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Abstract. In this paper, we study the Cauchy problem for linear and nonlinear Boussi-
nesq type equations that include the general differential operators. First, by virtue
of the Fourier multipliers, embedding theorems in Sobolev and Besov spaces, the ex-
istence, uniqueness, and regularity properties of the solution of the Cauchy problem
for the corresponding linear equation are established. Here, LP-estimates for a solu-
tion with respect to space variables are obtained uniformly in time depending on the
given data functions. Then, the estimates for the solution of linearized equation and
perturbation of operators can be used to obtain the existence, uniqueness, regularity
properties, and blow-up of solution at the finite time of the Cauchy for nonlinear for
same classes of Boussinesq equations. Here, the existence, uniqueness, LP-regularity,
and blow-up properties of the solution of the Cauchy problem for Boussinesq equations
with differential operators coefficients are handled associated with the growth nature
of symbols of these differential operators and their interrelationships. We can obtain
the existence, uniqueness, and qualitative properties of different classes of improved
Boussinesq equations by choosing the given differential operators, which occur in a
wide variety of physical systems.
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1 Introduction

The aim of this paper is to investigate the existence, uniqueness, and quality properties of the
solution of the Cauchy problem for the following improved Boussinesq equation

uy + Louy + Liu = Lof (u), xe€R", te(0,T), (1.1)

u(x,0) = ¢(x), wui(x,0) = p(x), (12)
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where u(x, t) is the complex-valued unknown function, f(u) = f(x,t, u) is the given nonlinear
function, L; are differential operators with constant coefficients, ¢(x) and (x) are the given
initial value functions.

Here, we find the sufficient conditions depending on the qualifications and mutual rele-
vance of the elliptic operators included in the equation to ensure that there exists a unique
solution of the problem, being LP-regular and blow up infinite time. By choosing the opera-
tors L; we obtain different classes of Boussinesq type equations which occur in a wide variety
of physical systems, such as in the propagation of longitudinal deformation waves in an elas-
tic rod, a hydro-dynamical process in plasma, in materials science which describe spinodal
decomposition and in the absence of mechanical stresses (see [2,6,9,18,21,30-32]). We think
this article is useful in the context of LP-regularity theory of improved Boussinesg equations.
For the first time here, the existence, uniqueness, LP-regularity, and blow-up properties of
solution (at the finite time) of the Cauchy problem for these type Boussinesq equations are
established depending on the symbol of the differential operators and their orders, contained
in the equation. We can obtain different classes of Boussinesq equations, by choosing these
differential operators, which occur in a wide variety of physical systems. Moreover, in this
paper, the method of proofs naturally differs from those used in previous works. Indeed,
since the problem includes a general differential operator in the leading part, we need some
extra mathematics tools for deriving considered conclusions.

For example, if we choose Ly = L; = L, = —A, where A is n-dimensional Laplace, we
obtain the Cauchy problem for the Boussinesq equation

Uy — Auy — Au = Af(u), X € ]Rn, t e (0, T), (13)

u(x,0) = @(x), u(x,0) =1(x). (1.4)
Let
L():Ll:Lz:A]: Z aaD”‘,
la|=2

where a, are real numbers. Then the problem (1.1)—(1.2) is reduced to the Cauchy problem
for the following Boussinesq equation

Uy + Aquy + Aqu = Alf(x, t, 1/[), X € R2, t e (0, T), (15)

u(x,0) = @(x), ur(x,0) =9(x),
here

@, PE W;(IRZ), s > ;, p € (1,0).

Now let
L0:L1:L2:A2: Z u,xD“,
Ja|=4

where a, are real numbers, & = (a1, a2, a3), a; are natural numbers and |a| = 2,%:1 Q.
Then we get the following Boussinesq equation

Ut + Aoty + Agu = Arf(x,t,u), x €R3 te(0,T), (1.6)
u(x,0) = @(x), wu(x,0) = p(x).

where 3
9,9 € Wi (R), s> » p € (1,00).
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Finally, let

= ) awD" Li= ) auD" Ly= ) ayD"

|a|=4 |a]=2 |a|=4

where a,; are real numbers, « = (a1, a2, a3), a; are natural numbers and |a| = 2%:1 K.
The problem (1.1)-(1.2) reduced to Cauchy problem for the following Boussinesq equation

uy + Loty + Liu = sz(x, t, 1/[), X € ]R3, t e (O, T), (17)

u(x,0) = @(x), u(x,0)=1p(x),
where ;
¢, € WH(R?), s> P (1, 00).

By using the general result for (1.1)—(1.2), we obtain the existence, uniqueness, LP-regularity,
and blow-up properties of the solutions of the problems (1.5), (1.6) and (1.7).

The equation (1.3) arises in different situations (see [18,30]). For example, for n = 1 it
describes a limit of a one-dimensional nonlinear lattice [32], shallow-water waves [12,31] and
the propagation of longitudinal deformation waves in an elastic rod [4]. Rosenau [23] derived
the equations governing dynamics of one, two and three-dimensional lattices. One of those
equations is (1.3). Note that, the existence of solutions and regularity properties for different
wave type equations are considered e.g. in [1,7,8,14,15,17,20,22,24,29,33]. In this respect
we can show new results e.g. [1,7,8,14,15,22,29,33]. In [27] and [28] the existence of the
global classical solutions and the blow-up of the solutions of the initial value problem (1.3)-
(1.4) are studied. In this paper, we obtain the existence, uniqueness of solution and regularity
properties of the problem (1.1)—(1.2). The strategy is to express the Boussinesq equation as an
integral equation. To treat the nonlinearity as a small perturbation of the linear part of the
equation, the contraction mapping theorem is used. Also, a priori estimates on L” norm of
solutions of the linearized version are utilized. The key step is the derivation of the uniform
estimate of the solutions of the linearized Boussinesq equation. The methods of harmonic
analysis, operator theory, interpolation of Banach spaces and embedding theorems in Sobolev
spaces are the main tools implemented to carry out the analysis.

2 Definitions and background

In order to state our results precisely, we introduce some notations and some function spaces.
Let E be a Banach space. L,(();E) denotes the space of strongly measurable E-valued func-
tions that are defined on the measurable subset (2 C R” with the norm

11, = 1y = (11 ||de), 1<p <o,
1 cn = esssupll £l
xeQ)

Let R, C denote the sets of all real and complex numbers, respectively. For E = C the
L,(); E) denotes by L,(Q2). Let m be a positive integer. W;'(Q2) denotes the Sobolev space, i.e.
space of all functions u € L,(()) that have the generalized derivatives 2 axm €L,(0),1<p< oo
with the norm
"u

—_— < Q.
m
11 9xy

H”Hw;;r(o) = ||”||L,,(Q)
Ly(Q)




4 V. B. Shakhmurov and R. Shahmurov

Let F denotes the Fourier transform defined by

i(¢) =Fu= (271)_%/ e ™y(x)dx foru € S(R;E)and x, & € R".

n

Let S(R") denote the Schwartz class, i.e., the space of rapidly decreasing smooth functions on
R", equipped with its usual topology generated by seminorms. Let S’'(IR”) denote the space
of all continuous linear operators L : S(R") — C, equipped with the bounded convergence
topology. Recall S(IR") is norm dense in L,(IR") when 1 < p < co. Let1 < p < g < oo.
A function ¥ € Lo (R") is called a Fourier multiplier from L,(R") to L;(IR") if the map
u — FY¥(&)Fu for u € S(R") is well defined and extends to a bounded linear operator

T:L,(R") — Ly(R").

Let L}, (R"), —o0 < s < co denotes Liouville-Sobolev space of order s which is defined as:

Ly = L5(R") = (I — A) 3L, (R")

with the norm

ullyy = ||(1 = 2)u

‘ Ly(R") L,(R")

It clear that Lg(]R”) = Lp(R"). It is known that Ly (IR") = W'(IR") for the positive integer m
(see e.g. [26, § 15].

Let L;(E) denote the space of all E-valued function space such that

[

1
®© dt\
o= ([IOIEE) <12 g <o fule = swp [u)

te(0,00)

Here, F denotes the Fourier transform. Fourier-analytic representation of Besov space on
R" are defined as:

2\ g2
B;,q(]R”) = {u € S/(]R”) : ||MHB;q(]R”) = HP_lt%—S (1 + “:|2>€ t|é| Fu

L?(LP(]R”))’
6= Y8 £ = (@b € (L) g € L] > s
k=1

Here,
X, =LP(R"), 1<p<oo, Y =L"(R"),

7" =L,(R") NLi(R"), Y& = L (R") N Le(R"),

It should be note that, the norm of Besov space does not depends on s« (see e.g. [25, § 2.3].
For p = ¢ the space By, ,(R") will be denoted by Bj,(R").

Definition 2.1. For any T > 0 the function u € CZ([O, T] ,'on’s’p ) satisfies the equation (1.1)—
(1.2) a.e. in R} = R" x (0,T) is called the continuous solution or the strong solution of the
problem (1.1)—=(1.2). If T < oo, then u(x,t) is called the local strong solution of the problem
(1.1)=(1.2). If T = oo, then u(x, ) is called the global strong solution of (1.1)—(1.2).
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Sometimes we use one and the same symbol C without distinction in order to denote
positive constants which may differ from each other even in a single context. When we want
to specify the dependence of such a constant on a parameter, say «, we write C,.

The paper is organized as follows: In Section 1, some definitions and background are
given. In Section 2, we obtain the existence of a unique solution and priory estimates for
the solution of the linearized problem (1.1)—(1.2). In Section 3, we show the existence and
uniqueness of the local strong solution of the problem (1.1)—(1.2). Section 4 is devoted to
the existence of the global solution. In Section 5 the blow-up properties of the solution are
derived. In Section 6 we show some applications of the problem (1.1)—(1.2).

Sometimes we use one and the same symbol C without distinction in order to denote
positive constants which may differ from each other even in a single context. When we want
to specify the dependence of such a constant on a parameter, say h, we write Cj,.

3 Estimates for linearized equation

In this section, we make the necessary estimates for solutions of the Cauchy problem for the
following linear Boussinesq equation

up + Louy + Liu = Lrg(x,t), x€R", te(0,T), 3.1)

u(x,0) = @(x), u(x,0) =9(x),
where

Liu= Y aDa,€R, i=0,1,2,

|a|=2m;
a = (a1,a2,...,&,), & are natural numbers, |a| = Y/ ; a; and m; are positive integers. Let

L&)=Y ai(i)"(ig2)™ ... (ign)™, i=0,1,2, (3.2)

|ac|=2m;

Q=0Q(&) =Li(&)[1+Lo(&)] ", L(&) = La(&)[1+ Lo(&)] "

Condition 3.1. Assume that L1(¢) # 0, Lo(¢) # —1 and there exist positive constants M; and
M, depend only on a;, such that

N=

v
2

Nl—=

Q@) <mi(1+1eP), [L@QH©)| < Ma(1+1F) (33)

for all ¢ € R" and a real number v.

Remark 3.2. It is not hard to see that if v > m; — my, then the first inequality verified. More-
over, if v > mq + 2my — (ZmO)%, then the second inequality holds.

First we need the following lemmas.
Lemma 3.3. Suppose that Q(&) # 0 for each ¢ € R"™. Then problem (3.1) has a strong solution.

Proof. Since Ly, L and L, are differential operators with constant coefficients, by using of
Fourier transform and in view of (3.2), we get from (3.1):

ﬁtt(gft) + Q(€> (gl t) = L(C)g(@, t),

ale,t) = Lol : 64)
1(8,0) = ¢(2), M(§,0) = (@), CER", te(0T),
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where #1(¢, t) is a Fourier transform of u(x,t) with respect to x. By using the variation of
constants we get that there exists a solution of the problem (3.4) that can be written as the
following

(g, t) = C(&,1)P(8) + S5, Hp(¢) +0g(8), (3.5)
here,

C(&t) = cos(Q%t), S(&t) =Q2 sin(Q%t),

B(E1) = LEOQHE)sin(Q¥), 0g = 0g(6) = [ ®(e,t—Dg( 7).

From (3.5) we get that the solution of the problem (3.1) can be expressed as

u(xt) = $i(09(x) + S2(0)p(x) + [ FOg(@)de, te (0T) (.6)

where F~! denotes the inverse Fourier transformation, S;(t) and S;(t) are linear operators
defined by

Si(t)p = (27) ¢ [ e np(@)dz,

n

Sty = (2m) ¢ [ eES(E 1)p(e)de. =

n

Theorem 3.4. Assume that the Condition 3.1 holds and
s>n<2+1>+v ifv>0, s>n<2+1> ifv<0 (3.7)
q P g p

for p € [1,00] and for a q € [1,2]. Then for ¢, ¥, g(-,t) € Y{¥ for t € (0,T) and g(x,-) €
LY(0,T; Y,") for x € R" problem (3.1) has a unique solution u(x, t) satisfies the following estimate

el + Nl

t
< C[lplher + ol + 19l + 191 + [ (g0

v 486Dl Jdr| - 68)

uniformly with respect to t € [0, T].
Proof. Let N € N and
Iy={¢:¢eR"|{ <N}, Iy={¢:{eR"[5| >N}

It is clear to see that

lullx, < |F'c@no@)
/n e XCC(E,t)p(x)dx
+|[Fc@nee)

+|[Fc@ Hog(e)

o Fts@den],
Leo(TTy) i / LEES(8, ) p(x)dx
wy *[F 8@ 09|

1Ty, + HFlOg(g)HLoo(H/N) 3.9)

<

Leo(Ty)

Leo(ITy)

L

L
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Using Minkowski’s inequality for integrals and uniformly boundedness of C(¢, ), S(¢,t) on
I'Ty we have

+
Lo(Ty)

/n eCC(&, 1) g(x)dx

/ TS, 1)p(x)dx

< Clllellx, + 19l ]- 310

Leo(TIy)

It is clear to see that

[Fre@ne@] ., + [Fs@nd@)

L=( L=(1my)

~ HFl (1+127) e@n(1+ 1) 0@

L=(11y)
+Er (e R) sena e nive @11
L=(11y)
By using (3.5) and (3.3) we get the estimates
sup [¢]|1*40 | (14 6F) e | <
¢eRmt€(0,T) _ (3.12)
sup |50 (1+1¢P) sien]| < ca
¢eRt€[0,T)

uniformly in ¢ € [0, T] for s > %, o= (ay,00,...,00), ap € {0,1}, ¢ € R" and ¢ # 0.

ng 1
Let we show that G(-,t), V(-,t) € B;,TP(JR”;E) for some g € (1,2) and for all t € [0, T],

where
—5 _s
Gt = (1+127) "QH@)ICE, V(.0 = (1+12) *S@E1).
By embedding properties of Sobolev and Besov spaces it sufficient to derive that G, V &

1,1
W; 57 Hs(]R”) for some ¢ > 0. Indeed by construction of solution, by Condition 3.1 and

by (3.3) we get G € L,(R"). Let o > n(% + %) For deriving the embedding relating G €
W7 T¢(R"), it sufficient to show

(1 + |§|2>%G(-,t) € Ly(R") forallt € [0,T].

Indeed, in view of (3.3), (3.12) the function (14 |¢|%) : G(¢,t) is uniformly bounded for ¢ € R"
and s > ¢. By virtue of (3.3), (3.12) and by assumption (3.7) we have

(s—0)

[ (+ie?) e orac < [ (1+127) 7 e g
s [ (i) e <o

In a similar way we obtain the following

[ arie) venras [ (1+167) s i <
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By the Fourier multiplier theorem [10, Theorem 4.3], from (3.12) we get that the func-

tions (1+[2") 2Q¥(&)C(E, ), (1+[2) "L(Z)QH(2)S(E,t) are L,(R") — Le(R") Fourier
multipliers. Then by Minkowski’s inequality for integrals from (3.10) and (3.11) we obtain

|Ficene@

< Clll@llysr + 1[llysr]- (3.13)

0

vy FIFS@03@]

Moreover, by using the representation of ®(¢,t) in (3.5) and the estimate (3.3) we get the

uniform estimate
5 pe [(1 +aP)

sup |G

¢eR",te[0,T]

éé(g,t)} ' < Gs. (3.14)

By reasoning as the above and in view of (3.3) we get that the function (1 + |¢ ]2) _%Og(é)
isa Ly (R") — Lo (RR") Fourier multiplier, i.e. we have the following uniform estimate

. t
Hp—l/o d(E,t —1)8(¢,T)dt N < C/o (||g('rT)HYS+ Hg(‘rT)Hxl)dT'

Hence, from (3.9)-(3.11), we deduced the following

Il <C[Ilhes + o, + s + 1+ [ (182 + st Dl )]~ @29
By differentiating from (3.5) we get
:(2,1) = — Q¥(¢)sin Q1) §(8) +cos Q) $(2)
+ [ Qor@sin(QHe - n)gE i te©T. 319

By using (3.3) and (3.16) in a similar way, we get

t
yWﬂwm+AOanw+mummw{<mn

WMMsch¢wﬁwmm+W#

Then from (3.15) and (3.17), we obtain the estimate (3.8). Let us now show that problem (3.1)
has a unique solution u € C()([0, T]; Y*?). Let us admit it is the opposite. So let us assume
that the problem (3.1) has two solutions uj, uy € C(l)([O, T]; Y5P). Then by linearity of (3.1),
we get that v = 1y — u5 is also a solution of the corresponding homogenous equation

vy + Lovy + Liv =0, v(x,0) =0, v(x,00=0, x€R", te€(0,T).
Moreover, by (3.8) we have the following estimate
lolly, < 0.
The above estimate implies that v = 0. O

Remark 3.5. In view of Remark 3.2 we see that the assumption (3.7) is satisfied if v > 0 and
2 1 3
s > n< + > +max{m1 — mg, my1 + 2my — (Zmo)g}.
q P

By reasoning as in Theorem 3.4 we obtain
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Theorem 3.6. Let the Condition 3.1 hold. Then for ¢, ¢, g(-,t) € Y*? for t € (0,T), g(x,-) €
LY(0,T;Y,") for x € R" problem (3.1) has a unique solution u(x,t) and the following uniform
estimate holds

Il + Bl < C s + [l + [ D90 Dlerte| (3.18)

Proof. From (3.5) we have the following uniform estimate

HFl (1 n |C!2>%ﬁ

ey

Xp

<cf|lFra+inicens

+HF (1+12])3s(

+/H 1) - g

dr}. (3.19)

By Condition 3.1 and by virtue of Fourier multiplier theorems (see e.g. [10, Theorem 4.3], we
get that C(&, t), S(¢,t) and (¢, t) are Fourier multipliers in L,(IR") uniformly with respect to
t € [0, T]. So, the estimate (3.19) by using Minkowski’s inequality for integrals implies (3.18).

The uniqueness of (3.3) is obtained by reasoning as in Theorem 3.4. O

4 Initial value problem for nonlinear equation

In this section, we will show the local existence and uniqueness of solution for the Cauchy
problem (1.1)—(1.2).
For the study of the nonlinear problem (1.1)—(1.2) we need the following lemmas

Lemma 4.1 (Nirenberg’s inequality [19]). Assume that u € L,(Q)), D"u € Ly(QY), p,q € (1,00).
Then for i with 0 <i < m, m > % we have

|

<l Y IDpu, (A1)
k=1

where

1 1 m 1
- = — - — — —u)— — < u<l.
+V<q n>+(1 My mSHS1

Lemma 4.2 ([19]). Assume that u € Wy'(Q)) N Leo(Q2) and f(u) possesses continuous derivatives up
to order m > 1. Then f(u) — f(0) € Wy'(Q}) and

1£) = £, < || 60| ],

ot < co X ut ot
L

, 1<k<m, (4.2)
P

where Cy > 1 is a constant.

Let
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Remark 4.3. By using a result by ]J. Lions and I. Petree (see e.g. [25, § 1.8]) we obtain that the
map u — u(to), to € [0, T] is continuous and surjective from W7 (0, T;Y*?,X,) onto Eq and
there is a constant C; such that

Hu(tO)HEO < ClH”Hw}g(o,T;ys,p,xp)r I<p<co

Let
@Wm=UWWTm“)

First all of, we define the space Y(T) = C([0, T}; Ya") equipped with the norm defined by

= sp T X ||u ,ueY(T
Julygry = mave llyr + mase ., € ¥(T).

It is easy to see that Y(T) is a Banach space. For ¢, p € Y*F, let

M= [lpllysr + @llx, +1lyvsr + 1.

Condition 4.4. Assume:

(1) The Condition 3.1 holds, ¢, ¢ € Yf’p and s > n(% + %) +vifv>0,s> n(% + %) ifr<0
for p € [1,00] and fora g € [1,2];
(2) (2) the function u — f(&,t,u): R" x [0, T] x Eg — C is a measurable in (¢,t) € R" x [0, T]

for u € Eo; moreover, f(¢,t,u) is continuous in u € Ey and f(¢t,u) € CIEHD(Ey; C)
uniformly for ¢ € R" and t € [0, T].

The main aim of this section is to prove the following result.

Theorem 4.5. Let the Condition 4.4 hold. Then problem (1.1)=(1.2) has a unique strong solution
u € C?(p), where Ty is a maximal time that is appropriately small relative to M. Moreover, if

sup ([[uflysy + llullx, + luellyse + lluellx,) < oo (4.3)
tG[O, Tg)

then Ty = oo.
Proof. First, we are going to prove the existence and the uniqueness of the local strong solution

of (1.1)-(1.2) by contraction mapping principle. Consider a map G on Y(T) such that G(u) is
the operator defined by

G(u) = G(u)(x,£) = S1(H)(x) + S2(t)p(x) +O(u), (44)
where ;
o) = [ F![s@t-nL@fwe ), te©). (4.5)
From Lemma 4.2 we know that f(u) € L,(0,T; ch{,p) for any T > 0. From Lemma 4.2 it is
easy to see that the map G is well defined for f € C(?)(Xy;C). We put
QM;T) = {u | w € Y(T), [ullyqy < M+1}.

First, by reasoning as in [12] let us prove that the map G has a unique fixed point in
Q(M; T). From Lemma 4.2 it is easy to see that the map G is well defined for f € C®)(Xy;C).
Let

W(u) = F[S(S, t = T)L(&) f(w)](x, T).
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By assumption (2) of Condition 4.4 and by virtue [10, Theorem 4.3], the function U(¢, t — 7)L(¢)
is a Fourier multiplier theorem in X, i.e. if f(u) € X, then W(u) € X,.

First, by reasoning as in [12] let us prove that the map G has a unique fixed point in
Q(M; T). For this aim, it is sufficient to show that the operator G maps Q(M; T) into Q(M; T)
and G : Q(M;T) — Q(M;T) is strictly contractive if T is appropriately small relative to M.
Consider the function W(¢): [0, o) — [0, o0) defined by
w?

7

W(e) = max{[W" (g) W)

[g|<e

()

}, o> 0.

ey

It is clear to see that the function W(¢) is continuous and nondecreasing on [0, o). From
Lemma 4.2 we have

W) lyey < [WO@)| llulls, +|WO ]|, I1Duly,
#Co|[W | i, - W] o]
< 2CW (M + 1) (M + 1) [y (*6)

By using Theorem 3.4 we obtain from (4.5):

1GwW)lx, < llelx, +[1¥lx, +/OtHW(x,T,u(T))IIXWf (47)

IG(@)lly2sr < Nl @llysr + 1l ysr + /OtIIW(x,T/u(T))Ilyz,pdT- (4.8)
Thus, from (4.6)—(4.8) and Lemma 4.2 we get

1G(W)[ly(r) £ M+T(M+1)[1+2C(M+1)f(M+1)].

If T satisfies
T < {(M+1)[14+2C(M+1)f(M+1)]} ", (4.9)

then
1Gullyr) < M+1.

Therefore, if (4.9) holds, then G maps Q(M; T) into Q(M; T). Now, we are going to prove that
the map G is strictly contractive. Assume T > 0 and uy, up € Q(M; T) given. We get

t
G(u1) — G(up) = /0 [(W(u1)(x,7) — W(up)(x,7)|dt, te (0,T).
By using the assumption (3) and the mean value theorem, we obtain
W (u1) = W(uz) = WO (ug + 11 (11 — ua)) (11 — u2),

D[W(ul) - W(uz)] = w® (up + 1’]2(111 — uz))(ul - uz)Dgul + W(1)<u2) (Du1 — D§u2),

D? [f(m) - f(”z)} = WO (1 + y3(u1 — u2)) (11 — u2) (Duy )?
+ W (1) (Duy — Duy)(Duy + Duy)
+ W(2)(”2 + na(ur —uz))(ug — uz)Dzm + W(l)(uz) (D2u1 — Dzuz),
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where 0 < #; < 1. Thus, using Hormander’s and Nirenberg'’s inequality, we have

IW (1) = W(wa) ., < WM +1) iy — ol (4.10)
() = W)y, < WM+ 1) us — 1],

IDIW (1) = W(w2)]llx, < (M + WM + 1) |1 — o]l

WM+ 1)[W ()~ W)y, (4.11)
D2 () ~ W)
< (MADW(M + 1)y — ||| D1 [,

+ W(M +1)[|D(u1 — u2) |y2p || D (u1 + u2) [ly2s
+W(M+ 1)H1/l1 — I/leXDOHDZulHXp +W<M+ 1)HD(LI1 — Mz)HXp

< WM+ Dlun —wallx Jlullx, || D,
+CW(M +1)|lur — ually, [ D* (w1 — u2) [ llur + 2|, || D (1 + u2)|
+ (M+A1DW(M + 1) ||y — uz]|x, +W(M+1)[|D* (11 — u2) |,
< 3CH (M +1)*W(M + 1) ||uy — ua||x, +2C*(M + 1)W(M +1)|| D*(uy — )|y . (412)

In a similar way, we have

[P¥ W) =Wl < Cillus = wallx, + G| DF 0 =2

(4.13)

4

From (4.10)—(4.13), using Minkowski’s inequality for integrals, Fourier multiplier theorem in
X, spaces and Young’s inequality, we obtain

t t
16(m) = G llyr) < [ 11 = wall g a7+ [ s = allyspie

+/ W (1) — W) .. dr+/ W (111) — W(tt2) | yspdT

< T[1+c1<M+1) WM +1)] [l = w2y

where C; is a constant. If T satisfies (4.9) and the following inequality

T < [1+a(M+1) W(M+1)}_1, (4.14)

N\H

then 1
Gur — Gua|ly(r) < EHul —u2ly(r)

That is, G is a contractive map. By contraction mapping principle we know that G(u) has
a fixed point u(x,t) € Q(M;T) that is a solution of (1.1)—~(1.2). From (3.6) we get that u is a
solution of the following integral equation

u(t,x) = S1(£)p(x) + Sa(t) ++/ 7, te(0T)



Regularity properties and blow-up of the solutions for improved Boussinesq equations 13

Let us show that this solution is a unique in Y(T). Let uy, up € Y(T) be two solutions of
the problem (1.1)—(1.2). Then

t
= ity = /0 W (1) (x, T) — W(u2)(x, 7)]dT. (4.15)
By the definition of the space Y(T), we can assume that
lurllx, = C(T),  llmllx, < Cu(T).

Hence, by Minkowski’s inequality for integrals and Theorem 3.6 we obtain from (4.15)

t
iy — t12]yop < Ca(T) /0 1y — 12| yapd. (4.16)

From (4.16) and Gronwall’s inequality, we have |17 — us||y., = 0, i.e. problem (1.1)—(1.2)
has a unique solution which belongs to Y(T'). That is, we obtain the first part of the assertion.
Now, let [0, Tp) be the maximal time interval of existence for u € Y(Tp). It remains only to
show that if (4.3) is satisfied, then Ty = co. Assume contrary that, (4.3) holds and Ty < co. For
T € [0, Tp), we consider the following integral equation

v(x,t) = S1(Hu(x, T) + Sa(H)ue(x, T) + /Ot W(v)(x,7)dt, te€(0,T). (4.17)

By virtue of (4.3), for T’ > T we have

sup ([[ullysy + lullx, + l[uellysr + [luellx,) < oo
te[0,T)

By reasoning as in the first part of the theorem and by the contraction mapping principle,
there is a T* € (0, Tp) such that for each T € [0, Ty) the equation (4.17) has a unique solution
v € Y(T*). The estimates (4.9) and (4.14) imply that T* can be selected independently of
T €0, Tp). Set T = Ty — L~ and define

a(n ) = {u(x,t), te0,T],

v(x,t—T), t € [T, To + Tﬂ

By construction i(x, t) is a solution of the problem (1.1)~(1.2) on [T, Ty + L] and in view
of local uniqueness, i(x,t) extends u. This is against to the maximality of [0, Ty), i.e. we
obtain Ty = oo. O

From [27], we have

Lemma 4.6. Let s > 0, f € CEIT1(R) with f(0) = 0. Then for any u € Y N L*, we have f(u) €
Y*? N Xo. Moreover, there is some constant A(M) depending on M such that for all u € YV N L®
with |ully_ < M,

£ @) llysp < C(M)][u)

By using Lemma 4.1 and properties of convolution operators we obtain

[ysr-

Corollary 4.7. Let s > 0, f € CEHY(R) with £(0) = 0. Moreover, assume ® € L*(R"). Then for
any u € Y¥P N L™, we have f(u) € YV N Xo. Moreover, there is some constant A(M) depending on
M such that for all u € YV N L™ with ||ul|x_ < M,

1@ f ()]l ysr < C(M)[[4) s
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Lemma 4.8. Let s > 0, f € CEIF1(IR). Then for for any M there is some constant K(M) depending
on M such that for all u, v € Y N Xeo with [Jullx_ < M, ||[v]|x. <M, |[u|lysy <M, [[v]lysp <M,

1f () = f(llyspy < K(M)[[tt = 0llysp, [1f(u) = fvllx, < K(M)|[u—=vlx,.

By reasoning as in [27, Lemma 3.4] and [5, Lemma X 4] we have, respectively

Corollary 4.9. Lets > 3, f € C SIH1(R). Then for any M there is a constant K(M) depending on M
such that for all u, v € Y5 with ||u|ys, < M, ||[v]lysy < M,

I1f (u) = f(v

Lemma 4.10. If s > 0, then Y& is an algebra. Moreover, for f, g € Yo,

yor < K(M) [t = 0] s,

178y < C[1 I + 18llyss + 1 Flhysr + gl ]
By using Corollary 4.7 and Lemma 4.10 we obtain

Lemma 4.11. Let s > 0, f € CEY(R) and f(u) = O(|u|"™") for u — 0, ¥ > 1 be a positive
integer. If u € Y& and ||u||y_ < M, then

£ @)llyss < COD) [l [l ]
1Fw)llx, < M) ully Jlull3.

[ysr

The solution in Theorems 4.2—4.4 can be extended to a maximal interval [0, Tmax), Where
finite Tmax is characterized by the blow-up condition

limSuPH“”YS/P(A;E) =
T‘)Tmax

Lemma 4.12. Let the Condition 4.4 hold and u be a solution of (1.1)=(1.2). Then there is a global
solution if for any T < oo, we have

sup ([lullyzy + Il ) < oo. (4.18)
t€[0,T)

Proof. Indeed, by reasoning as in the second part of the proof of Theorem 4.5, by using a
continuation of local solution of (1.1)—(1.2) and assuming contrary that, (4.18) holds and Tp <
oo, then we obtain contradiction, i.e. we get Ty = Tinax = . O

5 Conservation of energy and global existence.

Consider the problem for p = 2. Let us denote Y*? by W*. We prove the following results.

Condition 5.1. Assume the Condition 4.4 holds for p = 2. Let Lo = L1 = L, = —L and L be
a negative symmetric operator in L (IR"). Suppose (I — L), A = L(I — L) " are bounded in
L>(R") and assume

¥ € [(R"), (Au,u) € [*(R"), &(-) € L'(R"),

where (u,v) denotes the inner product in Ly (IR").
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Let

Remark 5.2. Note that if —L is self-adjoint positive operator in L,(IR"), then the operators
(I— L)', A are bounded in Ly(RR").

Lemma 5.3. Let the Condition 4.4 hold and let u € C?) ([0, T]; W*) be solution of (1.1)~(1.2) for any
t € [0, T). Then the energy

E() = [lus]? +2/R” D (u)dx (5.1)
is constant.

Proof. By use of (1.1) and in view of Condition 4.4, it follows from straightforward calculation

that

d
EE(t) = 2(up, up) + Z/R D, (u)udx = 2(uy + Au— Af(u),u;) = 0.

Hence, we obtain the assertion. O

By using the above lemmas we obtain the following results.

Theorem 5.4. Assume the Condition 5.1 is satisfied and ¢, { € Y5, Moreover, there is some k > 0
so that

®(s) > —k|s|?, foralls € R. (5.2)
Then there is some T > 0 such that problem (1.1)—(1.2) has a global solution
u e C?(Jo, T]; W).

Proof. Since r > 2 + %, by Theorem 4.5 we get local existence in u € C(?)([0, T]; W®) for some
T > 0. Assume that u exists on [0, T). By assumption (5.2), we obtain

E(t) = [lue|? +2/Rn ®(u)dx < E(0) + 2K[[u(-, £) ||~ (5.3)

for all t € [0,T). By properties of norms in Hilbert spaces and by the Cauchy-Schwarz
inequality, from (5.3) we get

d
Ellu(vf)ll%us < 2ffue (1) s 1€ ) e
< G ) e + [l )y < CE(O) + (2Ck + 1) () [y

Gronwall’s lemma implies that [|u(-,t)[|y: is bounded in [0,T). But, since s > %, we

conclude that ||u(t)||;~ also is bounded in [0, T). By Lemma 4.12 this implies a global solution.
O

6 Blow up in finite time

We will use the following lemma to prove blow up in finite time.
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Lemma 6.1 ([11]). Suppose H(t), t > 0 is a positive, twice differentiable function satisfying
2
HOH = (14v)(HV) >0 forv>o0.

If H(0) > 0and HV(0) > 0, then H(t) — oo when t — t; for some

H < H(0) [VH(l)(O)} -

We rewrite the energy identity as
E() = [|ue|]? +2/Rn ®(u)dx = E(0),

where

U

o (1) :/ F(o)do, A=L(I—L)"" 6.1)
0

We prove here the following result.

Theorem 6.2. Assume the Condition 5.1 is satisfied and ¢, ¥ € Y. Let u € C? ([0, T]; W*) be
solution of (1.1)—(1.2) for any t € [0, T). Suppose there are some positive numbers v, to and b such
that

oF(o) <2(142v)®(0) foralloc € R (6.2)

and
E(0) = [lus]? +2/Rn ®(u)dx < 0. 63)

Then the solution u of the problem (1.1)—(1.2) blows up in finite time.
Proof. Assume that there is a global solution. Let
H(t) = ||ul|* +b(t + to)*.
for some positive b and ¢t that will be determined later. We have

HW (#) = 2(u, us) +2b(t + to),

HP(t) = 2||us||® + 2(u, ugs) + 2b. ¢4
Hence, from (1.1)we get
(i, urr) = — (1, AF()) = — / UAF(u)dx. 6.5)
From (6.2)~(6.3) and (6.5) we deduced
() > —2(1 4 v) / @(u)dx = 2(1+v)[||m|* — E(0)] 6.6)
From (6.4) and (6.6), we obtain
H® (1) 2 2[Jur|[* +2(1+v) [E(0) — [[us]|*] + 20, 6.7)

On the other hand, in view of the Cauchy-Schwarz inequality, we have

(HO®)" = 2015) + 26(¢ + 10)]

< 4l el + 82+ t0)* (1l + ) | + 482t +10)>. (68)
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Hence, combining (6.4), (6.7) and (6.8) we obtain

HOH - (1+v) (H<1>>2
> |2fusl* + 401+ v) e |* = 201+ 20)E(0) +2b] [ ul* + bt + to)*
= 41+ v) [l Pl |+ 62+ ko) (11> + e |*) | + 46%(¢ + to)”
= —2(1+2v)[b+ E(0)]H(1).

Hence, if we choose b < —E(0), this gives
2
H@H ~ (14 v)(HV)" > 0.

Moreover,
HW(0) = 2(¢, ) +2b(tg) > 0

for sufficiently large fo. According to Lemma 6.1, this implies that H(t), and thus |ju(t)
blows up in finite time contradicting the assumption that the global solution exists. O

2
|

7 Applications

In this section we give some application of Theorem 4.5.

1. Let
Ly=Li=Ly=A1 =) aD"
la|=2

where a, are real numbers.
Then the problem (1.1)—(1.2) is reduced to the Cauchy problem for the following Boussi-
nesq equation
uy + Aqup + Aqu = A1 f(x,t,u), xe€ R?, te (0,T), 7.1)
u(x,0) = g(x), u(x,0) = p(x), |

Let
X, =Ly(R?), 1<p<oo, Y=L (R?).

Assumption 7.1. Assume that Ay(&) # 0, Ay(&) # —1 for all ¢ = (&1,&) € R% Let ¢,
P € Y9’ NX; and

M= [|@llysr + l@llx, + [1llysr + 19, -

It is not hard to see that Assumtion 7.1 implies Condition 3.1. Hence, from Theorem 4.5
we obtain:

Theorem 7.2. Suppose that the Assumption 7.1 holds. Let s > 2(% + %) for p € [1,00] and for
aq € [1,2]. Assume that the function u — f(x,t,u): R? x [0,T] x B;(liﬁ)(le) — L,(R?)
is measurable in (x,t) € R?> x [0,T] for u € B;(l_ﬁ)(]Rz). Moreover, f(x,t,u) is continuous in
ue B;(liﬁ)(lRZ) and

f(x,t,u) e C® <B;(121*’)(1R2)>
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uniformly with respect to (x,t) € R? x [0, T]. Then for ¢, € Y¥P N Xy problem (7.1) has a unique
local strong solution u € C(?) ([0, To); Y&), where Ty is a maximal time interval that is appropriately
small relative to M. Moreover, if

sup ([Juflys, + [[ullx, + luellysr + [Juellx, ) < o0
fE[O,To)

then Ty = oo.

2. Let
L0:L1:L2:A22 Z u,xD“,
|a|=4

where a, are real numbers, & = (a1, &y, #3), a; are natural numbers and

3
| =) a.
k=1

Then the problem (1.1)-(1.2) is reduced to the Cauchy problem for the following
Boussinesq equation

U + Aguiy + Agu = Ao f(x,t,u), x€R3 te(0,T), (7.2)
u(x,0) = @(x), u(x,0)=19(x).

where 3
9, peLy(R’), s> » p € [1,00].
Assumption 7.3. Assume that Ay(&) # 0, Ay() # —1 forall & = (&1,&,&) € R3. Let o,
P € Y9P N X; and
M= [@llysr + ll@llx, + 1llyer + 191,

It is clear to see that if Assumption 7.1 holds, then Condition 3.1 is satisfied.
Let
X, =L,(R%),1<p<eo, Y7 =L5(R%.

Hence, from Theorem 4.5 we obtain:

Theorem 7.4. Suppose that the Assumption 7.3 holds. Let s > 3(% + %) for p € [1,00] and for
1
aq € [1,2]. Suppose that the function u — f(x,t,u): R® x [0, T] x B;(l 2”)(IR“?’) — L,(R3)

1

is measurable in (x,t) € R®> x [0,T] for u € B; 1_2p) (R®). Moreover, f(x,t,u) is continuous in
ue B;(liﬁ) (R3) and
f(x,t,u) e C® <B;(121”) (IR3))
uniformly with respect to (x,t) € R3 x [0, T]. Then problem (7.2) has a unique local strong solution
ue CA([o, T); v),

where Ty is a maximal time interval that is appropriately small relative to M. Moreover, if

sup (flullysp + 1l x, + Nuellysr + Nuellx,) < oo
tE[O,To)

then Ty = oo.
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3. Let

Lo= Y, aoxD% Li= ) a1,D% L= ) axD"
|a|=4 la|=2 |a|=4

where a,; are real numbers, « = (a1, a2, a3), &, are natural numbers and

3
| =) oy
k=1

Then the problem (1.1)-(1.2) is reduced to Cauchy problem for the following Boussinesq
equation
Uy + Loy + Ly = Lof (x, t,u), x € R3 te (0,T), (7.3)

u(x,0) = ¢(x), u(x,0) = 9(x),
where
¢, p € L% (R%), pel, ]

Hence, from Theorem 4.5 we obtain:

Theorem 7.5. Assume that the Condition 3.1 is satisfied. Let ¢, € Y N Xy and

yor TNl + 19llysr + 19,

for s > 3(% + %) +v, p € [1,] and for a q € [1,2]. Suppose that the function u — f(x,t,u):

M= ¢

1 1
R3 x [0, T] x B;(l 2”)(1R3’) — Lp(R3) is measurable in (x,t) € R x [0, T] for u € B;(l 2’”)(]R3).

1—L
Moreover, f(x,t,u) is continuous in u € B;( 2) (R3) and

f(x,t,u) e C® (Bs(l_zl’")(IR3))

7 vr p

uniformly with respect to (x,t) € R3 x [0, T|. Then problem (7.3) has a unique strong solution
ue C@([o, Ty); Y,

where Ty is a maximal time interval that is appropriately small relative to M. Moreover, if

sup ([[ullysr + [[ullx, + [luellysr + lluellx,) <oo
tE[O,Tg)

then Ty = oo.
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