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Abstract. In this paper, we consider a pseudo-parabolic system with nonlinearities of
variable exponent type

up — Auy — div(|Vu|"0=2Vu) = Juo|P® 24?2  in Q x (0,T),

vy — Avy — div(|Vo|"™-2V0) = |uo|P®) 2420 in Q x (0, T)
associated with initial and Dirichlet boundary conditions, where the variable exponents
p(-), m(-), n(-) are continuous functions on (). We obtain an upper bound and a lower

bound for blow-up time if variable exponents p(-), m(-), n(-) and the initial data satisfy
some conditions.
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1 Introduction
In this paper, we consider the initial-boundary value problem

up — Auy — div(|Vu|"™=2Vu) = |uo|P® 2y in Q x (0,T),
vy — Aoy — div(|Vo|" ¥ -2V0) = |luo|P® 2420 in Q x (0,T),
u=00v=0 ondQ) x (0,T),
u(x,0) = up(x), v(x,0) = vo(x) in Q,

where Q) is a bounded domain of RN (N > 1) with smooth boundary 9Q, the nonlinear term
div(|Vu|™¥)~2Vu) is called m(x)-Laplace operator, and the variable exponents p(-), m(-), n(-)
are continuous functions on (), later specified.

It is well known that nonlinear pseudo-parabolic equations appear in the study of var-
ious problems of the hydrodynamics, filtration theory, electrorheological fluids and others
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(see [1,4,6]). Recently, Di et al. [2] has been studied the following initial-boundary value
problem

u — vAuy — div(|Vu|"™=2Vu) = |u[P™ =24 in Q x (0,T) (1.2)

with Dirichlet boundary condition. By means of a differential inequality technique, they
obtained an upper bound and a lower bound for blow-up time if variable exponents p(-),
m(-) and the initial data satisfy some conditions. Obviously, if v = 1, m(x) = 2, p(x) = p,
(1.2) reduces to the following pseudo-parabolic equation

— Au— Aup = |ulP"2u inQx (0,T). (1.3)

As for (1.3), there are many results concerning asymptotic behavior [7,14], the existence and
uniqueness [1,13] of solutions, blow-up [8, 14] property and so on. Especially, Xu [14] prove
that the solutions blow up in finite time in H}(Q))-norm. Luo [8] obtain an upper bound and
a lower bound of the blow-up rate. More generally, Peng et al. [10] considered the following
initial-boundary value problem

ur — vAuy — div(p(|Vu?)Vu) = f(u) in Q x (0,T).

A lower bound for blow-up time is determined if blow-up does occur. Furthermore, they
establish an upper bound for blow-up time to a special class.

As we know, on the bounds, has been less studied the case of blow-up time to the system
(1.1). Our objective in this paper is to study the blow-up phenomenon of solutions of the
system (1.1) in the framework of the Lebesgue and Sobolev spaces with variable exponents.
In details, this paper is organized as follows: in Section 2, we introduce the function spaces
of Orlicz-Sobolev type and present a brief description of their main properties. In Section 3,
a criterion for blow-up to the system (1.1) that leads to the upper bound for blow-up time is
obtained. In Section 4, we give the lower bound of blow-up time to the system (1.1).

2 Function spaces

As in [2], we first recall some known results about the Lebesgue and Sobolev spaces with
variable exponents (see [3,5,11,12]) which will be needed in this paper.

Let 7(-) : O — [1,00) be a measurable function, where () is a domain of R”. We denote by
r_ = essinfyeqr(x) and r; = esssup, ., (x). The variable exponent Lebesgue space L") (Q2)
consists of all measurable functions u defined on () for which

:/ I1(x) " dx < co.
Q

The set L")(Q)) equipped with the Luxembourg norm ||ul|,(y=inf{A > 0: p,(,)(u/A) < 1}
is a Banach space (see [3]). The variable exponent Sobolev space W'"()(Q) is defmed by

{err<-><n> = {u e LO(Q): [Vu() € LI(Q)},

lllwiron ) = Nl = 1Vullyey + el
Wé’r(')(ﬂ) is defined as the closure in W()(Q) of CP(Q). W ()(Q) is the dual space of
W) (Q)) where 7/(-) is the function such that i =1

Zol ()
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Let the variable exponent p(-) satisfy the Zhikov—Fan conditions:

lp(x) —ply)| < 1<Al), forall x,y € Q with |[x —y| <4, (2.1)
O8 =y

where A >0and 0 < 6 < 1.
Now, we present some useful lemmas which will be used later.

Lemma 2.1 (see [3,5]). We have the following results.

(1) If O has a finite measure and q1(-), q2(+) are variable exponents satisfying q1(x) < q2(x) almost
everywhere in Q), then there is a continuous embedding from L7()(Q) — L10)(Q).

(2) Let the variable exponent p(-) satisfy (2.1), then |[ul],.) < C||Vul|,.) for all u € Wg’p(')(Q),
where () is bounded.

(3) Let the variable exponents q,(-) € C(Q)), g2 : Q — [1,00) be a measurable function and satisfy

n—qi(x)’
+o0, if q1(x) > n.

ess inf(q7 (x) — g2(x)) > 0,
xeQ)

where q] =

Then, the Sobolev embedding Wg"“(') (Q) — L20)(Q) is continuous and compact.

3 Upper bound for blow-up time
Since p(-), m(-), n(-) are continuous functions on (), we denote by

04 = max/{(x), /_ = min/(x)
o) Q

where ¢ stands for p(-), m(-) and n(-) respectively. Assume that
p— > max{my,ny}, min{m_,n_} > 2, (3.1)
and

my >n_, ny > m_. (3.2)

Firstly, we start with the following local existence theorem for the solutions of system (1.1)
which can be obtained by Faedo—-Galerkin method.

Theorem 3.1. Let the variable exponent p(-) satisfy the Zhikov—Fan conditions (2.1) and (3.1) hold.
Then for any ug € W&’m(')(Q) NLPO(Q), vy € W&’n(')(Q) N LPO)(Q), there exists a number Ty €
(0, T] such that the system (1.1) has a unique solution

we L2([0, T, Wy " (@) nLPO(Q)), e € L2([0, Tol; WiA(Q)),

ve L%([0, Tl Wy " (@) nLrt(Q)), o € L2([0, Tol; Wy (),
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satisfying
(ut, ) + (Vur, Vo) + (|Vu[ " 2Vu, Vo) = (Juo|P™)"2ud?, ¢),
Vo € W) nLrO(Q),
(0, 9) + (Vor, Vi) + (|V0"0 7250, V) = (JuoPO "2, ),
vy € W' (Q) nLrO (),

(3.3)

where (g, ¢) = [ urpdx.
Next, we seek the upper bound for the blow-up time of the system (1.1).

Theorem 3.2. Assume that (2.1), (3.1) and (3.2) hold. Let uy € Wg’m(')(Q) NLFO(Q), vy €
Wy (Q) N LPO(Q) such that [|uo|| 1, (|00 g > 0 and

luguo|P® [ |Vup|"®) | Vop|n®)
/o[ p(x) _< mx) T n(x) dx 2 0. (3.4)

Then, the solution (u,v) of the system (1.1) blows up in finite time T* in H}(Q)-norm. Moreover, an
upper bound for blow-up time is given by

T < , (3.5)
(b-1)p
where B and b are suitable positive constants given later and F(0) = ””0”?{1 + ”U(’Hiﬂ
0 0
Proof. Replacing ¢ by u;, ¢ by v; in (3.3) respectively, and adding, we have
1
2 2 2 m(x n(x)
/(\ut| + | Vug|* + |ve|* + | Vg )dx+dt/ ( )!V ul (x)|Vv] >dx
d 1
— = | —jyo|P™)
T /Q o) |uv|PVdx. (3.6)
Let us define the energy as follows
1
Et:/< Vu|"®) 4 — | Vo' —uvp(x)>dx. (3.7)
0= J, (v + s e = g o
Hence, by (3.6) and (3.7), we have
El(t) = — /Q(|ut|2 + |Vut\2 + |U[|2 + |Vvt\2)dx <0. (38)
We define an auxiliary function
F(t) = / udx —|—/ |Vu|*dx —|—/ v?dx —|—/ |Vo|2dx. (3.9)
Q Q Q Q

Multiplying u and v on two sides of two equations of the system (1.1) respectively, and inte-
grating by part, we have

/uutdx~|—/ Vu'Vutdx+/ |Vu|m(x)dx:/ |uv|P)dx (3.10)
0 0 0 0
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and

/ vvpdx +/ Vo - Vodx +/ Vo " dx = / |luv|PF)dx. (3.11)
0 0 0 0
Adding (3.10) and (3.11), we get
/ uudx +/ Vu-Vudx +/ vordx —l—/ Vo - Voudx
0 0 0 0
- —/ (V] 4 [Vo["™)dx + z/ uo|PWdx. (3.12)
0 0
By differentiating F(t) with respect to ¢, we have

F'(t) :2/ uutdx—l—Z/ Vu-Vutdx+2/ vvtdx—i—Z/ Vo - Vodx
Q Q Q Q

:4/ ]uv\”(")dx—z/ (|Vu™® 4 |Vo["™)dx
@)

|uoP®) | Vu|m) IVU|” 1 m(x)
_4/ [ ( (%) + (%) > dx+4/ < p(x)>\wy
1
—|—4/Qp(x) <n(x) —p(x)) |Vv|”(x)dx+2/Q(Wu|m(x) + |Vo|"*))dx. (3.13)

Thanks to E'(t) < 0, we have

|uv‘?(x) ’vu|m(x) |Vv|n(x)
/QP(X)[ (%) —< m(x) + n(x) )]dx

2/ \Movo|p |[Vug|™) n [V |") i
m(x) n(x)
px m(x) n(x)
Z/ |uovo| Vo™ [Vvol p
m(x) n(x)
>

0. (3.14)
By (3.13) and (3.14), we see

P02 4 [ (5 )Vl @dnes [ po (0 ) Vo ez [(10u-4 [Tl
=C1/ ]Vu|m dx+C2/ ]Vv]” )dx,
@) @)

where C; =2 +4p_ (— - p—) Cr=2+4p_(:L p%) Define the sets O = {x € Q | |Vu| >

1,|Vy|>1tand Q- = {x € Q| |Vu| <1, |Vv] < 1}. By the fact that || Vu|, < C||Vu||, for
all » > 2, it follows

F'(t) > G </ \Vu\m+dx+/ ywmm) A (/Q ywy”m”/a ]Vv\”dx)
Qy - +
7 5 5 T
(/ ]Vu]zdx> (/ \Vu]2dx> (/ ]Vv\zdx> + </ |Vv]2dx> .
O Q,

> C3 +Cy
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This implies that

(pa»azc542QVuF+¢Vﬂ%dxzo,

(3.15)
(F(0) > Cs [ (IVul* +]Vol)ax >0,
ol
where a = max(mi+ H) b = max(;2,-%). The Poincaré inequality gives |[Vul|3 > Aq|[uf3,
where A; is the first eigenvalue of the problem
Aw+Aw =0, inQ,
w =0, on 0Q).
Thus, the follow relations
2
IVl = IV ||2+1+A vul
A
>
_HAH |\2+1+Auv ul = HAH 12, e
2
”Vﬂb_1+A 1+A
M 1 2
>
"1t A 1+A = 1 Il

hold, where [Ju||, = (/4 u”dx)% and |[u]|%,, = ||ull3 + [[Vu()3. Combining (3.15) and (3.16), we
conclude °
CsAq
/ a 2 2
(F )" = 3, Ulully + o),

(Fe) = 20

(lully + 2lF)-
0

Consequently,

(F 0 + (0 2 2EED (u 1 joj2,) = crr), (317)

which implies
(F' (D) (14 (F())"™) = GE(t). (3.18)

By (3.17) and the fact that F(¢t) > F(0) > 0 (F'(t) > 0), we have

(F() 2 TE0) 2 TFO)

or

which implies that

or



Blow-up phenomena for a pseudo-parabolic system 7

Therefore, we have that F'(t) > «, where & = min{Cg(F(O))%,Cg(F(O))%}. From (3.2), it is
easy to see a — b < 0. So, combining with (3.18), we get

F'(t) > B(F(1)F, (3.19)
where the constant f = (; ﬁ;,h )%. By (3.19), we receive
/
F <t)l > B. (3.20)
(F(£))»
Integrating the inequality (3.20) from 0O to t, we see
(F0) < (Fo)- + C=DP (321)
which implies that
1
F(t) > (3.22)

[(F(0))'— + 5P
Thus, (3.22) shows that F(t) blows up at some finite time T* such that

b(F(0))'~5
G-1p

Finally, we get the solution (1, v) blows up in H}(Q))-norm in finite time. O

T* < (3.23)

Remark 3.3. From (3.23), we see that the larger F(0) is, the smaller the blow-up time T* is.

4 Lower bound for blow-up time

In this section, our aim is to determine a lower bound for blow-up time of the system (1.1).
The technique is the same as [2].

Theorem 4.1. Suppose that (2.1) and (3.1) hold. Furthermore assume that 2 < p, < oo if n < 2,
2<pr < 2ifn>3,u € Wy (Q)NLPO(Q), vy € W (Q) N LPO(Q) and the solution
(u,v) of the system (1.1) becomes unbounded at finite time T* in H(Q))-norm, then a lower bounded
T* for blow-up time is given by

(e} d’?
T* > / — 4.1
~ JE() MnPr + NP~ @D

where M and N are suitable positive constants given later and F(0) = |luo||3, + |02,
0 0
Proof. We define the function F(t) the same as (3.9). By (3.13), it is easy to get
F(t) = 2/ uutdx+2/ Vu-Vutdx+2/ vvtdx+2/ Vo - Voudx
0 0 0 0

< 4/ luv|P¥)dx. 4.2)
0
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Let us denote the sets O = {x € Q| |uv| > 1} and Q_ = {x € Q | |uv| < 1}. Using the
Cauchy-Schwarz inequality and the Sobolev embedding inequalities , we get

/|uv]p(x)dx§/ |uv]p+dx+/ |uv|P-dx
0 ol Q-
§/ |uv]p+dx—|—/ |uv|P-dx
0 0
2 2 2 3
(L) () s () ()
0 0 0 0

< (BE2AVully - 1Volls* + (B2 2IVully - [ Volly, 43)

where B.,B_ are the Sobolev embedding constants for H}(Q) < LP+(Q) and H}(Q) <
LP-(Q)), respectively. From the Cauchy-Schwarz inequality, we have

2 2

"(£)? > (/ |Vu\2dx> + </ |Vv\2dx> 22/ |Vu\2dx-/ |Vo|?dx.
0 0 0 0

(/ |Vv|2dx>

- -

(F'(1)P- >2'7 </Q|Vu\2dx)2 : (/Qwvyzdx) 0,

P+

(F'(1)r 277 = | Vully" - [ Vo3 (44)

Then

P+ P+
2 2

(F(0)P+ > 2% </ ywﬁm)

and

which implies that

and
(F(0)r-27% 2 |[Vully - | Vol} . (45)
Thus, the combination of (4.2)—(4.5) implies that
F'(t) < M(F(t))"* + N(E(t))P-,

where M = 2_*(Bi+)2, N = 2_%_(Bi’)2. Therefore

F(1
M(ED)P + N~ - (0

Integrating the inequality (4.6) from 0 to t, we get

F(t) d17
J . a——
F(0) MuP++ NnP-

If (u,v) blows up in H}(Q))-norm, then we obtain a lower bound T* given by

IRy e -
~ JF(0) MyP+ 4+ NyP-

Clearly, the integral is bound since exponents py > p_ > 2. O
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