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1 Introduction

The purpose of this note is to investigate the C!"7 regularity up to the boundary for viscosity
solutions of the following fully nonlinear elliptic equation

{F(Dzu,x) =f inQ; 1)

u=g on 0(),

where () C R" is a convex polyhedron, F is assumed to be uniformly elliptic (see (1.4)).

With respect to the boundary regularity of solutions of linear elliptic equations, Li and
Wang [7, 8] proved the boundary differentiability on convex domains and demonstrated that
only under the assumption that (2 is convex, no continuity of the gradient of solutions along
the boundary can be expected (see the counterexamples in [7]). On the other hand, Lian and
Zhang [11, Theorem 1.6] proved the boundary C* regularity of solutions of fully nonlinear
elliptic equations under the assumption that the boundary 9Q) is C1**. In this note, we show
the C17 regularity for fully nonlinear elliptic equations (linear elliptic equations as a special
case) by strengthening convex domain into convex polyhedron. And we do not need such
high smoothness condition on the boundary as in [11].

Before stating our main results, we give several definitions.
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Definition 1.1. Let () C R" be a bounded set and f be a function defined on (). We say that f
is C1* at xp € Q) denoted by f € C*(xy) if there exist a linear polynomial L, constants C and
ro > 0 such that

|f(x) — L(x)| < C|x — x|, Vxe&QnB,(xo). (1.2)

Note that there may exist many L and C (e.g. Q = B; N R""1). We take Ly with
|ILo|| = min {||L]] | 3C such that (1.2) holds with L and C},
where ||L|| = |L(x0)| + |DL(xo)|. Define
Df(x9) = DLo(xo),

1 fllct(x) = lILoll,
[flcia(x) = min {C | (1.2) holds with Lo and C}

and
1 fllcraixe) = I llcrixg) + [flctagxo)-
If f € C*(x) for any x € Q with the same o and

[ fllcrey = sup [ fllct(x) + sup[fcraqx) < 400,
xeQ) xeQ)

we say f € CH(Q)).

Definition 1.2. Let () and f be as in Definition 1.1. We call that f is C —La at xg € Q denoted
by f € C~1*(xp) if there exist constants C and 7y > 0 such that

1Al @nB, (o)) < Cr', VO <r <y, (1.3)

and denote
HfHC*l'“(xo) = min {C | (1.3) holds with C}.

If f € C~1%(x) for any x € Q) with the same 7y and
1fllc-ra(e) = sup [|fllc-ra(x) < oo,
x€eQ)

we say f € C~1#(Q)).
Remark 1.3. Without loss of generality, we can assume rg = 1 throughout this paper.

Remark 1.4. If Q) is a Lipschitz domain, the definition of C*(Q}) in Definition 1.1 is equivalent
to the usual classical definition of C*(Q)) (see [9]).

Definition 1.5 ([13]). A bounded set () is called a convex polyhedron if it is the intersection
of a finite number of closed half-spaces.

For an n-dimensional convex polyhedron Q, let F; (k =0,1,...,n — 1) be its k-dimensional
faces. Specially, O-dimensional faces are vertices and 1-dimensional faces are edges. Then we
classify the boundary points of () into two categories. For any xo € 9(), if xo € F,_1, we call
it the first class boundary point and denote xy € S1. If xo ¢ F,_1, we call it the second class
boundary point and denote xy € S,.
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We call that F : S" x (3 — R is a fully nonlinear uniformly elliptic operator with ellipticity
constants 0 < A < A if

AN|| < F(M+N,x) —F(M,x) < A|N|, VYM,NeS" N>0, (1.4)

where S” denotes the set of n x n symmetric matrices; || N|| is the spectral radius of N and N >
0 means the nonnegativeness. The standard notions and notations such as Pucci operators
M*T (M, A, A), M~ (M, A, A) and Pucci class S(A, A, f), S(A, A, f), S*(A, A, f) will be used. For
the details, one can refer to [1-3].

Now we state our main results.

Theorem 1.6 (boundary C7 regularity). Let 0 < a < a1 where a1 is a universal constant (see
Lemma 2.1). Suppose that ) is a convex polyhedron, xo € Q) and u is a viscosity solution of

{u € S*(MA,f) inQy 15)

u=g on 0Q),

where f € C~1*(xg) and ¢ € CY(xg). Then u is CY7 at x, i.e., for any xo € 9Q), there exists a
linear polynomial Ly, such that

[1(x) = Ly (0)] < Clx = 50l (Ilull () + Ifllcrage + I8llcreey ) I V¥ €Q (16)
and
[Du(x0)] < € (ltllzay + I fllc-te(ag) + I8l cracss) ) (1.7)

where 0 < v < a and C depend only on n, A, A, « and Q).

Remark 1.7. The viscosity solutions of (1.1) are in the classes S*(A, A, f) (see [1, Proposi-
tion 2.13]). So all results for functions in the classes S*(A, A, f) are valid for solutions of (1.1).

Combining the interior CL7 estimate [1, Theorem 8.3], we have

Theorem 1.8 (global C7 regularity). Let a and Q) be as in Theorem 1.6. Suppose that u is a
viscosity solution of (1.1) with f € C™1*(Q)) and ¢ € CY*(9QY). Then there exists 6 > 0 depending
only on n, A, A and a such that if

|F(M,x) — F(M,0)]

Br(x) = sup <6, VxeQ,
MeS\{0} M|

then u € CY7(Q) and

lullcrnay < € (lullusioy + I Fllceey + Igllcny )
where 0 < v < a and C depend only on n, A, A, « and Q).
The following corollary of Theorem 1.8 is a new result for linear elliptic equations.
Corollary 1.9. Let u be a viscosity solution of

0%u(x)
axix]-

—a(x) =f inQy;

u=g on 0(),
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where «, Q), f and g are as in Theorem 1.8. Then there exists 8 > 0 depending only on n, A, A and a
such that if

la' = 8il| () < 6,

then u € CY7(Q)) and

[ullcrvy < C (H“HL“(Q) + | fllcreq) + \\8”@(30)) , (1.8)
where 0 < v < a and C depend only on n, A, A, a and Q).
Remark 1.10. The C!7 estimate (1.8) is also called Cordes-Nirenberg estimate.

Remark 1.11. In this paper, C depending on 1, A, A, « and () will denote constants which may
differ at different occurrences.

The main route of proving Theorem 1.6 is the following. For xo € Sy, the C7 regularity
can be obtained as a simple corollary of [11]. For xo € Sy, there exist a half ball B,(xp) and
a cone K such that Q) C B,(xp) and K C By(xo) N Q°. This will lead to a higher regularity
of u. In addition, if f,g = 0, the solutions of (1.5) on the half ball have sufficient regularity
(see Lemma 2.1). Noting that cone has the scaling invariance, the boundary C Ly regularity for
Xp € Sy can be derived by perturbation and iteration techniques which are inspired by [10].
Then the boundary C!7 regularity can be obtained by the technique of patching. Finally, the
global C17 regularity will be deduced by combining the interior C"7 estimate.

In Section 2, we will prove an important estimate (about the C1'7 regularity for xo € Sj).
Theorem 1.6 and Theorem 1.8 will be proved in Section 3. In this note, we use the following
notations.

Notation
1. Rt = {x € R" | x, > 0}.
2. B,(x9) = {x € R"| ||x — x0| < r}, B, = B,(0), B;" (x0) = B;(x0) N R’} and B, = B, (0).
3. Tr(xo) ={(x,0) e R"| [x' —x}| <r} and T, = T,(0).
4. Q)°: the complement of () and Q): the closure of (), VQ C R™.

5. O, =QNB,and (0Q), = 0Q N B,.

2 An important estimate

In this section, we introduce some known lemmas. The first concerns the boundary Cclw
regularity for solutions with flat boundaries. It was first proved by Krylov [6] for classical
solutions and further simplified by Caffarelli (see [4, Theorem 9.31] and [5, Theorem 4.28]),
which is applicable to viscosity solutions (see [12]).

Lemma 2.1. Let u be a viscosity solution of

{u € S(A,A,0) inBf;

u=20 on Tj.
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Then u is C1*1 gt 0, i.e., there exists a constant a such that
lu(x) —ax,| < Cl!X|1+”‘1||“”L°°(Bl+)' Vxe B,
and
lal < Cullull o (py),
where «y and Cy depend only on n, A and A.

The next Lemma presents the boundary C'* estimate for solutions of fully nonlinear ellip-
tic equations with the suitable right hand function f and the boundary value g on the curved
boundary (see [11, Theorem 1.6]).

Lemma 2.2. Let 0 < ap < ay where wy is a universal constant (see Lemma 2.1). Suppose that 0C) is
CY% at 0 and u is a viscosity solution of

ueSWAANf) inQNBy;
u=g on 0Q) N By,

where f € C™1*2(0) and g € C*2(0). Then u is C*2 at 0, i.e., there exists a linear polynomial Lo
such that

|u(x) — Lo(x)| < Clx['* (HuHL‘”(QﬂBl) + [ fllc-102(0) + ||8Hc1rﬂz(o)) , YxeQNBy,
and
1D(0)] < € (Inll (e + | flle-10) + I8l crea(c))
where C depends only on n, A, A, ap and Q).

Remark 2.3. The C17 regularity for the viscosity solutions of (1.5) at xg € Sy is true as a special
case of Lemma 2.2.

The next is a Hopf type lemma (see [14, Lemma 2.15]).
Lemma 2.4. Let I' C 9B, \ T4, and u be a viscosity solution of
M~ (D*u,A,A) =0 inB;
U= xy, onT;
u=0 on oB;\T.

Then
u(x) > c1x, in By,
where c; > 0 depends only on n, A, A and I'.

It has been known that if () occupies a smaller portion in a ball centered at 0 (e.g.
|3 N B,|/|By| is smaller), the regularity of u is higher (roughly speaking). Inspired by this,
we have the following result.

Theorem 2.5. Let o and () be as in Theorem 1.6. Suppose that xo € Sy and u is a viscosity solution
of (1.5) with f € C~1%(xq) and ¢ € C*(xg). Then u is C¥7 at xy, i.e., for any xo € Sy, there exists
a linear polynomial Ly, such that

4(2) = Lo()] < Clr = x0 "7 (Jllim(arng) + Ifllc-suiay + Igllcmiy ), ¥x €O @)

with
Du(xy) = Dg(xo), (2.2)
where 0 < v < a and C depend only on n, A, A, « and Q).



6 D. Wu and P. Niu

Proof. For xy € S;, we can assume that xop = 0, (O C R’} and there exists a cone K C Q)N
R’ with 0 being the vertex (by translating and rotating the coordinate system). Further, we
assume that ¢(0) = 0 and Dg(0) = 0. Otherwise, we can consider v(x) = u(x) — g(0) —
Dg(0) - x, then the regularity of u follows easily from v. Let Cg = [g]c14(g), then

§(x)] < Celx™, Y x e (901 (2.3)

Let M = |[ull=qnB,) + [Ifllc-120) + lI8llcie(o)- To prove Theorem 2.5, we only need to
show that there exists a nonnegative sequence {ax} (k > —1) with g9 = 0 such that for all
k>0,

sup(u — agx,) < CMyFI+%), (2.4)
0,
glf(u + agxy) > —CMyFI+e (2.5)
,7k
and
a < (1—c1)ag_q + CCMy*—1, (2.6)

where C depends only on n, A and A; 0 < ¢; < 1 depends only on n, A, A and (); ¢ and
0 <5 <1/4depend only on n, A, A and a.
Now we show that (2.4)-(2.6) imply that u is C1'7 at 0. Indeed, from (2.6), we have

k k-1
ar < CEM Y (1 — ¢ 11y < CEMy =17 ) nie=) < cmyk,
i—0 i=0

|
—_

provided
11— <7y?, 0<y<a
For any x € )y, there exists k > 0 such that 7! < |x| < #*. From (2.4), we have
u(x) < sup(u — agx,) 4 agx, < CMy1+7) < CM|x|'*7.
O,
Similarly, (2.5) and (2.6) imply
u(x) > —CM|x|**7.

Therefore, u is C17 at 0 with Du(0) = Dg(0).

We only give the proofs of (2.4) and (2.6); the proof of (2.5) is similar with (2.4) and we
omit it. We prove (2.4) and (2.6) by induction. For k = 0, by setting a_; = 0, they hold clearly.

Supposing that they hold for k, we need to prove that they hold for k + 1.
Let r = 7¥/2 and ©v; solve

M*(D?*v1,A,A) =0 in B/;
v =0 on Ty;
01 = CMyF+a) on 9B, \T,.
By the boundary Cl* estimate for v; (see Lemma 2.1) and the maximum principle, there exists
a > 0 such that
lo1 = axull = 1) = 01 = Bxnl[ 1=y,

a1
< G ol

< Clﬂlxl_“ . CMﬂ(k+l)(1+a)

(2.7)
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and
a S C1 CAMﬂk“,

where #; and C; depend only on 1, A and A.
Let v, solve
M~ (D*v3,A,A) =0 inB/;
Uy = Xy on dB NK;
v, =0 on 9B, \K.

By Lemma 2.4, there exists 0 < ¢; < 1 depending only on 1, A, A and K such that
Uy > cragX, in B;ﬂ‘ (2.8)
In addition, by the comparison principle,
vy < agx, in Bf.
Letting w = u — ayx,, — v1 + vy, it follows that (note that vy, v > 0)

we S\ A, —|f]) inQNB,;
w<g on 00 N B;;
w<0 on dBF N Q.

By the Alexandrov-Bakel’'man—Pucci maximum principle, we have

. 1+C - "
sup w < supw < Car 1 4 Cor| || o ) < C;71+§ My kD), (2.9)

ka+1 Qr

where C; depend only on 1, A and A.
Let C := C;. Take 5 small enough such that

C]nal — S
Next, take C large enough such that

1+G
CAﬂl—HX

IN

1
5
Let ay. 1 = (1 —¢1)ag + a. Then (2.6) holds for k + 1. Recalling (2.7), (2.8) and (2.9), we have

U— A 1Xy = U — AgXy — U1 + U2 + 01 — aXy + C1a5Xy — U2
=W+ 01 —axy + 14Xy, — U2
<w+4 v —ax,
< CMy®II)in 0

By induction, the proofs of (2.4) and (2.6) are completed. O
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3 Proofs of the main results

Combining Theorem 2.5 and Lemma 2.2, we give the

Proof of Theorem 1.6. We only need to prove that for any x¢ € S;, there exists a linear poly-
nomial Ly, such that

lu(x) — Ly, ()] < Clx —x0|'7,  VxeQ. (3.1)

In fact, for any xg € Sy, there exists y € S, such that |y — xo| = dx, = d(x0, S2). We know from
Theorem 2.5 that there exist a linear polynomial L, and a constant C such that

lu(x) — Ly(x)| < Clx —y|'*7, VxeQ. (3.2)

Let v(x) = u(x) — L,(x). There exists a constant 0 < T < 1 (depending only on Q) such that
QN Brg, (x0) is a half ball. That is, QN Brg, (x0) = {x € R"|fi- (x — x9) > 0} N Byy, (x0),
where 7i is the unit inward normal of () at xg. Applying Lemma 2.2 in QO N Bdeo(xo) and
recalling (3.2), there exists a linear polynomial

Ry, (x) = R(x9) + DR(xp) - (x — xp)

such that
[R(x0)| = [v(x0)| < Cldy, "7,

IDR(x0)| < Cltdy,|" < Cldx|”

and

x — xo|'7
0(1) — Reg(9)] < 20 (ol ammn o+ 1o (U ooy + I8llctacen)
’deo‘ v 0

< Clx — xo|'7, YV x € QN By 2(x0).
v/

(3.3)
Define
on(x) = Ey@‘) + Rxo(x)'
If |x — xo| < Tdy,/2, by (3.3), we have
[u(x) = Ly, (x)] = [o(x) = Ry (x)] < Cla — o[,
If |x — xo| > Tdy, /2, by (3.2), we have
|4(x) = Ly, (x)| < (%) = Ly ()] + Ry (%)

< Clax = yI"™*7 + R (x0)| + [DR(x0) ] — xo|

< Clx — xoM.
Combining the two cases, we get (3.1). O

The proof of the global C7 regularity is ended by Theorem 1.6 and the interior C1”
estimate. Now we give the details.
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Proof of Theorem 1.8. For any xy € (), there exists y € 0Q) such that |y — xo| = dy, =
d(x0,0Q)). Then from Theorem 1.6 and Remark 1.7, there exist a linear polynomial L, and
a constant C such that

lu(x) — Ly(x)| < Clx —y|'", VxeQ. (3.4)

Let v(x) = u(x) — Ly(x). By the interior C'* estimate in By, (x0) and (3.4), there exists a linear
polynomial

Qo (x) = Q(x0) + DQ(x0) - (x — x0)

such that
|Q(x0)| = |v(x0)| < Cldy,|'*7,
IDQ(x0)| < Cldy,|"

and

x — xo|'7
o0) = Quo (1) = CEZH0 (ol a7 10 + i)

< C]x — XO|1+’Y, Vxe deO/z(xO).

(3.5)

Define
Pxo(x) = Ly(x> + on(x)'
If |x — xo| < dy,/2, by (3.5), we have

|u(x) — Py, (x)| = [0(x) = Quo(x)] < Clx — x0['*7.
If |[x — xo| > dy,/2, by (3.4), we have

[11(x) = Pry (x)] < [u(x) = Ly(x)| + | Qu, (x)]
< Clx =y +|Q(x0)| + [DQ(x0) [0 — x|
< Clx — x|,
Combining the two cases, it follows that for any xo € (), there exists a linear polynomial Py,

such that
lu(x) — Py, (x)| < Clx —xo|'™7,  VxeQ.

The proof of Theorem 1.8 is finished. O
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