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Abstract. We give two new characterizations of the notion of Lyapunov regularity in
terms of the lower and upper exponential growth rates of the singular values. These
characterizations motivate the introduction of new regularity coefficients. In particular,
we establish relations between these regularity coefficients and the Lyapunov regularity
coefficient. Moreover, we construct explicitly bounded sequences of matrices attaining
specific values of the new regularity coefficients.
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1 Introduction

The purpose of this work is twofold: to introduce new regularity coefficients and to give
new characterizations of Lyapunov regularity. The notion of regularity was introduced by
Lyapunov and plays an important role in the stability theory of differential equations and
dynamical systems. It is particularly ubiquitous in the context of ergodic theory. The new
characterizations of Lyapunov regularity are expressed in terms of the lower and upper expo-
nential growth rates of the singular values.

1.1 The notion of regularity

We start by describing the meaning and some of the implications of Lyapunov regularity. Let
(Am)men be a sequence of invertible g x g matrices with real entries. We assume that both
sequences A;, and A;Zl are bounded. For each m € IN let

o Ap_1Am_n---A1 ifm>1,
" l1d ifm=1.

Given a basis vy, ..., v, for R7, any regularity coefficient measures how much

. 1
A(v;) == limsup p” log || Amvi|, (1.1)

m—00
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fori =1,...,q, differs from being a limit, and how much

w;j := limsup 1 log Z(Awmvi, Amv;), (1.2)
m—oo M
for i # j, differs from zero. In particular, the Lyapunov reqularity coefficient determined by the
sequence A = (A )men is defined by
o o1
(A) = min L Av;) 1%1£f - log|det Ay, (1.3)
where the minimum is taken over all bases vy, ..., v, for R7. One can show that c(A) > 0and
that o(A) = 0 if and only if each limsup in (1.1) is a limit and each lim sup in (1.2) vanishes
for any basis vy, ..., v, (see [2,3]). The sequence A is said to be (Lyapunov) regular if o(A) = 0.
More generally, a regularity coefficient is a nonnegative function on the sequences of matri-
ces A = (Am)men vanishing only on the Lyapunov regular systems. Besides the Lyapunov
regularity coefficient (see [11]), other regularity coefficients were introduced already at an
early stage of the theory by Perron (see [13,14]) and Grobman (see [6]), although for a dy-
namics with continuous time obtained from a linear ordinary differential equation. We refer
the reader to the books [2,3,6,10] for detailed accounts of various parts of the theory, both for
discrete and continuous time.

1.2 Origins and relevance of regularity

The notion of regularity first appeared in the works of Lyapunov (see [11]) and Perron [13,14],
in connection with the study of the stability of solutions of perturbations of linear ordinary
differential equations. As already described above, one can introduce a similar notion of
regularity and corresponding regularity coefficients for a dynamics with discrete time

Xma1 = AmXxym form € N

on R7, obtained from a sequence (A, )men Of g X g matrices. Some works that consider
the case of discrete time include [15] (see also [4]) with a study of the relation of regularity
with the exponential growth rates of the singular values, [5,9] with descriptions of relations
between regularity coefficients, and [8] with the introduction of a new regularity coefficient.
For further references we refer the reader to [2] (see also [7]).

It turns out that Lyapunov regularity has various nontrivial applications to the stability
theory of differential equations and dynamical systems. The reason for this is that any reg-
ularity coefficient measures how much the exponential stability or conditional stability of a
given trajectory of a linear dynamics differs from being uniform on the initial time. For ex-
ample, provided that a regularity coefficient is sufficiently small, one can construct stable and
unstable invariant manifolds for any sufficiently small nonlinear perturbation when all Lya-
punov exponents are nonzero (see [3] for details). This is particularly effective in the context
of smooth ergodic theory, since a certain integrability assumption guarantees that the lin-
earizations along almost all trajectories have zero regularity coefficient, as a consequence of
Oseledets” Multiplicative ergodic theorem [12].

1.3 Characterizations of regularity

Now we describe briefly our results. In particular, we give new characterizations of Lyapunov
regularity that are expressed in terms of the lower and upper exponential growth rates of the
singular values. This also serves as a preparation for introducing new regularity coefficients.
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Again let A = (Ay)men be a sequence of invertible g4 X g matrices with real entries. We
assume that A,, and A,;l are bounded in m. Now let

p1(m) < -+ < pg(m)

be the eigenvalues of the positive-semidefinite matrix (A4, )'/2. The lower and upper expo-
nential growth rates of the singular values are defined by

o1 . 1
a; = hnr1rLl£f p” logpi(m) and b; = hfnnjogp p” log pi(m).
In particular, we obtain new characterizations of Lyapunov regularity in terms of these num-
bers (see Theorem 2.1).

Theorem 1.1. The following properties are equivalent:
1. (Am)men is regular;
2. Llog|detAy| — Y1, by when m — oo;
3. Llog|detAy| — LI, a; when m — oo.

Some arguments in the proof are inspired by work of Barabanov in [1] who considered a
corresponding problem for the case of continuous time.

Now we consider the values A} < --- < A of the Lyapunov exponent determined by
the sequence A, counted with their multiplicities. If vy, .. ., Vg is a basis for R? at which the
minimum in (1.3) is attained, then /\§ = A(v;) fori=1,...,q up to a reordering of the values.
One can show that the sequence A is regular if and only if

1 9
%log|detﬂm| — Y A} whenm — co
i=1

(see [3]). Incidentally, we have a; < b; < /\g fori =1,...,q and each of these inequalities can
be strict (see [2,4]).

As an outcome of our approach, we also obtain a new proof of a characterization of reg-
ularity involving only the lower and upper exponential growth rates of the singular values:
namely, A is regular if and only if

a;="b; fori=1,...,q. (1.4)

It follows from work of Ruelle in [15] that condition (1.4) yields the regularity of A. Bara-
banov [1] gave a new proof of this property and also obtained the other direction of the
equivalence for a dynamics with continuous time. We consider the case of discrete time and
we give a new proof of this equivalence (see [4] for a proof based on the existence of a structure
of Oseledets type that is present even for a nonregular dynamics). Again, some arguments
are inspired in [1].

1.4 New regularity coefficients

Finally, we introduce three new regularity coefficients motivated by Theorem 1.1 (see also
Theorem 2.1). Then we establish some relations between these coefficients and the Lyapunov
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regularity coefficient. Given a sequence A = (Ay)men of invertible g x g matrices with real
entries, we define

w(A) =max{bj—a;:i=1,...,q9},

) 1
g(A) = ;bi - linrgiorc}f%log|detﬂm|,

1

m—00

q
0(A) = limsup % log|det A,| — ) _ a;.
i=1

The advantage of having various regularity coefficients is that in each specific situation it is
often easier to compute or at least to estimate one of them. We show in Theorem 3.1 that

0<a(A) <g(A) <ga(A) and 0<a(A) <7(A) <qua(A).

Finally, we construct bounded sequences of matrices attaining specific values of the regularity
coefficients (see Theorem 3.3). The construction builds on former work in [5] although it
required several nontrivial modifications.

Theorem 1.2. Given numbers p,g > 0 such that p < g < qp, there exists a bounded sequence A of
diagonal q x g matrices with a(A) = p and c(A) = g.

In Section 4 we introduce two additional regularity coefficients. We also establish inequal-
ities between these coefficients and the former ones.

1.5 Relevance of the results

Finally, we discuss the relevance of the results obtained in the paper. As noted above, the
notion of regularity plays an important role in the stability theory of a dynamics with contin-
uous or discrete time. In fact, a vanishing or sufficiently small regularity coefficient implies
that the asymptotic stability of a trajectory a linear dynamics persists under sufficiently small
nonlinear perturbations. This leads in particular to the construction of stable and unstable
invariant manifolds, as well as to many other nontrivial properties. On the other hand, in
each specific situation it may be easier to obtain bounds for a certain regularity coefficient.
Thus, it is convenient to have additional coefficients. In particular, it may be easier in some
specific situations to use instead the new regularity coefficients introduced in our paper.

In another direction, when a dynamics is regular (when some regularity coefficient van-
ishes, in which case all regularity coefficients vanish), there is a richer structure, such as for
example the one illustrated by (1.1) and (1.2). Our work provides further additional properties
caused by regularity that in fact also provide additional structure.

2 Characterizations of regularity

In this section we give new characterizations of Lyapunov regularity that are expressed in
terms of the lower and upper exponential growth rates of the singular values. This serves as
a preparation for introducing new regularity coefficients in Section 3, although the character-
izations are also of interest by themselves.

Let (Am)men be a sequence of invertible g x g matrices with real entries. We shall always
assume that there exists ¢ € R such that

A <c and [|A| <c 2.1)
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for all m € IN. For each m € N, let

. Ap_1Am_n---A1 ifm>1,
"\ d ifm = 1.

The Lyapunov exponent A: R7 — R U {—oco} associated with the sequence (A )men is de-
fined by

A(v) = limsup % log||Amo||,

m—00

with the convention that log0 = —oo. By the abstract theory of Lyapunov exponents, A takes
at most a number s < g of distinct values on R7\ {0}, say

A <Ay <o <A
Moreover, for each i = 1,...,s the set
Ei={veR":A(v) <A}
is a linear subspace of R7 and
{0} CE;CE;C---CE =R

We denote by A7 < A; < --- < Ay the values of the Lyapunov exponent A counted with
their multiplicities. These are obtained repeating each value A; a number of times equal to
dim E; — dim E;_;, with the convention that Ey = {0}. The sequence (A )neN is said to be
(Lyapunov) regular if

.1 S
lel_rgo p” log|det Ay,| = ; A (2.2)

(this includes the requirement that the limit on the left-hand side exists).
We also consider the singular values. The matrix

T = (ALAnm) 2 (2.3)
is symmetric and positive-semidefinite. Hence, its eigenvalues

p1(m) < -+ < pg(m)

(counted with their multiplicities) are real and nonnegative. They are called the singular values
of the matrix A,,. Fori =1,...,q, we define the lower and upper exponential growth rates of the
singular values, respectively, by

o1 . 1
a; = 11n%1£f% logpi(m) and b; = lun?jolip - log pi(m).
We note that

aigbig)\§ fOI‘iZl,...,q (2.4)

(see for example Proposition 6.1.2 in [2]).

The following result gives two new characterizations of Lyapunov regularity (properties
(if) and (ii7)). As an outcome of our approach, we also obtain a new proof of a character-
ization involving only the lower and upper exponential growth rates of the singular values

(property (iv)).
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Theorem 2.1. Let (Ay,)men be a sequence of invertible q x q matrices with real entries satisfying (2.1).

Then the following properties are equivalent:
(i) (Am)men is reqular;
(ii) Llog|detA,| — Y1, b; when m — oo;
(i1i) % log|det Ay, | — Z?:l a; when m — oo;
(iv) aj="0bifori=1,...,q.

Proof. (i) = (ii). Since |detA,| = det T,, (see (2.3)), we obtain

Elog|detﬂm| = gloggpi(ﬂi) = ;alogpi(m)

and so

1 q
lim — log|detA,| = hm Z—logpl Z

Therefore, it follows from (2.2) that
q q

By (2.4) we have 2?:1 Al = Z?:l b; and property (ii) follows readily from (2.2).

(ii) = (iv). We proceed by contradiction. Assume that a; < by for some k € {1, ..

take a sequence (m;);en such that

o1 1
ap = 1%1£f%logpk( m) = hm Elogpk(ml)

By (ii) and (2.5), since a; < by we obtain
q ) 1 ) q 1
;bi = lelgc}o %log|detﬂm| = Wllgr(}oz %logp,‘(m)

= lim Z —logpl(ml) =a;+ hm Z — IOng(ml)

l—)oo

< ak+2bi < Ebi'

i£k i—1

This contradiction implies that (iv) holds.
Now we obtain the former implications with (ii) replaced by (iii).

(i) = (iii). Let By = (A},)~! and define

. Bu_1By—2---B1 ifm>1,
" 1d if m=1.

(2.5)

.,q} and
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Note that B,, = (A})~ 1. The Lyapunov exponent y: R?7 — R U {—oo} associated with the
sequence (B, )men is defined by

i(w) = limsup % log|| Bw||.

m—o0

By the abstract theory of Lyapunov exponents, u takes at most a number g of distinct values on
R7\ {0} and we denote by 3 > pj > - -+ > p; these values counted with their multiplicities.
One can show that (A, )men is regular if and only if (B )men is regular, in which case we
have /\g = — yf fori =1,...,q (see for example Theorem 2.4.5 in [2]). Therefore,

.1 Z,
n%lgr(}o%log|det3m| = ;yi.

Proceeding as in the proof of the implication (i) = (ii), one can show that

.1 d
nlzlglo " log|det B,,| = ;,Bi, (2.6)
where
Bi = limsup 1 log oi(m),
m—oo M
denoting by

o1 (m) < -+ < 0y (m)
the eigenvalues of the matrix S, = (B},B,,)'/? (which is symmetric and positive-semidefinite).
Note that

oi(m) = !

=—— fori=1,...,
qui+1(m) I

and so
ﬁi = —aq,iﬂ and N = _bqu#l fori = 1, e q, (2.7)
where

|
n = 11mrrl)1or°1f% log o;(m).

In view of (2.6) and (2.7) we get

) 1 ) 1 q q
n%l_rgoElog\detAm\ = —nll_rgo%log\detBM = —i;ﬁi = ;ai,
which establishes property (iii).

(iii) = (iv). The proof is identical to the proof of the implication (ii) = (iv) using the
identities in (2.7).
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(iv) = (i). We assume that the upper exponential growth rates of the singular values take r
distinct values
1< < (2.8)

Let ny,...,n, be their multiplicities. Moreover, let v1(m),...,vs(m) be an orthonormal basis
for RY formed by eigenvectors of the matrix T}, associated, respectively, with the eigenvalues
pi(m),...,pq(m). Fori=1,...,gand m € N, let

Ei(m) = span{ v, 4...in, ;+1(M), ..., Opypoeqn, (m) }
and
F;(m) = span{v1(m),..., 0n 4.chom, (1) }.
Since the basis v{(m),...,v,(m) is orthonormal, we have
Fi(m)* = span{ovy, ... 41(m), ..., vg(m)}. (2.9)
Considering the 2-norm for RY, we obtain

| Am|* = v* AL Ao = 0*T20 = 0* T Ty = || To||?

andso Al [ Tel
0 0

[Amlgmyll = sup T = sup =

veromnoy 121 vermmnop 1121

= py,(m), (2.10)
where [; = ny + - - - + n;. Moreover, for any subspace L C F;(m)*, it follows from (2.9) that

P1, (1) < [ Am]L]] < pg(m). (2.11)

Properties (2.10) and (2.11) are crucial in the remainder of the proof.

Before proceeding, we recall some notions and results concerning the distance between two
linear spaces. Let Z(v, w) be the angle between two vectors v and w. Given linear subspaces
E,F C IR7, we define

d(E,F) =sinZ(E,F),

where
Z(E,F) = max{0(E,F),0(F,E)}
and
6(E,F) = max min Z(v,w).
veE\ {0} weF\ {0}
Note that

6(E,F) = vg:}?{)%]} Z(v, projp v),

where proj, v is the orthogonal projection of v onto F.
The following result is proved in [1].

Lemma 2.2. The following properties hold:
1. Ifdim E = dim F, then 0(E,F) = 6(F,E) and d(E,F) = d(E+, F1).

2. Ifasequence (Ey)ren of linear spaces of equal dimensions is a Cauchy sequence, then it converges
to a linear space E of the same dimension.
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3. Let (Ex)ken be a sequence of linear spaces converging to a linear space E such that E, = F @ Gy,
where Gy is the orthogonal complement of Fy in Ey. If the sequence (Fy)ren converges to a
linear space F, then F C E and the sequence (Gy)xen converges to a linear space G that is the
orthogonal complement of F in E.

Now let
aj(m) = Z(F;(m), FF(m+1)) fori=1,...,r—1.

Lemma 2.3. We have

1
limsup —loga;(m) <c;—ciy1 fori=1,...,r—1
m—oo M

Proof of the lemma. We proceed by contradiction. Assume the contrary. Then for some i €
{1,...,r — 1} there exist ¢ > 0 and a sequence (m;);c such that

1
P loga;(m;) > ci —ciy1 + ¢ (2.12)
1

for I € IN. Take v € F;(m + 1) with ||v]| = 1 such that
Z(v, Fi(m)) = ai(m)
and write it in the form v = v; + v, with v; € Fi(m) and v, € F(m)*. By (2.12) we have
vy # 0. It follows from (2.10) that
[Awmor]] < o1, (1m) o]
and taking L = span{v,} in (2.11) we obtain
[Amv2]| > pr,, (m) |[o2]]-

On the other hand, we have
[01]] = [|o]| cos a;(m) < |||

and 5
lo2]] = [l sina;(m) = —ai(m)|o]]

because sinx > Zx for x € [0, 77/2]. Therefore,

[Amoll = [[Anva | = [|Anor]]
2 p1,,, (m)[[v2]| = oy, (m) o]

2
> (b1, (m) 2 ) = py () ) o]
Note that given 6 > 0, by (2.8) there exists m = m(J) such that

e(a]-—&)m S p](m) S e(llj-‘r(s)m

forallj=1,...,9 and m > m(6). Hence, for m = m; we obtain
([ A, o] > <€(Ci+1_5)ml

Ee(ci_ci+1+5)ml _ e(Ci+5)m1> I

& (2.13)

2
= <ne(cf—5+€)mz — e(ci+5)7m> 9].
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Taking 6 < ¢/2, we have ¢; — 6 +¢ > ¢; +J. Since v € F;(m; + 1) and ||A,,!]| < ¢, it follows
from (2.13) that

1
¢i + 0 < limsup ElogHAmZvH < llgg log oy, (m;+1) = ¢,

[—o00

my+1
which is impossible. This contradiction yields the desired result. O

We proceed with the proof of the theorem. We first show that (F;(m))uen is a Cauchy
sequence. By Lemma 2.3, taking ¢ > 0 such that ¢; — ¢;;1 +¢& < 0 we have

k-1
d(F;(m), Fi(k)) < ) d(F(j), Fi(j+1))

j=m
< Y d(EG) EG+1) = 3 sini()
j=m

elci—cip1te)m

1 — eti—Cirite

for all sufficiently large m and all k > m. This shows that (F;(m))cn is a Cauchy sequence.
In view of Lemma 2.2 (second item), we conclude that (F;(m)),en converges to some linear
space F satisfying

elci—cip1te)m

d(Fi(m),Fi) S (214)

1 — eti—Cit1te’
Moreover, also in view of Lemma 2.2 (third item), the sequence (E;(m))men also converges to
some linear space E. Indeed, since F;1(m) — F;;1 when m — oo and

Fii1(m) = Fi(m) @ Ei1(m)
with

Eia(m) = Fi(m) 1 Fya (m),
we conclude that (E;(m)),en converges to some linear space E;.

Lemma 2.4. Fork =1,...,r we have
o1
Jim - log||Anw|| = cx for w & Ex\ {0}

and
1
lim sup %logHAme <cx1 forw € F_1\{0}.

m—r 00

Proof of the lemma. We proceed by backwards induction on k. Take j € {0,1,...,r — 2} and
given w € RY, write it in the form w = w; + w, with w; € Ir}_]'_l(m)L and wy € F_j_1(m).

First take j = 0 and w € E,\ {0}. Then w = w; + wp with w; € F,_;(m)* and w, €
F,_1(m). Note that wy # 0 for any sufficiently large m, since Z(E;, E,(m)) — 0 when m — oo
and E,(m) = F,_1(m)*. In view of (2.11) we have

Og-n+1(m) [wi ]| < [[Amzor|| < pq(m)|[wr]],

which implies that

1
lim — log||Anw| = cr.
m—oco M
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Moreover, in view of (2.10) we also have

[Amwal| < og-r, (m)|[w2],

which implies that

1
limsup — log||Anwa| < ¢p—1.
m—oo M

Since A, w = A, w1 + A,w, and ¢,_1 < ¢,, we conclude that
. 1
lim — log||Anw| = c;.
m—oo M

Now take w € F,_1\ {0} and recall that w = w; + w, with w; € F,_1(m)* and w, €
F,_1(m). Since Z(F,_1,F,_1(m)) — 0 when m — oo, we have wy # 0 for any sufficiently
large m. Note that

[[wr || = [[w]] sin Z(w, w2)

and
w2l = [lw]| cos Z(w, wa) < [|w]|.

Since sin Z(w, wy) < d(F,_1, F,—1(m)), it follows from (2.14) that

[Amw]| < [[Amwi]| + [[Amw2]]

< pq(m)|[w1 ]| + pg—n, (m)||w2 |
e(cr—l_cr+£)m
< T saareLamllwll + pg—n, (m)w].

We have
) 1 e(c,,,l—c,-l—s)m
)
and
limsup — log oy, (M) = ;1
m—00
Therefore,

1
lim sup - log|[Amw|| < c¢—1+¢

m—r00

and since ¢ is arbitrary, we obtain

lim sup L log||Anw|| < cp_1.
m—oo M
This establishes the induction hypothesis for j = 0.

Now assume that the statement in Lemma 2.4 holds fork =r,...,r —j+1 and some j > 1.
We want to show that it also holds for k = r —j. Take w € E,_; \ {0}. Since E,_;\ {0} C
F._;\ {0}, it follows from the induction hypothesis that

1
lim sup p” log|[Anwl|| < c,_;. (2.15)

m—»0o

We first show that ,
limnl)ioglf%logHﬂme > Crj (2.16)
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for w € E,_; \ {0}. Then it follows from (2.15) and (2.16) that
. 1
lim —log|[Anwl| = ¢,

which establishes the first statement in the lemma.
Since E,_; \ {0} C Pr{j_l \ {0}, we take w € Pr{j_l \ {0} and write it in the form w =
w1 +wy with wy € F_j_1(m)* and w, € F,_j_1(m). Since

d(F-; 4,

Fr_j_l(m)L) — 0 when m — oo,
we have w; # 0 for any sufficiently large m. Moreover,
s | = [lwll cos Z(w,wr),  flwal] = fle]] sin £(aw, w2). 17)
In view of (2.14) we have
sin Z(w, wy) < d(F,l_]-_l,Fy,]-,l(m)L)
=d(F—j-1,F-j-1(m)) (2.18)

e(cr—j—lfcr—ﬂ“g)m
< T =: aj(m).

Hence, by (2.10) and (2.11) together with (2.17) and (2.18), we obtain

[Amw]| = [[Amwi || — [[Awwz ]|

> pi,_; (m)|[wi ]| = p1,__, (m) [wa]|

> o1, (m) /1 = aj(m)?[[w]| = oy, (m)||w]].

Therefore, since aj(m) — 0 when m — oo, we have

1
n%grgoglog(pz,,j(m) 1 _“j(m)z) =Cr
and

1
Jim —logpy, () = ¢r—j-r.

Finally, since ¢, ; > ¢,_j_1, we conclude that

|
lm1£fElog||Amw]| > Crj,

which establishes (2.16).
Now we prove the second statement in the lemma. Take w € F,_;_; \ {0} and write it in
the form w = wy + wp with wy € Fr{j_l(m) and wy € F,_j_1(m). Since

Z(Fj-1,F—j—1(m)) =0 whenm — oo,
we have w, # 0 for any sufficiently large m. Note that
[wi]| = ||l sin Z(w, w2)

and
|wal| = |lwl| cos Z(w, wa) < [|w]].
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Since sin Z(w, wy) < d(F,_j_1,F_j_1(m)) and
d(Fr—j-1,F—j1(m)) < aj(m),
using (2.10) and (2.11), we conclude as above that

[Amwl] < [[Amtor || + [[Amwa]]
< aj(m)py,_ (m)||wl| + pi,__, (m)]|w]]

We have
1
nlzlglo m log(aj(m)Pl,_j(m)) =Cpj1 = Cr—j T EF+Crj=0Crj1TE
and
. 1
lim - logpi, ; ,(m) = cr—j1.
Therefore,

1
lim sup - log||Anwl|| <c,—jq1+e

m—» 00

and since ¢ is arbitrary, we obtain

1
lim sup — log|[Anw|| < c,—j_1.
m—oco M

This establishes the induction hypothesis for k = r — j. O

We proceed with the proof of the theorem. Note that

9
det T, = [ [ pi(m).
i=1

Therefore, using (2.5) we have

~m—ocom

.1 . 1
r%gr;oalog|detﬂm| = 1:21 lim — log p;(m).
Finally, in view of Lemma 2.4 we obtain

.1 2.,
n%grgo%log\det/lm\ = ;/\i,

which shows that (iv) = (i). This completes the proof of the theorem. O

3 New regularity coefficients

In this section we introduce three new regularity coefficients motivated by the properties (ii),
(iii) and (iv) in Theorem 2.1. We also establish some relations between these coefficients and
the Lyapunov regularity coefficient.
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3.1 Regularity coefficients

Given a sequence A = (A )men of invertible g x g matrices with real entries, we define
w(A) =max{bj—a;:i=1,...,q9},

q
o(A) =) bi— limrrbiorolf%bg|detﬂm|,

i=1

0(A) =limsup — log|detAm| - 2”1‘

mM—r 00 i=1

The following result gives some relations between these functions. In particular, together with
Theorem 2.1, it shows that the three are indeed regularity coefficients.

Theorem 3.1. For any bounded sequence A = (Am)men of invertible g x q matrices, we have

0 < a(A) < o(A) < ga(A) @3.1)

and
0<a(A) <v(A) <ga(A). (3.2)

Proof. Clearly, a(A) > 0. Note that

il 1 q
A) = Zbi—l%nrrlgf%lognpi(m

> b; — limsu —lo —hmmf—lo
Z m sup ggpz im inf —log p;(m)
q

> ) bi—) bi—aj="bj—q
i=1 iZ]

and so g(A) > «(A). Moreover,

9 1 9
A) =Y b, — liminf — 1 l-
a(A) ;b iminf ong (m
9

§ibi—i Zb—a < qa(A),

i=1 i=1

which establishes (3.1).
On the other hand, we have

Y

0(A) =limsup — longl - a4

m—o0 i=1 i=1

-
2

> lim sup 1 logp]( m) + hmmfl long,

m—» 00 l?é']

9
2bj+) 0= ) 4 =b—q

i#] i=1
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and so 0°(A) > a(A). Finally,
_ . 1 d 1
7(A) = limsup —log i|:1| pi(m) —)_ a;

m—r 00 i=1

i=1

9 9 9
<Y bi—) ai=) (bi—a;) < qa(A),
i=1 i=1

which establishes (3.2). O
It follows readily from Theorem 3.1 that
q717(A) < o(A) < qo(A)

and
g 'a(A) <T(A) < qa(A).

We also establish some relations between these three coefficients and the Lyapunov regu-
larity coefficient. We recall that the Lyapunov reqularity coefficient of a sequence A = (Ap)meN
is defined by

q
o(A) =) Ai— I%igfilog\detﬂm\.
i=1

Theorem 3.2. For any bounded sequence A = (Am)men of invertible g x q matrices, we have
o(A) <o(A) and o(A) < ga(A).

Proof. The first inequality follows readily from the fact that b; < A} fori = 1,...,q and the
definitions of ¢(A) and ¢(A).

For the second identity, we first observe that it suffices to consider upper-triangular ma-
trices. Indeed, given a sequence A = (A )men of invertible g x g matrices, there exists a
sequence (U, )men of orthogonal g x g matrices with Uy = Id such that

Cm — u;1+1Amum

is upper-triangular for each m € IN (see Theorem 3.2.1 in [2]). Clearly, the sequence C =
(Cm)men is also bounded and one can easily verify that

«(C) = a(A), ¢(C)=0c(A), 7(C)=c(A) and o(C)=c(A).

Without loss of generality, we assume from now on that all matrices are upper-triangular. We
also consider the Grobman regularity coefficient v(A) that is defined by

Y(A) = minmax{A(v;) + p(w;) : 1 <i <gq},

where the minimum is taken over all dual bases vy, ...,v; and wy, ..., w;. Denoting by aij(l )
the entries of A;, we have

q m m
7(A) <) (hmsupllogl—ﬂaii(l)\ —hrr;inf;logl_ﬂaii(l)])
i=1 1 e I=1

m—00 I—

(see Theorem 3.1.3 in [2]). Since the matrices A; are upper-triangular, we obtain

Lo Tiaa ()] = L 10g o1, (m)
m ngl ii —m ng,-
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q < z : ]- 1 ] . . 1

i m—co

Il
—_

I
™=

Il
—

(bki o aki) < EI(X(A)

Moreover, we have

o(4)
p <7(A)

(see Theorem 7.3.2 in [2]) and so 0(A) < g?a(A). This completes the proof of the theorem. [

3.2 Realization problem I

In this section we construct bounded sequences of matrices A = (Ay;)men attaining specific
values of the regularity coefficients a(A) and g(A).

Theorem 3.3. Given numbers p, g > 0 such that

p<g=<qp

there exists a bounded sequence A = (Am)men of diagonal g x q matrices with a(A) = p and
a(A) =g

Proof. Note that a(A) = ¢(A) = 0 for any regular sequence A. So it suffices to take p > 0. We
divide the proof into steps.

Step 1. Construction of sequences of numbers. Given r,c,d € R with r > 1 and ¢ > 4, for
each m € N let

e if me S fork e NN,
a(m) =
e ifm e Ty for k € N,
where
Sp={meN:*2<m<r*1}
and

Tr={meN: Pl <m < r2k}.
The following result is taken from [5].

m—1

Lemma 3.4. For p(m) = i (j) we have

B e T (2= 1)Hd(m—r2) ifm € S fork € N,
p(m) = e%(rzk—2_1)+d(r2k—1_rzk—2)+c(m_r2k—1) 1fm c kaor ke N.
Moreover,
lim su llo (m) = dtcr
m_mp L |
and
c+dr

oo 1
lﬂlgf%logp(m) =51
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Step 2. Construction of sequences of matrices. We say that the sequence of matrices
(Am)men, where A, = diag(a;(m),...,a,(m)) for m € N with

4 ifm e S fork € N,
ai(m) = {e if m i for (33)

ei ifme T, fork € N,
is r-reqular if the following conditions hold:
l.¢g>difori=1,...,q;
2.¢;<ciypandd; <dj g fori=1,...,q—1.

Lemma 3.5. For any r-regular sequence A = (Ap)menN, we have

and
r—1

Proof of the lemma. 1t follows from Lemma 3.4 that

dj+c;r _ _
(m) e L (P2 =) el (=) if me S fork € N,
m - i Cir — — — —
Pi edlr:f (rzk 2—1)+di(7'2k 1_ 2k 2)+Ci(m—7’2k 1) ifm e Tk for k € N,

fori=1,...,q. Indeed, if m € S, then
p(m) . edi:f]i’ (r2k72—1)+di(m—r2k72)
; =
dip14¢ivar  2k—2 ) _2%k-2
< e%(y 1) +diga (m—r"7%) _ i1 (m)

and if m € Ty, then
pi(m) = erT

d; qr _ _ _ _
S e%(rzk 2—1)+d,~+1(1’2k 1—r2k 2)+C,‘+1(m—7’2k 1) _ pi+1 (ﬂ’l)

dir (K2 1) d; (121 —12K2) gy (m—12F1)

It also follows from Lemma 3.4 that

r—1
w(A) = ng@](ci—di)

and
1 .1
c(A) = 1; b; — hmrrl)lor(}f P log det Ay,
0 g ) (3.4)
=Y ST Jiminf ~ log det A,
= r+1 m—oo M
We have

liminf — log det A,, = hmr&l;‘f p log H Hﬂi(])/

m—reo m =1 i=1
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where

9 (m) ettty if e S fork € N,
a;\m) =

=i ettt if m € Ty for k € IN.

1

Applying Lemma 3.4 withc =c¢; +---+c¢;and d = dy + - - - + d; we obtain

1, mtd it Fcg+ (di4- -+ dg)r
liminf — 1 (j) = d d
mint;, g [ 1] [a() i
_icl—kdlr
=y

and it follows from (3.4) that

This completes the proof of the lemma. O

Step 3. Conclusion of the argument. We first construct auxiliary sequences.

Lemma 3.6. Given c; > dy > 0, there exist an r-regular sequence C = (Cp)meN with

(r—=1)(cy —dy)

o(C) = a(C) = T

and an r-reqular sequence D = (Dy, ) meN with

o(D) = qa(D) = q : (3.5)
Proof of the lemma. Let

and denote the corresponding matrices A, (see (3.3)) by C;;. Then the sequence C is r-regular
and by Lemma 3.5 we have

Now let
c1=-=cp di=--=d,

and denote the corresponding matrices A, (see (3.3)) by D,,. Then the sequence D is r-regular
and by Lemma 3.5 we have

(r—1)(cq —dy)
r+1

(r—1)(cq —dy)
r+1

o(D)=gq and «(D) =

which gives identity (3.5). O
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We use the sequences C and D to show that for each p € [1, 4] there exists an r-regular
sequence E = (E;;)meNn With

a(E) = pa(E).

First observe that replacing C by the sequence C' = (C},)uen with C;, = C, for some x > 0
corresponds to replace the numbers c; and d;, respectively, by xc; and xd; for each i. Therefore,

a(C') =xa(C) and ¢(C") =xc(C).

Moreover, for each v € [0,1], the sequence of matrices E = (E)nen with E, = C,DLV for
m € N is r-regular, with

a(E) =va(C)+ (1—v)a(D) and c(E) =ve(C)+ (1—v)a(D). (3.6)

Indeed, let ei(m) and efi(m) be, respectively, the entries on the diagonals of C,, and D,,. Then
the entries on the diagonal of E,, are ¢'“i(")*(1=¥)di(") and one can easily verify that the two
properties in the notion of r-regularity hold as well as (3.6). By Lemma 3.5 and (3.6) we obtain

(cg—dg)(r—1) (cg—dg)(r—1)

ME) =v——" g TU-v——5
_ (cg—dg)(r—1)
r+1
and
o(E) = 1/(cq —f:)(lr— 1) L a _v)q(cq _rdj_>1(r_ 1)
(v v))(e —dy)(r - D)
r+1 '

In particular,
o(E)/a(E) =v+ (1 —v)q.

Note that when v goes from 0 to 1, this expression goes from g to 1 and so it takes any value
u € [1,4q]. Moreover, «(E) can take any prescribed positive value by choosing c; and d;. This
completes the proof of the theorem. O
3.3 Realization problem II

In this section we construct specific sequences of matrices attaining each possible value of the
regularity coefficients ¢(A) and o(A).

Theorem 3.7. Given s > 0, there exists:
1. a bounded sequence of matrices A with ¢(A) =s;
2. a bounded sequence of matrices A with 7(A) = s.

Proof. Note that ¢(A) =0 (A) = 0 for any regular sequence A. So it suffices to take s > 0.
We first show that given s > 0, there exists a bounded sequence of matrices A with
o0(A) =s. Consider the sequence of diagonal matrices

Ay = diag(ay(m),...,a,(m)),
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where
ePi if k! <m < (k+1)! with k odd,
a;(m) =

1 otherwise

for some nonnegative numbers

Pr<pr<--- <Py
such that 7| B; = s. Then p;(m) < ef™ and so

b; —hmsup—logpz( ) < Bi.

m—o0

On the other hand, for k odd we have
pi((k+1)1) > Pil(rD)i=k)
and so

b; > lim sup
k—ro0 (

. 1
> hr;n_)s::p mﬁi((k+ D! —k!) = Bi.

i ese (k1)

This shows that b; = B; fori = 1,...,q. Moreover, since 4;(j) > 1 we have
lim inf 1 log det A,, > 0. (3.7)
m—oo m

On the other hand, denoting by ey, .. ., e, the canonical basis for R7 and writing r, = (2n+1)!,
we obtain

lim 1nf — log detA,, = 11m inf — logHHAmel |

m—oo

< 111511%}0&; loggHArneiH.

We have
HH'ArneZH < Heﬁr (2n)! — s(2n)!
and so , 5
liminf — log det A, < liminf — s(2n)! =0.
m—oo M n—00 Tn

Together with (3.7), this implies that

lim mf — logdet A, =0

m—oo 1M

and so
i 1 f ! log det A iﬁ
=) pBi—liminf —logdet A, = i =S5s.
i=1 e i=1
Now we show that given s > 0, there exists a bounded sequence of matrices A with
(A) = s. Consider the sequence of diagonal matrices

Ay = diag(ai(m),...,a,(m)),
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where

{es ifk!<m< (k+1)!and k=gmod (g+1),
ai(m) =

1 otherwise.

Since a;(m) > 1, we have p;(m) > 1 and so

a; = hmmfllogp,( ) > 0.

m—oo M

Moreover, letting 7, ; = (9 +n(q +1) +j)! we have

1
a; < llrggfﬁgzﬁ]lognﬂﬂr e < llnl)gf; 0.

Therefore, a; = 0 fori =1,...,q. Moreover, detA,, < ™ and so

1
lim sup p” logdet A, <s. (3.8)
m—00
Finally, we have
g (k+1)!—1
det A (k11)! H H — S((k+1)! k!),
i=1 j=k!

for k = g mod (g + 1), which gives

lim sup 1 log det A, > limsup w =s.

m—oo M n—00 n

Together with (3.8), this implies that

lim sup — log detA,, =s

00
and so
0(A) = limsup — log det A, i a; =s.
m—co i=1
This completes the proof of the theorem. O

4 Further regularity coefficients

In this section we introduce two additional regularity coefficients based on the matrices A,,.
We also establish inequalities between these coefficients and the former ones.

For each k = 1,...,q, let (R7)"* be the set of alternating k-linear forms on IR9. We define
an inner product on (R7)"¥ by requiring that

(vl/\---/\vk,wl/\--~/\wk> :detB,

where B is the k x k matrix with entries b;; = (vi, wj> fori,j =1,...,k and where (-, -) is the
standard inner product on RY. In particular, for k = 1 we recover the standard inner product
and so the 2-norm on IR7.
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Now let A = (Au)men be a sequence of g x g matrices with real entries. For each k =
1,...,q, we define

1
ck(A) = liminf — log|| (A"l

m—eo M
and
dy(A) = limsup — 10g||(Am)/\k||,
m—>00
where

(‘Am)/\k(vl ARERNA Uk) = Apo1 Ao N Ay
Finally, let
e(A) = max{di(A) —cx(A) :k=1,...,q}.

Theorem 4.1. The function €(A) is a regularity coefficient. Moreover, for each bounded sequence of
matrices A = (Ap)meN we have

Ja(A) < €(A) < qa(4). @)
Proof. Note that it suffices to establish (4.1) since then e(A) > a(A)/2 > 0 and ¢(A) = 0 if
and only if a(A) = 0, that is, if and only if A is regular.
Recall that for any g x g matrix B we have

k
k
1Bl = [ Teg—i+1,
i=1

where p; < --+ < p, are the (real nonnegative) eigenvalues of the matrix (B*B)'/2. Taking
B = A,, we obtain
k
1(Am)" I =T Tpg-ia(m). (4.2)
i=1
Therefore,
x(A) = lmlorolf—lognpq ir1(m)
1 k
> Z h,}flg}f p” log pg—it1(m) =Y ag,_is1(A)
i=1 i=1
and

di(A) = 11msup—longq iv1(m)

m—00

< thsup—logpq i1 ( qu i1 (

i=1 m—0oo

This readily implies that

k
d(A) — (A Z g-i+1(A) —ag-i11(A)) < ka(A)
i=1
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and so €(A) < ga(A). On the other hand, by (4.2) we have

_ Ik )
[(An) ]

pi(m)

fori=1,...,g—1and
og(m) = [[(Aw) || = [[ Al

Therefore,
a;(A) = hmnhlorgf%logpl( m)
, 1 ,
s A(g—i+1) s A(g—i)
> llgggf - log||(Am) I+ lim inf —— log | (A:m) |
= q-i+1(A) — dg—i(A)
and

bi(A) = limsup —logpl( )

m—ro0

<11msup—logH( m)" (q—=i+1) H —|—hmsup——log|\(flm) )H

m—00 m—00

= dg—i+1(A) — cq—i(A)

fori =1,...,q — 1. These inequalities also hold for i = g, with the convention that ¢y(A) =
do(A) = 0. This implies that

bi(A) — ai(A) < dg-iy1(A) — cq-it1(A) +dg—i(A) — cq-i(A)

and so

w(A) < max{d;_i11(A) —cqit1(A):i=1,...,q} +max{d, i(A) —c;_i(A):i=1,...,q}
< 2e(A).

This completes the proof of the theorem. O

We also introduce a second regularity coefficient. First recall that a bounded sequence
of matrices A = (A )men is regular if and only if the sequence of matrices (AZ%.A,,)" (2™
converges entry by entry when m — oo (see [4]). Therefore, the function

9.4
=) Z(hmsup (AX Am)}/(z "™ _ liminf(AZ, Am)l/(Zm)>’

i=1j=1\ m—oo m—soo

where B;; denotes the ij entry of a matrix B, is a regularity coefficient. Moreover, we have the
following result.

Theorem 4.2. There exists a constant C; > 0 depending only on q such that for each bounded sequence
A = (Am)men of invertible q x q matrices such that A=t = (A,;})men is also bounded we have

CHIATHIS a(A) < pu(A) < CyllAllwr(A).
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Proof. Since the matrices (A}, A, )'/? are symmetric and positive definite, there exist orthogo-
nal matrices S, such that

S (Apen) P™S,, = diag (o1 (m)V™,..., pg(m)/™), (4.3)

Moreover, it is shown in [4] that one can always choose the matrices S;, so that they converge
entry by entry to some orthogonal matrix S when m — co. Hence, it follows from (4.3) that
there exists a constant C; > 0 depending only on g such that

max (limsuppi(m)l/m lim inf p; (m )Um)

1<i<q Mm—00 m—00

limsup(A;,A 1/(2m) — liminf(A;, Ay, )1/(2m) .
p 1]

z 13\ mooo m—sco

(4.4)

Again by (4.3) we have
(A )/ O = S, diag (o1 (m)/™, ..., pg(m)/™)S,!

and so we also obtain

q 9
Z Z <hm sup (A, Am) /2m) _im inf(A, Am)l/(z’”)>

m—00 m—r 00

i=1j=1 (45)
< C; max <limsuppi(m)1/m lim inf p;(m )1/m> ,

1<i<q m—00 m—00

taking the same constant o without loss of generality.
Now observe that by (4.2) with k = 1, we have

1A < pi(m) < [[An]
foreachi =1,...,q. Therefore,
IATHIG < pi(m) /™ < || Al
and it follows from the mean value theorem that

bi(A) — a;(A) = loglimsup p;(m)™ — log I%igfpi(m)l/m

m—oo

<147 <thUPPi(m)l/m _hmnbinfpi(m)l/m> .

m—00

Similarly, we have

lim sup p;(m)Y™ — liminf p; (m)'/™ = exp lim sup — logpl( ) —exp hmmf —log pi(m)
111—00 1m—00 11—00 m—oo M
< [ Alleo(bi(A) — ai(A)).
Together with (4.4) and (4.5) this yields the desired result. O
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