) lu(t)].

1

To prove that H2(0,+o0) embeds compactly in Cipg

Corduneanu compactness criterion.

[0, +00), we need the following

Lemma 1.1 ([4]). Let D C Ci([0, +c0),R) be a bounded set. Then D is relatively compact if the
following conditions hold:
(a) D is equicontinuous on any compact sub-interval of R™, i.e.

V] C [0,+0c0) compact, Ve > 0,36 >0, Vi, tp € ]:
’t1 —tz‘ <6= ’M(tl) —M(tz)‘ <eg YueD;

(b) D is equiconvergent at +co i.e.,

Ve>0, 3T = T(e) > 0 such that
Vit >T(e) = |u(t) —u(4+o00)| <e Yue D.

Similar reasoning as in [6] yields the following compactness criterion in the space

Cl. ([0, +),R).

Lp.g
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Lemma 1.2. Let D C Cll/p,q([O,—i—oo),]R) be a bounded set. Then D is relatively compact if the

following conditions hold:

(a) D is equicontinuous on any compact sub-interval of [0, +o0), i.e.
V] C [0,+0c0) compact, Ve > 0,36 >0, Vit €] :
|t1 — t2| <= |p(t1)u(t1) — p(tz)u(t2)| <eg VYueD,
It1 — | <6 = |q(t1)u' () —q(t2)u'(t2)| <& Yu € D;

(b) D is equiconvergent at 4o i.e.,

Ve>0,3T = T(¢) > 0 such that
Vit >T(e) = |p(t)u(t) — (pu)(+o0)| <e¢, Yu €D,
Vit >T(e) = |q(t)u'(t) — (qu')(+00)| <& Yu € D.

Now we recall some essential facts from critical point theory (see [1,2,10]).

Definition 1.3. Let X be a Banach space, () C X an open subset, and | : ( — R a functional.
We say that | is Gateaux differentiable at u € () if there exists A € X* such that

Lo T+ 1) — ()

t—0 t

= Av,

for all v € X. Now A, which is unique, is denoted by A = J(u).

The mapping which sends to every u € Q) the mapping J(u) is called the Gateaux differ-
ential of | and is denoted by Ji..
We say that | € C! if | is Gateaux differential on Q) and JG is continuous at every u € Q).

Definition 1.4. Let X be a Banach space. A functional | : () — IR is called coercive if, for
every sequence (uy)reNn C X,

|ug|| — 400 == [J(ux)| — +o0.

Definition 1.5. Let X be a Banach space. A functional | : X — (—o0,+o00] is said to be
sequentially weakly lower semi-continuous (swlsc for short) if

() < liminf J (1)

n—+oo
as Uy, —~uin X, n — oo.

Lemma 1.6 (Minimization principle [2]). Let X be a reflexive Banach space and | a functional
defined on X such that

(1) limy,, -, 4o J (1) = 00 (coercivity condition),
(2) | is sequentially weakly lower semi-continuous.
Then | is lower bounded on X and achieves its lower bound at some point uy.

Definition 1.7. Let X be a real Banach space, ] € C!(X,R). If any sequence (u,) C X for
which (J(uy)) is bounded in R and J'(u,) — 0 as n — +oco in X’ possesses a convergent
subsequence, then we say that | satisfies the Palais—Smale condition (PS condition for brevity).
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Lemma 1.8 (Mountain Pass Theorem, [11, Theorem 2.2], [12, Theorem 3.1]). Let X be a Banach
space, and let ] € C1(X,R) satisfy J(0) = 0. Assume that | satisfies the (PS) condition and there
exist positive numbers p and « such that

(D) J(u) > o if [ul] = p,
(2) there exists uy € X such that ||ug|| > p and J(up) < a.
Then there exists a critical point. It is characterized by

J'(u) =0, J(u)= yellﬁ max J(r (1)),

where
I'={y e C([0,1],X) : 7(0) =0, ¥(1) = uo}.
1.1 Variational setting

Take v € H3(0,+c0), and multiply the equation in Problem (1.1) by v and integrate over
(0, +00), so we get

+oo +o0
/0 (08 (0 + u(®)o(dt = [ FEue)o(b)at
Hence
+o0 +o0
/0 (" ()" () + o' () () + u()o(t))dt = /0 F(t,u(t))o(t)dt.
This leads to the natural concept of a weak solution for Problem (1.1).

Definition 1.9. We say that a function u € H2(0, +o0) is a weak solution of Problem (1.1) if

+o00 +0o0
/ (u" (£)0" () +u' (£)0 () + u(t)o(t))dt = f(tu(t))o(t)dt,
0 0
for all v € H}(0, +oc0).
In order to study Problem (1.1), we consider the functional | : H3(0, +c0) — R defined
by
1, +oo
J) = SlulP= [ Etue)at
0

where

F(t,u) = /Ouf(t,s)ds.

2 Some embedding results

We begin this section by proving some continuous and compact embeddings. Here p and g
(and My, M) are as in Section 1.

Lemma 2.1. HZ(0, +o0) embeds continuously in Czl,p,q [0, +00).
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Proof. For u € H3(0, +c0), we have
[p()u(t)| = |p(+o0)u(+o00) — p(t)u(t)]
|y o)
+o0 +o0
/t p'(s)u(s)ds /t p(s)u'(s)ds

(/O+°° P'Z(S)ds>; </O+°° uZ(S)ds>; n </O+oo pz(s)d5>; </O+oo u/z(s)ds>

max(|[p"[l 2, [[pll2)[fu]
M |fuf],

< +

NI—

IN

IA A

(0 ()] = lg(+o0)u () — ()i ()
| ey

/joo q'(s)u'(s)ds /t+oo g(s)u”(s)ds

(7o) (108) (o) (1)

< max([|q"ll2, I 2) [ull
< Mp|jul,

IN

+

Nl—

IN

Hence ||u|co,p,g < M|u||, with M = max(M;, M3). O
The following compactness embedding is an important result.

Lemma 2.2. The embedding H3(0, +c0) — C}

Lpgl0, +00) is compact.

Proof. Let D C H3(0, +o0) be a bounded set. Then it is bounded in Cll,p’ ] [0, +00) by Lemma 2.1.
Let R > 0 be such that for all u € D, ||u|| < R. We will apply Lemma 1.2.

(a) D is equicontinuous on every compact interval of [0,+o0). Let u € D and t;,f, € ] C
[0, +00) where ] is a compact sub-interval. Using the Cauchy-Schwarz inequality, we have

[y s)as

[5)

[ (76 uls) +(5)p(s)) s

1)

< ([ ) ([ o) o ([ pore) ([ o)

Ip(t)u(tr) — p(t2)u(t)| =
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as |t — | — 0, and

lq(t)u' (1) — q(t2)u' (t2)] =

IRCRICE
[ @ 6) + a1 ds

(

IN

[res) ([ wesis)’
([ q2<s>ds)% ([ wepas) %
< max [( [ qQ(s)ds)%, ([ #eus) 1 Ju]
< Rmax [( INESD g ([ #eus) %] 0,
as |h — ta| — 0.

(b) D is equiconvergent at +oo. For t € [0,400) and u € D, using the fact that (pu)(+oc0) =
0, (qu’)(+0c0) = 0 (note that u(c0) = 0,u’(c0) = 0 and p, g are bounded) and using the Cauchy-
Schwarz inequality, we have

() (0) = (puros) = | [ (g ()

| W)+ p(s) ds

< max [( [ ) ([ ) %] Jul

1

< Rmax [(/tm pfz(s)ds>2, </t+°° pz(s)ds>;] —0,

Nl

ast — +oo, and

)0~ (o) o) = | [ 'y ()

| @) + g ) as

< max [( [ ) ([ ee) 1 Jul

< Rmax [(/tm qu(s)ds) %, </t+°° qz(s)ds> é] —0,

ast — +oo. =

Nl—=

Corollary 2.3. C}/M [0, +00) embeds continuously in C ,[0, +00) .

Corollary 2.4. The embedding H2 (0, +o0) < Ci,p[0, +00) is continuous and compact.
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3 Existence results

Here p (and M) are as in Section 1.

Theorem 3.1. Assume that F satisfy the following conditions.

(F1) There exist two constants 1 < a < B < 2and two functions a, b with 3z € L([0,+00),[0,+0)),
b e L1([0, +00), [0, +-0)) such that

|F(t,x)| <a(t)|x]*, V(t,x) € [0,+00) xR, |x| <1
and
|F(t,x)| < b(t)|x|?, V(t,x) € [0,+00) X R, |x| > 1.
(F2) There exist an open bounded set I C [0, +o00) and two constants 1 > 0 and 0 < vy < 2 such that

F(t,x) > nlx|7, V(t,x) e I xR, |x] <1.

Then Problem (1.1) has at least one nontrivial weak solution.

Proof.
Claim 1. We first show that | is well defined.
Let
O ={t>0, [u(t)| <1}, O ={t>0, [u(t)] >1}.

Given u € H3(0, +00), it follows from (F1) and Corollary 2.4 that

/0+w]F(t,u(t))]dt:/0| bult |dt+/ )| dt
/ B)[u(t |“dt+/ £)|u(t) Bt

a(t) . (
< [, e lpu rdt+/) Hu(t) Pt

sy + |5 Tl

a

pein
< M? p”

<

JulP.

Jul| + MP
Ll

b
3,
Thus

160)] < 3l + Mg

Al + 2P

b
5| P < s
PY i

p*
Claim 2. | is coercive.
From (F1) and Corollary 2.4, we have

Jw) = 3l = [ Feuede— [ Feuto)

1P
Il

) (3.1)
> ollul? - Mg

b
a _ aqP
el - |

p*
Now since 0 < & < B < 2, then (3.1) implies that

lim J(u) = +oo.
||1t]|— o0
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Consequently, | is coercive.

Claim 3. | is sequentially weakly lower semi-continuous.

Let (u,) be a sequence in H3(0,+o0) such that u, — u as n —» o0 in H3(0, +00). Then
there exists a constant A > 0 such that ||u,|| < A, for all n > 0 and |ju|| < A. Now (see
Corollary 2.4) (p(t)un(t)) converges to (p(t)u(t)) as n — +oo for t € [0,+00). Since F is
continuous, we have F(t, u,(t)) — F(t,u(t)) as n — 400, and using (F1) we have

[F(t,un(D)] < a(t)|un(£)]" + b(t) |ua(t)|P

a() ey B
PO 1+ s P (1)
(1

b(t)
(1)
“)Mw|ﬂﬂ+b()M%,mﬁ

Q‘G

Q‘G

Iz nl\oop+mH nll&p
“(t) ph(t)
AUBVIVURRLIONYY

S CRESTI0

so from the Lebesgue Dominated Convergence Theorem we have

‘Q

+o0 too
lim F(t, un(£))dt = /0 F(t,u(t))dt.

n—-+oo JQ

The norm in the reflexive Banach space is sequentially weakly lower semi-continuous, so

liminf ||| > [|ul.
n——+oo

Thus one has

—+o0
liminf J(u,) = liminf (HMnHZ /0 F(t,un(t))dt>

n—-+4oo n—r-+4o0

> Sl = [ B (o) = )

Then, | is sequentially weakly lower semi-continuous.
From Lemma 1.6, | has a minimum point #¢ which is a critical point of J.

Claim 4. We show that ug # 0.
Let u; € H3(0,+00) \ {0} and |u;(t)| < 1, for all t € I. Then from (F2), we have

SZ ) 400
Jsm) = SlmlP = [ Ftsm(n)ar
< Sl [ plsun(e)a

= 5 lith 177 1

2
S
< SlulP=sy [lm@ra, 0<s <1

Since 0 < 7 < 2, it follows that J(su;) < 0 for s > 0 small enough. Hence J(up) < 0, and
therefore ug is a nontrivial critical point of J.

Finally, it is easy to see that under (F1), the functional ] is Gateaux differentiable and the
Gateaux derivative at a point u € X is

(ff(u),v):/0+°°(u”(t)z/’(t)+u’<t)v/(t)+u(t)v(t))dt— i uyd,  (32)

0
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for all v € H2(0, +00). Therefore u is a weak solution of Problem (1.1). O
Theorem 3.2. Assume that f satisfies the following assumptions.
(F3) There exist nonnegative functions ¢, g such that ¢ € C(RR, [0, +00)) with

|f(t,x)] < @(t)g(x), forall t €[0,+00) andall x € R,

and for any constant R > 0 there exists a nonnegative function g with ppr € L'(0,+o00) and
sup {g <p(yt)) 1y € [-R, R]} < Ygr(t) forae t>0.

(F4)
1 1

a(t)” " p(b)

uniformly in t € [0, +00) for some function a € L'(0, +00) N C[0, +00).

F(t, x) =o(|x|*) asx—0

(F5) There exists a positive function ¢ and a nonnegative function c with c1,c3 € L1(0,00), and
u > 2 such that

(a) F(t,x) > c1(f) x|V —ca(t), fort >0, Vx € R\ {0},

(b) uF(t,x) < xf(t,x), fort>0, Vx € R.

Then Problem (1.1) has at least one nontrivial weak solution.

Proof. We have J(0) =

Claim 1. | satisfies the (PS) condition.

Assume that (u,)y,en C H3(0,400) is a sequence such that (J(uy))sen is bounded and
J'(u,) — 0 as n — +o0. Then there exists a constant d > 0 such that

J(ua)l <d, ] (un)lle < dp, ¥neN.
From (F5)(b) we have

2
2d + 2d|[un|| > 2] (un) — ﬁ(]/(”n)/”n)

> (1 — i) 1] + 2 [/OJFOO <;un(t)f(t, u,(t)) — F(t, un(t))> dt]

2
2 (1 - ) [
K

Since p > 2, then (uy)yen is bounded in H3(0, +o0).

Now, we show that (u,) converges strongly to some u in H3(0, +o0). Since (u,) is bounded
in H3(0, +00), there exists a subsequence of () still denoted by (u,) such that (u,) converges
weakly to some u in H3(0, +0). There exists a constant ¢ > 0 such that ||u,|| < c¢. Now (see
Corollary 2.4) (p(t)u,(t)) converges to p(t)u(t) on [0, 4+o0). We have f(t, u,(t)) — f(t,u(t))
and

6 (6)] = |6, O (0)
< ¢(t)g p(lt)P(t)un(t)>
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and using the Lebesgue Dominated Convergence Theorem, we have

—+o0

lim (f(t,un(t)) — f(t,u(t))) (un(t) —u(t))dt =0. (3.3)

n—+o0 Jo

Since limy,—,+ 0 J'(4,) = 0 and (u,) converges weakly to some 1, we have

lim (J'(uy) — J'(u), up —u) = 0. (3.4)

n——+00

It follows from (3.2) that

(o]

U () = T (1), 1t — 1) = Jfa — ue]]? — /O+ (f (£ un(t)) — £t u(t))) (un(t) — u(t))dt.

Hence limy, 4o ||y — ]| = 0. Thus (1) converges strongly to u in H3(0, +c0), so | satis-
fies the (PS) condition.

Claim 2. ] satisfies assumption (1) of Lemma 1.8.

Let0 <e< W From (F4), there exists 0 < § < 1 such that
L 1
’LF(t,Lx)’ < §|x|2, for t € [0,+00) and |x| < 4.
a(t)” " p(t) 2

Using Corollary 2.4, we have

+o0 +00 1
LR = [ (o )
< [ Slato) ) lu(e) Pa

<

€
EM%WU H“HZr

whenever ||u|c,p < 0.
Let0<p < M% and & = 1(1 — ¢la|;1M?)p?. Then for ||u]| = p (note ||u]|w,p < ), we have

]

1 +
Joo) = 5l = [ Ftu(e)a
1
> 5 (1= elaly M) Jul* = o,

so assumption (1) in Lemma 1.8 is satisfied.

Claim 3. ] satisfies assumption (2) of Lemma 1.8.
By (F5)(a) we have for some vy € H3(0, +00), vy # 0,

1 oo
J(go) = 580l — [ F(t goo(t))ds
1 y By P +o0 " +o0
< S@wlP =2l [ el e+ [ b
Now since yu > 2, then for ug = ¢vo, J(up) <0, as { — +0o, so assumption (2) in Lemma 1.8

is satisfied. From Lemma 1.8, | possesses a critical point which is a nontrivial weak solution
of Problem (1.1). O
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As an example of the above theorem, take f(t,x) = 3 exp(—t)|x| 2x. To see this take

c1(t) = exp(—t), c2(t) =0,
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