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Abstract. Consider the following higher order difference equation
x(n+1) = f(n,x(n)) 4+ g(n,x(n —k)) +b(n), n=20,1,...

where f(n,x),g(n,x) : {0,1,...} x [0,00) — [0,00) are continuous functions in x and
periodic functions with period w in n, {b(n)} is a real sequence, and k is a nonnegative
integer. We show that under proper conditions, every nonnegative solution of the equa-
tion is quasi-periodic with period w. Applications to some other difference equations
derived from mathematical biology are also given.
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1 Introduction
Consider the following nonlinear difference equation of order k + 1 with forcing term b(n)
x(n+1) = f(n,x(n)) +g(n,x(n—k)) + b(n), n=20,1,... (1.1)

where f(n,x),g(n,x):{0,1,...} x [0,00) — [0,00) are continuous functions in x and periodic
functions with period w in n, {b(n)} is a real sequence, and k is a nonnegative integer. Our
aim in the paper is to study the quasi-periodicity of solutions of Eq. (1.1) in the sense that

Definition 1.1. We say that a solution {x(n)} of Eq. (1.1) is quasi-periodic with period w
if there exist sequences {p(n)} and {g(n)} such that {p(n)} is periodic with period w and
{gq(n)} converges to zero as n — co and x(n) = p(n) +q(n), n=0,1,...

By using, among others, some methods and ideas related to the linear first-order difference
equation, in the next section we show that under proper conditions every solution of Eq. (1.1)
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is quasi-periodic with period w. More specifically, we show that under proper conditions,
every solution {x(n)} of Eq. (1.1) satisfies
lim (x(n) — (n)) = 0

where {ij(n)} is a periodic solution with period w of the following associated difference equa-
tion of Eq. (1.1) without forcing term

y(n+1) = f(n,y(n))+g(n,y(n—k)), n=0,1,... (1.2)

Existence and global attractivity of periodic solutions of Eq. (1.2) and some other forms have
been studied by numerous authors, see for example [1,3,13,15-17,19,20,22,23,31] and the ref-
erences cited therein. While there has been much progress made in the study of the existence
and global attractivity of periodic solutions of Eq. (1.2), the quasi-periodicity of solutions of
Eq. (1.1) is relatively scarce. In order to study this phenomenon, we note the following recent
result from [15] for the existence of a periodic solution 7(f) of Eq. (1.2) (some new results
related to those in [15] have been recently presented in [26]).

Theorem A. Assume that there is a nonnegative periodic sequence {a(n)} with period w such
that

w—1
a=1]Ja() <1 and f(ny) <a(n)y forn=0,1,...,w—1landy >0
i=0

and that f(n,y) — a(n)y is nonincreasing in y. Suppose also that g(n,y) is nonincreasing in y
and that there is a positive constant B such that

n+w—-1 [n+w-1
) ( I a(])> [f(i,B) —a(i)B+g(i,B)] >0, n=01,...,w-1 (1.3)

i=n  \ j=it1

and

1 n+w—-1 [n+w-—1
— Y | II a))sG0)<B  n=01..w-1 (1.4)

i=n j=i+1
Then Eq. (1.2) has a nonnegative periodic solution {#(n)} with period w.

We will make use of this theorem in the next section to guarantee a periodic solution of
Eq. (1.2), a prerequisite for the existence of quasi-periodic solutions of Eq. (1.1). In Section 3,
we show that our main results may be applied to some difference equations derived from
applications.

2 Main results

For the sake of convenience, we adopt the notation ", o(i) = 1 and }_}" ,, p(i) = 0 whenever
{p(n)} is a real sequence and m > n in the following discussion.

The following lemma — which is needed in the proof of our main result — is folklore, and
all the ingredients for its proof can be found in some papers dealing with the linear first-
order difference equation (see, for example, [18] and [23] and the related references therein).
Nevertheless, we will give a proof for the sake of completeness.
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Lemma 2.1. Assume that {a(n)} is a nonnegative periodic sequence with period w and {b(n)} is a
real sequence. If
w—1
[TaG) <1 and b(n) =0 asn— oo, (2.1)
i=0

then

i ( ﬁ a(j)) b(i) -0 asn — oo. (2.2)

i=0 \j=i+1

Proof. First we show that there is a positive constant A such that

i ( ﬁ ﬂ(]’)) <A, n=0,1,... 2.3)

i=0 \j=i+1
Observe that for any n > 0, there are nonnegative integers m and / such that

n=mw-+]I, 0<I<w-1

Then
n n mw+1 [ mw+l
E(1100) "L (T1 )
i=0 \j=i+1 i=0 \j=i+1
w=1 [mw+l 2w—1 [ mw+l mw—1 mw+1
= (Tw0) 5 (Tlo0) -+ T (To0)
i=0 \j=i+1 i=w \j=i+1 i=(m-1)w \j=i+1
mw—+l [ mw+l
+ ) (,H a(j))
i=mw \j=i+1
mw-+I1 w—1 [ w—-1 mw—+I1 2w—1 [ w—1
= IT0) (1‘[ a(j)) +ITal) X (1‘[ a(j))
j=w i=0 \j=i+1 j=2w i=w \j=i+l
mw+1 mw—1 mw—1 1 1
o T T (TT0) + 2 ( 1140)
j=mw i=(m—1)w \j=i+1 i=0 \j=i+1
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w=1 m—1 w=1 m-2
(Ha(i)) +(1j£a(j)> - +1

1=

(1)

i=0 \j=i+1
1— (T19ta()) " w=1 [ w-1 I I

USRS (H a<f>>+2<n a<]>>
1-T1% a(j) =0 =0 \j=n i=0 \j=i+1

i=0 \j=it1 1_“’1—_1 a(j) =0 \j=it1 i=0 \j=it1
j=0
Let
! ! I
A{ = max a(7), A, = max a
R | CURNREEE e o
and

Ay w=1 [ w=1

1-T15"a() = \ ;=

Then from (2.4) we see that (2.3) holds. Next, we show that (2.2) holds. Since b(n) — 0 as
n — oo, there is a positive constant C(> A) such that

|b(n)| <C, n>0

and for each € > 0, there is a positive integer N; such that

€

n > Nj.

Hence, by noting (2.3), we see that

i ( ﬁ ﬂ(]’)) b(i)] < i ( ]£[ a(]’)) % < A% <e/2, n>Np.

i=Nj+1 \j=i+1 i=Nj+1 \j=i+1

Since foreacht =1,2,..., Ny + 1, [T_, a(j) — Oasn — oo, there is a positive integer N>(> Nj)
such that

€

n
) < s e Ny, t=1,2,..., Ny + 1

Hence,

Ny n Ny n
y < 1 a(j)> (i) <Y ( T a(j)) C < (N +1)2(Nlj-1)cc —e/2, n>N.

i=0 \j=i+1 i=0 \j=i+1
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Then it follows that

3 ( I1 a(j)) b(i)

i=0 \j=i+1 i=0 \j=i+ i=Ni+1 \j=i+1
Ny n n n
<) a(j) | @1+ 3 | I1 a() ) 16@)
i=0 \j=i+1 i=Ni+1 \j=i+1
< E + E =€, n> Np
2
which yields (2.2). The proof is complete. O

Now, consider the linear difference equation
u(n+1) =a(n)u(n) +b(n), n=20,1,..., (2.5)

where {a(n)} and {b(n)} satisfy the hypotheses in Lemma 2.1. Assume that {u(n)} is a
solution of Eq. (2.5). It is known that the general solution to the equation is

u(n+1) (Ha )u(O)%—i(ﬁaQ)) b(i), n=0,1,...,
i=0 \j=i+1

which is frequently used in the literature (see, e.g., recent papers [21,23-25], as well as many
related references therein, where some applications to ordinary and partial difference equa-
tions, as well as many historical facts on the equation and related solvable ones can be found).
Clearly, by noting the periodicity of {a(n)} and (2.1), we see that

(Ha ) ) =0 asn — oo.

Hence, the following conclusion comes from Lemma 2.1 immediately.

Corollary 2.2. Assume that {a(n)} and {b(n)} satisfy the hypotheses in Lemma 2.1. Then every
solution {u(n)} of Eq. (2.5) converges to zero as n — oo.

The following corollary is about the difference inequality
v(n+1) <a(n)v(n)+b(n), n=0,1,... (2.6)
Assume that {v(n)} is a nonnegative solution of (2.6). Clearly, {v(n)} satisfies
0<o(n)<u(n),n=0,1,---

where {u(n)} is the solution of Eq. (2.5) with u(0) = v(0). Hence, the following conclusion is
a direct consequence of Corollary 2.2.

Corollary 2.3. Assume that {a(n)} and {b(n)} satisfy the hypotheses in Lemma 2.1. Then every
nonnegative solution {v(n)} of (2.6) converges to zero as n — oo.

The following lemma is straightforward but will be referenced multiple times in the main
result.
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Lemma 2.4. Suppose f(n,x), §(n, x) are real functions and that {a(n)} is a real sequence, and assume
f(n,x) —a(n)x and g(n, x) are nonincreasing. Then for any y > 0,

fln,x+y) = fn,x) <a(n)y

and
fn,x+y)— f(n,x)+g(n,x+y) —g(n x) <aln)y.

Proof. Lety > 0. As f(n,x) — a(n)x is nonincreasing we have

fln,x+y) —a(n)(x+y) < f(n,x) —a(n)x.

Thus, f(n, x+y)— f(n,x) <a(n)y. As g(n, x) is nonincreasing, we see that ¢(n, x+y) —g(n, x) <0.
Combining the above inequalities completes the proof. O

The following theorem is our main result.

Theorem 2.5. Consider Eq. (1.1) and assume that f(n, x) is nondecreasing in x. Suppose that {a(n)}
is a nonnegative periodic sequence with period w, and {b(n)} is a real sequence such that {a(n)} and
{b(n)} satisfy (2.1), f(n,x) < a(n)x and f(n,x) — a(n)x is nonincreasing in x. Suppose also that
g(n, x) is nonincreasing in x and there is a positive constant B such that (1.3) and (1.4) are satisfied.
Suppose there is a nonnegative sequence {L(n)} with period w such that

lg(n,x) —g(n,y)| < L(n)|x—y|, n=201...,w—1 (2.7)
and that either
n+k n—+k
a(n) <1and Z(H a(])> L(i) <1, n=01...,w-1 (2.8)
i=n \j=i+1

or
n+k+w—1 <n+k+w1

I a(j)) Li)<1, n=01,...,w—1 (2.9)

i=n j=i+1

Then every solution {x(n)} of Eq. (1.1) satisfies

lim (x(n) —§(n)) =0 (2.10)

n—o0

where {ij(n)} is the unique periodic solution of Eq. (1.2) with period w.

Proof. In view of Theorem A, we know that Eq. (1.2) has a unique periodic solution {j(n)}.
Let z(n) = x(n) — §(n). Then {z(n)} satisfies

2(n+ 1)+ §(n+1) = f(n,2(n) + §(n)) + g(n,z(n — k) + §(n —K)) +b(n),  n=0,1,...

Since {#j(n)} is a solution of Eq. (1.2), #(n+1) = f(n,5(n)) + g(n,j(n — k)). Hence, it follows
that

z(n+1) = f(n,z(n) +5(n)) — f(n,§(n))
+ge(n,zin—k)+4§(n—k)) —g(n,j(n—k))+b(n), n=0,1,... (2.11)

Clearly, to complete the proof of the theorem and show that (2.10) holds, it suffices to show
that every solution {z(n)} of Eq. (2.11) tends to zero as n — oco. First assume that {z(n)} is
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a nonoscillatory solution of Eq. (2.11). Then {z(n)} is either eventually positive or eventually
negative. We assume that {z(n)} is eventually positive. The proof for the case that {z(n)} is
eventually negative is similar and will be omitted. Hence, there is a positive integer 7y such
that z(n) > 0 for n > ny. Then by noting f(n,x) —a(n)x and g(n, x) are nonincreasing in x, it
follows from Lemma 2.4 and (2.11) that

z(n+1) <a(n)z(n) 4+ b(n), n>mng+k

and so by Corollary 2.3, z(n) — 0 as n — 0.
Next, assume that {z(n)} is an oscillatory solution of Eq. (2.11). Then there is an increasing
sequence {n;} of positive integers such that y(n1) <0and fort=1,2,...,

{y(n) >0 whennyr—1 <n <nyrand (2.12)

y(n) <0 when nyr < n < npryq.
Case 1. Assume that (2.8) holds. Then there is a positive number yu such that
n+k [ n+k
u<1l and Y [ JT aG)|LG) <n n=0,1,...
i=n \j=i+1

We show that

()<;4 max {lz(1 \}+Z<H )\b()y,n1<n§n2. (2.13)

—k<I<m =it

In fact, from (2.12) we see that z(n1) < 0 and z(n) > 0, n; < n < ny. As f(n,x) —a(n)x is
nonincreasing in x, from Lemma 2.4 we see that f(n,z(n) +7(n)) — f(n,7j(n)) < a(n)z(n) and
(2.11) becomes

zin+1) <a(n)z(n)+gn,z(n—k)+g§(n—k)) —g(n,j(n —k)) +b(n).

Then by using (2.7), it follows that when n; < n < ny,

n—1 n=1/ n-1
=<f1dﬁ>zmﬂ+2:<IIﬂUQkOZ( k)+7(i—k) -8 g(i — k) +b(i)]

j:nl i:m j:i+1

n—1 n—1

s}:(,Hlao’))|g<i,z<i—k>+y<z‘—k>> 85— k) r+>:<nl >b(i)| 214)
1=ny \J=1+ i=ny \j=i+
n—1 n—1

< Z(Ha(i)) L(i)|z(i —k |+2<H >|b()|

i=ny; \j=i+1 j=i+1
Now, consider two cases n; < n; +k+1 and n, > n; + k + 1, respectively. When n, <

n +k+1,forany ny <n <mny, n—k—1<n;and so (2.14) yields

n—1 n—1 n—=1 [ n-1
z(n) Z](fIMﬁ)MO max HZ\}+Z%<TIMﬂ>W@|

i=m \j=it1 —k<l<n j=it1

IN

IN

T ('ﬁam)w) max {e( r}+2<ﬁu<j>) (i)

i=n— j=i+1 j=it1

n—1 n—1
<umw{Mm+Z<HﬂﬁWW-

ksls i=0 \j=it+1
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Hence, (2.13) holds in this case. Next, consider the case that n, > ny +k+1. When n; < n <
n1 + k + 1, as we have shown above, (2.13) holds. In particular,

n1+k n1+k
zm+k+1) <p max {lz(D}+ ), (H )\b()\ (2.15)
" i=0 \j=i+1

When n1 +k+1 < n < nyp, by noting z(n —k —1) > 0, (2.15) holds and Lemma 2.4, (2.11)
yields

z(n) <a(n—1)z(n—1)+b(n—-1)

"kl )(n1—|—k+1)—|— ¥ (ﬁa(j>>b<i)

(] n i=nj+k+1 \j=i+1
n—1 m+k [ ni+k
< ( ) (H max {201} + L, (H a(f)) \b(i)!)
j=m+ +1 i=0 \j=i+1
n—1 n—1
+ < I1 ﬂ(f)) b(i)
i=ni+k+1 \j=i+l
ny+k 1 n—1 n—1
<p, max {lz(D}+ Z()) <H1 ) (i) + Zk 1 (Hla(j)) b(i)
=0 \j=i+ i=n+k+1 \j=i+
1

=, max {[z(l) |}+Z<H )Ib()l

—ksi<m j=i+1

and so z(n) satisfies (2.13). Hence for any case, (2.13) holds. Then by a similar argument, we
may show that

n—1 n—1
z(n) > — |p , hax {lz(D]} + ZO <,H1a(j)> Ib(i)|], ny <n<mns,
1= J=1+

and in general,

1

|z(n)| < pB(t) Z(l‘[ )Ib()l < n < (2.16)

j=i+1

where
B(t) = max {|z(])|}, t=1,2,...

ntfkglgnt

Since b(n) — 0as n — oo, |[b(n)| — 0 as n — oo. Then it follows from Lemma 2.1,

i(ﬁ ())Ib()|—>0 as 1 — . (2.17)

i=0 \j=i+1

Hence, from (2.16) we see that if B(t) — 0 as t — oo, then z(n) — 0 as n — oo. In the
following, we assume that B(t) /4 0 as t — oco. Then there is a subsequence {B(t;)} of {B(f)}
such that

B(ts) > 1, s=1,2,...

where 7 is a positive constant.
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By noting (2.17) again, we may choose a positive number ¢ such that
p+o<1
and a subsequence {n;, } of {n; } such that foreachr =1,2,...,
l’l,fserl — Ny, >1+2k
and

y (ﬁ a(z‘)) b@) <nd,  nzm, -1,
]

We claim that
B(t) < B(t,) fort>t,, r=12,...

(2.18)

(2.19)

In fact, if n; 1 — k > ny,, we see that when n;_ 1 —k < n < n;_y4, it follows from (2.16) and

(2.18) that
z(n)| < uB(ts,) + 16" < (u+06")B(ts,) < B(ts,).

(2.20)

If ny, 1 — k < ny, we see that (2.20) holds when n;, < n < n;_1q; while when n; 1 —k <

n < ny,, by noting n;, —k < n;_41 —k, we see that

()] < = max  {[z(])[} = B(t;,).

g, —k<I<ny,

Hence, from the above discussion we see that for any case when n; 1 —k <n < ny 41,

|z(n)| < B(ts,)

and so
B(t;, +1) = max {1z(D)|} < B(ts,).

Mg, +1—k<I<nyg, 11

Then by a similar argument and induction, we may show that for any I > 1,

B(ts, +1) < B(ts,)

that is, (2.19) holds. Then it follows from (2.16) and (2.19) that

n—1 n—1
j2(n)| < pB(t,) + Y (H a(]’)) b, >,

i=0 \j=i+1
Next, we show that
|z(n)| < (u+6)"B(ts,), n>mny, r=12...
When r = 1, from (2.18) and (2.21) we see that

2(n)] < pB(t) + 16 < (+0)B(ty), 0> my,

which satisfies (2.22) with r = 1. Assume that when r = m, (2.22) holds, that is,

z(n)| < (4 +0)"B(ts,),  n>m,.

(2.21)

(2.22)

(2.23)
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Then from (2.21) and (2.23) we see that when n > e, s

n—1 n—1
|z(n)| < uB(ts,..) + ; ( I1 a(i)) |b(1)]

j=i+1
wp +6)"B(ts,) + 1™t
(e +0)" + 8" 1) B(ts,)
(n+0)"1B(ts,),

which satisfies (2.22) with r = m + 1. Hence, by induction, (2.22) holds. Clearly, (2.22) implies
that z(n) — 0 as n — oo.

<
<
<

Case 2. Assume that (2.9) holds. Then there is a positive number v such that

n+k+w—1 <n+k+w1

v<1 and ) I a(j)) L(i) <v, n=0,1,...

i=n j=i+1

We claim that

z(n) <v max {lz(D)|} + 2 ( H ) |b(i)], n < n < np. (2.24)

n—k<I<m+w-1 j=itl

First, from the proof of Case 1, we see that when n; < n < ny, (2.14) holds. Next, consider
two cases n; < n1 +k+ w and ny > ny + k + w, respectively. When n, < n; 4+ k + w, for any
n <n<mny n—k—w <n;and so (2.14) yields

Z(H )L“)m max_ {[z( |}+i<ﬁ >|b<z‘>|

j=i+1 kslsm+w—1 i=0 \j=i+1

n—1

n—1 n—1 —
S <H a(]’)) L@, max = {lz()}+ ZO ( I1 a(]')) bl (@25

1
<v max {]z(1 |}+Z(H >|b()’

n—k<Il<m+w-—1 j=it1

Hence, (2.24) holds in this case. Next, consider the case that n, > n; +k+ w. When ny < n <
n1 + k + w, as we have shown above, (2.24) holds. Hence, we only need to show that (2.24)
holds also when 11 +k+w < n < ny. In fact, by noting that when ny +k+1 < n < ny,
z(n —k —1) > 0, and the result of Lemma 2.4, (2.11) yields

z(n) <an—1)z(n—1)4+bn—-1), n1+k+1<n<ny. (2.26)

Hence, it follows from (2.25) and (2.26) that

ni+k+w m+k+w [ni+k+w
z(n1+k+w+1)§< H a(j))z(n1+k+1)+ Z ( H a(])> 1263]

j=m+k+1 i=ni+k+1 j=i+1
n +k+w m+k [ ni+k
< a(j v max z()|} + a(j) | |b(i
< (}Hk <]>> ( SR CULIE (EL <]>>r <>\>
nm+k+w nm+k+w
+ ) ( [1 ﬂ(i)) |b(i)]
i=nj+k+1 \ j=i+1
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ni+k [ +k+w
<wv max {lz(D|} + Z ( n )‘b(lﬂ

n—k<I<nmj+w-1 =0 =it

m+ktw [n+k+tw
(U ) o

i=m+k+1 \ j=it1

nm+k+w [n+k+w
=v max {lz)}+ ), ( I ﬂ(])) b(7)]

n—k<I<m4+w-1 i=0 j=it1

and similarly,
m+k+w+1 (111 +hk4w+1

zim+ktw+2)<v - max - {z(D)]} + Z [1 a(]’)) |b()]

n—k<l<nj+w-1 j=i+1

: ny—1 [ np—1
z(mp) <v - max  {fz(] !HZ(H )\b()\

m—ksl<m+w i=0 \j=it1

Hence for any case, (2.24) holds. Then by a similar argument, we may show that

z(n)z—[v max {]z(1 |}+Z <H >|b()|], ny < n < mns,

ny—k<I<mpy+w-1 =it

and in general,
n—1 n—1
|z(n)] < uC(t) + ) ( I1 a(f)) b(i)],  m<n<npa
i=0 \j
where

C(t) = max {1z(D}, t=1,2,...

n—k<I<nj+w-—1

Then by an argument similar to that for Case 1, we may show the following.
If C(t) —» 0 as t — oo, then z(n) — 0 as n — oo; If C(t) /4 0 as t — oo, then there is a
subsequence {C(t;)} of {C(f)} such that

C(ts) >, s=1,2,...
where 7 is a positive constant. A positive number ¢ such that
v+o<1
and a subsequence {n;, } of {n; } such that foreachr =1,2,...,

ng —Tltsy 21+2k

Sr4+1
could be chosen such that
n n
Yo IT a) | @) <ns’,  n>ny —1
i=0 \j=i+1

and
|z(n)| < (u+6)"Clts,), n>mny, r=12...

Clearly, the above inequalities imply that z(n) — 0 as n — oco. The proof is complete. ]
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When g(n,x) = p(n)h(x), where {p(n)} is a nonnegative periodic sequence with period
w and h is a nonnegative continuous function, Eq. (1.1) becomes

x(n+1) = f(n,x(n))+ pn)h(x(n —k)) + b(n), n=0,1,... (2.27)
and the following result is a direct consequence of Theorem 2.5.

Corollary 2.6. Consider Eq. (2.27) and assume that f(n,x) is nondecreasing in x. Assume also that
{a(n)} is a nonnegative periodic sequence with period w and {b(n)} is a real sequence such that
{a(n)} and {b(n)} satisfy (2.1), f(n,x) < a(n)x and that f(n,x) — a(n)x is nonincreasing in x.
Suppose that h is nonincreasing and L-Lipschitz and that there is a positive constant B such that

mil(TﬁVm)v@m—ﬂ@B+mmmmzof n=0L.w-l @2

i=n \ j=i+1

and

1 n+w—-1 [n+w—-1
— ) ( I a(j)) p(i)h(0)<B, n=0,1,...,w—1. (2.29)

w—1 4
1—TITa) ="
j=0

Suppose also that either

n+k [ n+k
a(n) <1 and LZ(H a(j)) pi)<1, n=01,...,w-1

i=n \j=i+l
or

n+k+w—1 [n+k+w—1
L

a(])> p(i) <1, n=0,1,..., w—1

i=n j=i+1

Then every solution {x(n)} of Eq. (2.27) satisfies

lim (x(n) — §(n)) = 0

n—oo

where {ij(n)} is the unique periodic solution with period w of the equation

y(n+1) = Fny(m) + pmh(y(n—K)),  n=0,1,...
When f(n,x) = a(n)x(n), Eq. (2.27) becomes
x(n+1) =a(n)x(n)+ pn)h(x(n —k)) +b(n), n=0,1,... (2.30)

(2.28) is satisfied for any B > 0 and (2.29) holds for B large enough. Thus the following result
is a direct consequence of Corollary 2.6.

Corollary 2.7. Consider Eq. (2.30) and assume that {a(n)} is a nonnegative periodic sequence with
period w and {b(n)} is a real sequence such that {a(n)} and {b(n)} satisfy (2.1). Suppose also that
h(x) is nonincreasing and L-Lipschitz, and that either

n+k n+k
a(n) <1 and LY ( I a(j)) p(i)<1, n=01,...,w—1 (2.31)

i=n \j=i+l



Quasi-periodic solutions of nonlinear difference equations 13

or

n+k+w—1 [n+k+w—1
L

a(j)) p(i) <1, n=0,1,...,w—1. (2.32)

i=n j=i+1

Then every solutions {x(n)} of Eq. (2.30) satisfies

lim (x(n) —§(n)) =0

n— 00

where {ij(n)} is the unique periodic solution with period w of the equation
y(n+1) =an)y(n) + p(n)h(y(n —k)), n=0,1,...
In particular, when h(x) = 1, Eq. (2.27) reduces to the first order linear equation
x(n+1) =a(n)x(n)+ p(n) +b(n), n=20,1,... (2.33)

Since we may choose L = 0, (2.31) and (2.32) hold. Hence, from Corollary 2.7, we have the
following result immediately.

Corollary 2.8. Consider Eq. (2.33) and assume that {a(n)} is a nonnegative periodic sequence with
period w and {b(n)} is a real sequence such that {a(n)} and {b(n)} satisfy (2.1). Then every solution
{x(n)} of Eq. (2.33) satisfies

lim (x() — (1)) = 0

n—00

where {ij(n)} is the unique periodic solution with period w of the equation
y(n+1) =an)y(n) + p(n), n=0,1,... (2.34)

Remark 2.9. When a(n) = a and p(n) = p are nonnegative constants, Egs. (2.33) and (2.34)
become

x(n+1) =ax(n)+p+0b(n), n=0,1,... (2.35)

and
yin+1) =ay(n)+p, n=0,1,... (2.36)
respectively. The nonnegative periodic solution {7j(n)} of Eq. (2.36) becomes the nonnegative
equilibrium point 7 = ;2. Then by Corollary 2.8, when a < 1, every nonnegative solution

{x(n)} of Eq. (2.35) converges to i as n — oo. In fact, in this case, the solution of Eq. (2.35) is

1—a" n—1 n—1
x(n):a”x(0)+p1_a +) (1_[ a(j)) b(i), n=12,...

i=0 \j=it+1
By noting (2.1) and Lemma 2.1, we know that } ;" (H;‘:i+1 a(])) b(i) — 0 as n — oo and so

x(n)—)% as n — oo.

Remark 2.10. Clearly, Corollary 2.8 implies that for the equation
x(n+1) =a(n)x(n) +q(n), n=0,1,...

where {a(n)} is nonnegative and periodic with period w, and {q(n)} is nonnegative and
quasi-periodic with period w, if Z?g)l a(j) < 1, then every nonnegative solution of the equa-
tion is quasi-periodic with period w.
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3 Applications

In this section, we apply our results obtained in Section 2 to some equations derived from
mathematical biology. In applications, there are often external factors — known or unknown
— that affect the mathematical model. Two such factors that have been studied in related
models are migration and subsets of populations which become isolated and unchanged by
density-dependent effects, see [11,27] and references cited therein.

Consider the difference equations

a(n)x?(n v(n)p(n)o(n
x(n+1) = (51))+ 5((2) + 1 +(eﬁ()££(n)_k()_i(n) +b(n), n=20,1,..., (3.1)
x(n+1) = a(n)x(n) + p(n)e=M*=k) L p(y), n=0,1,... (3.2)
and
x(n+1) =a(n)x(n)+ __ P +b(n), n=20,1,... (3.3)

1+ x7(n—k)
where {a(n)}, {a(n)}, {B(n)}, {v(n)}, {6(n)}, {p(n)}, {c(n)} are nonnegative periodic se-
quences with period w, {b(n)} is a real sequence, v is a positive constant and k is a nonnega-
tive integer. When a(n) =a, a(n) =, f(n) = B, v(n) =v,é(n) =6, p(n) =pand o(n) = o
are nonnegative constants and b(n) = 0, Egs. (3.1), (3.2) and (3.3) reduce to

_ax*(n) Voo B
x(n+1) = x(n)—|—5+ S n=20,1,..., (3.4)
x(n+1) = ax(n) + pe~ k), n=0,1,... (3.5)
and
x(n+1) =ax(n)+ P n=0,1,... (3.6)

14+x7(n—k)’

respectively. Eq. (3.4) is derived from a model of the energy cost for new leaf growth in citrus
crops, see [30]. When b(n) # 0, {b(n)} may represent defoliation that does not occur naturally
or is not considered natural defoliation by the model parameters. A similar equation is given
for the litter mass in perennial grasses, and the results that follow will apply directly to this
model, see [28]. Eq. (3.5) is a discrete version of a model of the survival of red blood cells in
an animal [29], and Eq. (3.6) is a discrete analog of a model that has been used to study blood
cell production [10]. The global attractivity of positive solutions of Egs. (3.5), (3.6) and some
extensions of them has been studied by numerous authors, see for example [4-7,9,12,14] and
references cited therein. When b(n) # 0, {b(n)} may represent the medical replacement of
blood cells or administration of antibodies, see [2,8] and references cited therein.

Suppose {b(n)} is quasi-periodic, that is, there exist real sequences {g(n)} and {r(n)}
such that {q(n)} is periodic with period w, {r(n)} is such that r(n) — 0 as n — oo, and
b(n) = g(n) +r(n). Then Egs. (3.1), (3.2) and (3.3) become

a(n)x*(n) v(m)p(n)o(n)

x(n+1) = x(n) £ 00n) T 1 Pomntn—R)aln) +q(n) +r(n), n=20,1,..., (3.7)
x(n4+1) = a(n)x(n) + B(n)e =K 4 a(n) 4+ r(n), n=0,1,... (3.8)

and
x(n+1) :a(n)x(n)+ﬂ+q(n)+r(n), n=0,1,... (3.9)

1+ x7(n—k)
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respectively.
First, consider Eq. (3.7). It is of the form of Eq. (1.1) with

a(n)x? v(n)o(n)o(n)
) = s 1o+ cm—an) T 900

and g(n,x)=

As
df  a(n)x(x+26(n))
= (xteme - Y70

we see that f(n, x) is nondecreasing in x. We next note that

—a(n)é(n)x

Fln,x) —a(m)x = — O,

and

d _ —a(n)é*(n)
U0 —atmn) = 2L g

thus f(n,x) < a(n)x and f(n,x) — a(n)x is nonincreasing in x. As

dg eﬂ(”)xfa(n)

= —B(n)v(n)p(n)o(n) (1 + ePma—a(m)2’ x20

and
d?g

i B ny(mp(n)or(m) o L= P )

(1»_% eﬁ(n)x——a(n))S /

d . .
, %‘ achieves a maximum when

x>0,

we see that g(n, x) i

x—% and

dg(n, x)
dx

Thus g(n, x) is L-Lipschitz with L(n) = w. Hence, we have the following conclu-
sion from Theorem 2.5.

Corollary 3.1. Assume that

j=0
Suppose there exists a positive constant B such that

ntktw-1 (ntktw-1 ) v(i)p(i)o (i) Bza(i)é(i) -
Z ( J-LL a(])> [q(1)+1+63;}(1) (i) B+o(i) } >0, n=01...,w—1

i=n

and

1 L n+k§}_l (Hlﬁu_la(j)) <W +q(i)> < B, n=01,...,w—1.

-4 = =it 14e

Suppose also that either

n+k n+k
a(n) <1and Y ( I1 a(j)) Bl (p()or(i) <4, n=01,.. w1

j=it1
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or
ntk4w—1 <n+k+w—1

I a(])> B(i)v(i)p(i)o(i) < 4, n=0,1,...,w—1

i=n j=it+1

Then every solution {x(n)} of Eq. (3.7) satisfies

lim (x(n) — 7(n)) = 0

n—o0
where {ij(n)} is the unique periodic solution with period w of the following equation

a(m)y*(n)  y(n)p(n)o(n)

Y+ 1) = S0 o) T 1 PonB-

()—I—q(n), n=20,1,...

Next consider Eq. (3.8). It is in the form of Eq. (1.1) with

f(n,x) =a(n)x and g(n,x)= ﬁ(n)e"’(”)" +q(n).

(1.3) is satistied for any B > 0 and (1.4) holds for B large enough. Observing

we see that ¢(n, x) is nonincreasing in x and

dg

I < B(n)o(n) forx >0,

which implies that for each n, ¢(n, x) is L-Lipschitz with L(n) = B(n)c(n). Hence, we have
the following conclusion from Theorem 2.5.

Corollary 3.2. Assume that

and that either

n+k [ n+k
a(n) < 1and 2 <H a(j)> B(iyo(i) <1, n=0,1,...,w—1

j=it1

or
n+k+w—1 <n+k+w—l

I a(])> B(i)o(i) <1, n=01...,w-1

i=n j=it+1

Then every solution {x(n)} of Eq. (3.8) satisfies

lim (x(n) — (1)) = 0

n—o0

where {ij(n)} is the unique periodic solution with period w of the following equation

y(n+1) =a(my(n) + p(n)e "0 4 q(n),  n=0,1,...
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Finally, consider Eq. (3.9). It is in the form of (1.1) with
p(n)
1tar 7(n).
gain, (1.3) is satisfied for any B > 0 and (1.4) hold for B large enough. Observing that

f(n,x) =a(n)x and g(n,x)=

g _ yx ! g o 1A ((r+ DT — (v 1))
ax - P E e ad g = A (1+9)°
we see that for each n, when v =1,
dg| _ |48
ol < |28 = >
ax| < |ax|._, B(n) forx >0
and when ¢ > 1, %‘ attains its maximum at x* = (%)1/7 and
d D (y 1)
—_ v v
a3 :(7 )" (v+1) B(n), n=20,1,...,w-—1.
ax |, 4y
Hence, g(n, x) is L-Lipschitz with
(1’1), vy=1,
L(n) = fl)”*( )T
T o B(n), y>1

It follows from Theorem 2.5 that the following conclusion holds.

Corollary 3.3. Assume that

Suppose also that when v = 1, either

n+k [ n+k
a(n) <1 and Z(Hu(j))/%(i)<1, n=201...,w-1

i=n \j=i+1

or
n+k+w—1 <n+k+w—1

Z H a(])> B(i) <1, n=201...,w—1;

i=n j=i+1
when y > 1, either

n+k [ n+k 4,)/
a(n) <1 and Z(Ha(j))ﬁ(i)<( — -, n=01,...,w—1
v

i=n \j=i+1

or

n+k4w—1 <n+k+w1

I Mﬁ>m0< et o =01,...,w—1.

i=n j=it+1

Then every solution {x(n)} of Eq. (3.9) satisfies
lim (x(n) — 7)) = 0

n—oo

where {ij(n)} is the unique periodic solution of with period w of the following equation

B(n)

m+l](ﬂ), 71:0,1,...

y(n+1) =a(n)y(n) +

17
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