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Abstract. In this paper, it is proven that every multiplicative bijective map, Jordan bijective
map, Jordan triple bijective map on generalized matrix algebras is additive.
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1. Introduction. Let R be a commutative ring with identity, A and B be
two algebras (maybe without identity) over R. Let M be an (A, B)-bimodule and
N a (B, A)-bimodule. Assume that there are two bimodule homomorphisms ¢ :
M®p N — Aand ¢ : N ®y M — B satisfying the following associativity condi-
tions: (mn)m’ = m(nm’) and (nm)n’ = n(mn’) for all m,m’ € M and n,n’ € N,
where we put mn = ¢(m ®@ n) and nm = ¥(n @ m). A generalized matriz algebra
Mat(A, M, N, B) is an algebra of the form

a m

Mat(A, M, N, B) := H -

} :aeA,meM,neN,beB}

under the usual matrix-like addition and matrix-like multiplication, where at least
one of the two bimodules M and N is distinct from zero. Obviously, the triangular
algebras studied in [1] are a kind of generalized matrix algebras. We refer the reader
to [11, Section 2] for some classical examples of generalized matrix algebras.

We now introduce some needed definitions. Let ¢ be a map from A to B and
a, b, c be arbitrary elements of A.

(1) ¢ is said to be multiplicative if
¢(ab) = ¢(a)p(b).
(2) ¢ is called a Jordan map if
¢(ab + ba) = ¢(a)p(b) + ¢(b)¢(a).
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(3) ¢ is called a Jordan triple map if

¢(abe + cba) = ¢(a)p(b)¢(c) + ¢(c)p(b)p(a).

It is of interest to study the relationship between the multiplication and the
addition of an algebra. Martindale in [9] found that every multiplicative bijective
map from A to an arbitrary algebra is additive if A contains a nontrivial idempotent.
We would like to point out that the algebra on which Martindale worked is in fact a
kind of generalized matrix algebra (see [11, (2.1)]). Following the standard argument
of [9], several mathematicians have investigated the additivity of maps on rings as
well as operator algebras (see [3, 4, 7, 8, 10]).

As far as we know, Cheung [2] first initiated the study of linear maps on tri-
angular algebras. He determined the class of triangular algebras on which every
commuting linear map is proper. Motivated by the aforementioned results, Ling and
Lu in [6] studied Jordan maps of nest algebras, a kind of triangular algebras coming
from operator theory. They showed that every Jordan bijective map on a standard
subalgebra of a nest algebra is additive. This result was extended by Ji [5] to Jordan
surjective map pair of triangular algebras. Recently, Cheng and Jing in [1] proved
that every multiplicative bijective map, Jordan bijective map, Jordan triple bijective
map and elementary surjective map on triangular algebras is additive. On the other
hand, Wei and Xiao in [11] extended the main results of [2] to generalized matrix
algebras. Therefore, it is natural to consider the additivity of the above defined maps
on generalized matrix algebras.

Throughout this paper, let G be a generalized matrix algebra Mat(A, M, N, B).
We always assume that M is faithful as a left A-module and also as a right B-module,
but no further conditions on N. For convenience, we set

ove{[ Aoeca)s oun (3 3]omen
ou={[ 2 8] mens s[4 2] 00}

Then every element a € G could be written as a = a1 + a12 + a21 + ass, where
a;j € G;j. This special structure allows us to borrow the argument in [9] even without
the existence of nontrivial idempotents.

2. Multiplicative maps. In this section, we shall study the additivity of mul-
tiplicative maps on generalized matrix algebras. Firstly, we state the main theorem
of this section.
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THEOREM 2.1. Let A and B be two algebras over a commutative ring R. Let M
be faithful as a left A-module and also as a Tight B-module. Let G be the generalized
matriz algebra Mat(A, M, N, B) which satisfies

(1) forae A, aA =0 or Aa = 0 implies that a = 0,

(2) for b€ B, bB =0 or Bb =0 implies that b =0,

(3) forme M, Am =0 or mB = 0 implies that m =0,
(4)

4) form € N, Bn =0 or nA = 0 implies that n = 0.

Then a multiplicative bijective map ¢ from G onto an arbitrary ring R’ is additive.
We need the following lemmas.
LEMMA 2.2. ¢(0) =0.

Proof. Since ¢ is surjective, there exists a € G such that ¢(a) = 0. Therefore,
$(0) = ¢(0-a) = ¢(0)p(a) =0. D

LEMMA 2.3. For aii € Gi1, bi2 € Gi2, and das € Gao, we have

P(ar1 + biz + da2) = d(ai1) + ¢(biz + da2) = P(arr + bi2) + P(da2).

Proof. Choose ¢ € G such that ¢(c) = ¢(a11) + ¢(bi1a + daz). For arbitrary
tos € Gao, it is clear that

P(tazc) = P(ta2)o(c) = d(taz)(P(air) + (b2 + daz))
= ¢(ta2)P(air) + P(ta2)p(bia + dao) = P(taadaz).
Thus, tosc = toados, and hence, co1 = 0 and cos = dog. For s € Gy1, we have
p(cs11) = ¢(c)@(s11) = (#(a11) + ¢(bi2 + da2))P(s11)
= P(a11)P(s11) + d(br2 + da2)P(s11) = dar1511).
Then c¢s11 = a11511, and hence, c¢11 = a11. In order to determine c¢12, we get
P(s11¢ta2) = d(511)0(c)d(t22) = d(s11)(@(a11) + P(b12 + d22))d(t22)

= ¢(s11)P(a11)p(taz) + P(s11(b12 + daz)tas)
= P(s11b12t22)

for all S11 € gll and tog € g22. It follows that S11Ctag = Sllblgtgg, which implies that
c12 = bia. This shows that

o(a11 + b1z + daz) = Par1) + P(b12 + daa).
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The second claim ¢(aq1 + b1z 4+ do2) = ¢d(a11 + bi2) + ¢(d22) is proven similarly. O
COROLLARY 2.4. For a11 € Gi11, bi2 € Gi2, and dag € Gaa, we have

(1) ¢(ai1 + bi2) = ¢(ar1) + ¢(b12),

(2) b1z + daz) = ¢(b12) + P(d22).

Using a similar method as in Lemma 2.3, we obtain the following lemma.

LEMMA 2.5. For ai1 € Gi1, €21 € Go1, and dos € G, we have

(a1 + e21 + daz) = ¢(a11) + ¢(ear + daz) = Par1 + ea1) + ¢(da2).

COROLLARY 2.6. For ai1 € Gi1, e21 € Go1, and dag € Gaa, we have
(1) ¢p(ai1 +e21) = ¢(ai1) + d(e2),
(2) ¢(e21 + daz) = d(ea1) + d(da2).

LEMMA 2.7. For ain € Gi1, biz,c12 € Gi2, €21, fo1 € Ga1, and doo € Goo, the
following two identities hold:

(1) ¢(ar1biz + ci2daz) = ¢(aribiz) + ¢(c12daz),
(2) ¢(dazear + farar1) = ¢(dazenr) + d(f21a11).
Proof. We first prove (1). By Corollary 2.4, we have
P(a11bia + c1adaz) = ¢((ar1 + c12)(br2 + daz))
= ¢(a11 + c12)d(b12 + da2)

= (¢(a11) + ¢(c12))(@(b12) + d(da2))
= ¢(a11012) + P(c12da2).

The claim (2) can be proved similarly by Corollary 2.6. O

Proof of Theorem 2.1.
Step 1. ¢ is additive on G152 and Go;.

For arbitrary ajs,bia € Gi2, we need to prove ¢(aiz + b12) = ¢(ai2) + ¢(b12).
Choose an element ¢ € G such that ¢(c) = ¢(a12) + ¢(b12). For s11 € G and
ta2g € Gao, we have

P(s11¢taz) = @(511)P(c)(taz) = ¢(s11)(P(ar2) + d(b12))d(t22)
(s11a12t22) + @(s11b12t22)

(s11a12t22 + s11b12t22).

¢
¢
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Note that the last equality follows from Lemma 2.7 (1). Hence, s11ctos = s11a12t22 +
s11b12t22. It follows that ¢12 = a1 + bia. Moreover, ¢(cs11) = ¢(c)d(s11) = (d(a12) +
d(b12))¢(s11) = 0. This implies that ¢;; = 0 and ¢o; = 0. By considering ¢(ta2¢),
we obtain cgs = 0. Hence, ¢ is additive on Gio. By Lemma 2.7 (2), we can similarly
prove that ¢ is additive on Ga;.

Step 2. ¢ is additive on Gi; and Gao.

For arbitrary aii,b11 € Gi1, we need to show ¢(a11 + b11) = ¢(a11) + ¢(b11).
Choose an element ¢ € G such that ¢(c) = ¢(a11) + ¢(b11). Take s11 € Gi1 and
tog € Gag, it is easy to know that ¢(toac) = 0 and ¢(siictae) = 0. Hence, ¢o1 = 0,
Coo = 0, C12 = 0.

On the other hand, for u;2 € G, it follows from Step 1 that

P(curz) = ¢(c)p(urz) = (¢(a11) + ¢(b11))p(u12)
= ¢(anuiz) + ¢(briuiz)
= ¢(ar1urz + biiuiz).
Therefore, cuio = ajiuis +bi1ure. Since M is faithful as a left A-module, we now get

that ¢11 = a11 + b11. Hence, ¢ is additive on G1;. The additivity of ¢ on Gao can be
proved similarly.

Step 3. ¢(a + b) = ¢(a) + ¢(b) for arbitrary a,b € G.

FiI‘Stly, we show that (,25((111 + b12 + c21 + dgz) = ¢((111) + d)(le) + (,25(021) + ¢(d22)
for a1; € Gi1, biz € Gi2, c21 € Go1, and day € Goo. In fact, if ¢(f) = #(a1) +
d(b12) + ¢(c21) + ¢(da2) for f € G, then for s11,t11 € Gi1, we have ¢(s11ft11) =
d(s11)P(a11)P(t11) = d(s11a11t11). Hence, f11 = aq1. Similarly fio = bia, fo1 = coi,
and fos = das. Now for arbitrary a,b € G, we have

o(a+b) = ¢(a11 + a2 + a21 + age + b1 + big + bay + ba2)

((a11 + b11) + (a12 + b12) + (a21 + ba1) + (a2 + b22))
(@11 4 b11) + (a2 + bi2) + ¢(az1 + ba1) + (a2 + b22)
(a11) + ¢(b11) + ¢(a12) + d(b12) + d(a21) + ¢(ba1) + ¢(a2) + ¢(ba2)
(
(

a1 + a1z + a1 + azz) + ¢(b11 + bia + bay + ba2)

This completes the proof of the main theorem. 0O
Clearly when N = 0, our Theorem 2.1 degenerates to [1, Theorem 2.1].
We end this section by a corollary as follows.

COROLLARY 2.8. Let A and B be two unital algebras over a commutative ring
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R. Let M be faithful as a left A-module and also as a right B-module, and G be the
generalized matriz algebra Mat(A, M, N, B). Then a multiplicative bijective map ¢
from G onto an arbitrary ring R’ is additive.

3. Jordan maps. In this section, we shall study the additivity of Jordan maps
on generalized matrix algebras. However, for Mat(A, M, N, B), we have to assume
that N is faithful as a left B-module and also as a right A-module.

THEOREM 3.1. Let A and B be two algebras over a commutative ring R. Let
M be faithful as a left A-module and also as a right B-module and N be faithful as a
left B-module and also as a right A-module. Let G be the generalized matriz algebra
Mat(A, M, N, B) which satisfies

1) forae A, ifax +xa =0 for all x € A, then a =0,

2) forbe B, if by +yb=0 for all y € B, then b= 0,

(1)
(2)
(3) forme M, Am =0 or mB = 0 implies that m = 0,
(4) forn e N, Bn =0 or nA =0 implies that n = 0.

Then a Jordan bijective map ¢ from G onto an arbitrary ring R’ is additive.

We first prove some lemmas.

LEMMA 3.2. ¢(0) = 0.

Proof. Let ¢(a) = 0, where a € G. Then ¢(0) = ¢p(a-0+0-a) = ¢(a)p(0) +
¢(0)¢(a) = 0. O

LEMMA 3.3. For a1 € Gi1, bia € G2, and dog € Goo, we have

(a1 + biz + da2) = P(ar1) + ¢(b12 + daz) = P(ar1 + b12) + é(da2).

Proof. We only prove ¢(a11 + b1a + daz) = é(a11) + ¢(b1a + daz), the other
equality ¢(a11 + b1a + daa) = é(a11 + bi2) + ¢(daz) can be proved similarly. Let
¢(c) = Pp(ar1) + ¢(b12 + da2) with ¢ € G. Then for arbitrary tag € Gaa, we have

P(ctar + tazc) = ¢(c)9(t22) + d(t22)d(c)
= (#(a11) + ¢(bia + d22))P(t22) + (ta2)(d(a11) + ¢(b12 + d22))
= P(a11tas + tagarr) + ¢((b12 + daa)tas + taa(bia + da2))
= ¢((bi2 + da2)tas + taadaa).

This implies that ctos+tooc = (b12+d22)t22+t22d22. Hence, ciatos = biatas, tasca; = 0,
and 622t22 + t22622 = d22t22 + t22d22. So C12 = b12, Co1 = 0, and Co9 = d22. At the
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same time, for all s11 € G171 and u1s € Gio,

o(es11 + s11¢) = Plar1811 + s11011) + P(s11(b12 + daz) + (b12 + daz)s11)
= ¢(a11511 + s11011) + O(s11b12).

Therefore, we have

o((es11 + s116)ur2 + uiz(csii + s11¢))
=¢((@11511 + s11011)u12 + wi2(a11511 + s11011)) + P(s11b12u12 + U12511012)

=¢((a11811 + s11a11)u12).
Thus, (cs11 + s11¢)u12 + u12(cs11 + s11¢) = (a11511 + s11011)u12, that is,
CS11U12 + S11CU1L2 + U12CS11 + UI2S11C = (a11311 + 511011)U12-

It follows from Co1 — 0 that C11811U12 + S11C11UL2 = (CL11811 + suau)ulg. Since M is
faithful as a left A-module, then

€11811 + S11€11 = @11811 + S11011
and hence ¢1; = aq1. O

COROLLARY 3.4. For aj1 € Gi11, bia € Gi2, and dag € Gaa, we have
(1) ¢(ar1 + bi2) = ¢(a11) + ¢(b12),

(2) @(bi2 + da2) = ¢(b12) + P(d22).

The following lemma is an analogue of Lemma 3.3.

LEMMA 3.5. For ai1 € Gi1, €21 € Ga1, and dag € Gag, we have

(a1 + e21 + daz) = ¢(a11) + ¢(ear + da2) = Par1 + ea1) + ¢(da2).

COROLLARY 3.6. For ajy1 € G171, €21 € Ga1, and dag € Gaa, we have
(1) ¢(arr + e21) = d(ain) + d(ear),
(2) plear + do2) = ¢(ea1) + d(da2).

LEMMA 3.7. For a1 € Gi1, biz,ci2 € Gi2, €21, fo1 € Ga1, and daa € Goo, the
following two equalities hold.

(1) ¢p(a11b12 + c12daz) = P(ar1b12) + d(c12dez),
(2) &d(daze21 + fara11) = d(dagear) + ¢(f21a11).
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Proof. We first prove (2). By Corollary 3.6 (2), we have

@(dazear + fora11)
=¢((da2 + fo1)(e21 + a11) + (e21 + a11)(daz + fo1))
=d(daa + fa1)d(e21 + ai1) + dlear + ar1)p(daz + fa1)
=(¢(d22) + ¢(f21))(¢(e21) + ¢(a11)) + (¢(e21) + ¢(a11))(B(daz) + ¢(f21))
=p(dagean + ea1daa) + ¢(dozary + aridao)
+ @(fore21 + €21 fo1) + ¢(fora11 + a1 for)
=¢(daze21) + ¢(fara11).

The equality (1) is proven similarly. O
LEMMA 3.8. ¢ is additive on Gi1o and Go1.

Proof. For arbitrary as1,be1 € Ga1, we prove ¢(asz; + ba1) = ¢d(az1) + ¢(ba1). Let
o(c) = d(az1) + ¢(ba1) with ¢ € G. Then for s11 € G11 and tag € Gao, we have

#(cs11 + s11¢) = Pasis11 + s11a21) + P(ba1S11 + s11b21) = P(az1s11) + @(b21511),
and from Lemma 3.7 (2) that
O(taz(cs11 + s11¢) + (es11 + s110)t22)

=¢(ta2a21511 + a21511t22) + d(t22ba1s11 + bo1s11t22)
=¢(ta2a21511) + d(t22ba1511) = P(ta2azisi1 + taobaisii).

It follows that tooca1511 + S11¢12t22 = to2a21511 + taoba1s11- Then we get ¢12 = 0 and
€21 = @91 + ba1. Moreover, for s11 € Gi1 and ua; € Gor,

P(uz1(csi1 + s11¢) + (cs11 + s11¢)u21)
=¢(u21511a21 + s11021U21) + P(u21511b21 + S11b21U21) = 0.

Then wusg1c811 + u21811¢ + s11cug; = 0. It follows from ¢ = 0 that wsici1811 +
ug1811¢11 = 0. Since N is faithful as a right A-module, then ¢y11817 + s11¢11 = 0, and
hence, c¢11 = 0. Note that

@(ctag + taac) = Pagitas + tasasr) + P(bartas + tosba1) = P(tazasr) + d(tazbar)
for all 95 € Goo. Therefore,

@ (u21(ctag + tazc) + (ctag + tooc)usr)
=o¢(uz1taoazr + tazaziuzr) + ¢(u1tazbar + taobaruar) = 0.

Thus, usqctos + ctosing + togcus; = 0. Then we have from c¢15 = 0 that cootosusy +
taocoouo; = 0. Note that N is faithful as a left B-module, we get costos + taacas = 0,
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and hence, coo = 0. This shows that ¢ is additive on Gs;. The additivity of ¢ on Gio
is proven similarly. O

LEMMA 3.9. ¢ is additive on G171 and Gas.

Proof. For ay1,b11 € Gi1, let ¢(c) = ¢(a1) + ¢(b11) with ¢ € G. Then for all
22 € Goo,

d(ctaz + tasc) = Plaritas + tagarr) + ¢(br1tes + tagbi1) = 0.

This implies that ctos + tosc = 0. Then we have c10 = 0, ¢o1 = 0, and co9 = 0. At the
same time, for ui2 € G12, by Lemma 3.8, we have

d(urzc + curz) = d(uizarn + arruiz) + G(ui2b11 + bi1uiz)
= ¢(011U12) + ¢(b11u12) = ¢(a11’u12 + bl1u12)~

Hence, uia¢c + cu1a = ajiuis + biiuqe. Since ¢ = 0, co1 = 0, and co9 = 0, we have
C11U12 = a11u12 +b11u12. Then 11 = a11 +b11 follows from the fact that M is faithful
as a left A-module. The additivity of ¢ on Gao is proven similarly. O

LEMMA 3.10. For x € G, a11 € Gi1, and bas € Gao, we have
(1) ¢(z + ai1) = () + ¢(ai1),
(2) (z + baz) = ¢() + P (ba2).

Proof. We only prove the claim (1). Let ¢(c) = é(x) + ¢(ai1) for some ¢ € G.
Then for all 95 € Goo,

P(cta + tazc) = d(atag + toox) + P(ta2a1r + artaz) = ¢(atan + taox).

So ctog + tesc = xtes + tagx. This implies that ci1o = 212, c21 = %21, and co2 = T20.
Moreover, for all t11 € Gq1,

o(ctin + tiic) = ¢(ati1 + tiix) + ¢(tiann + antin).
Therefore, for u1a € Gi2, we have

d(ur2(ctiy + t11c) + (ct11 + t11c)usa)
=p(uraxtiy + wtiiuie + tiruie) + ¢(antiiuiz + tiaiuiz)
=¢(urpxtin + z1itiiwiz + Tartiiuiz + trizuis) + ¢lanitiivie + triaiiuie)
=¢(

d(ur2xtin + z1rti1uie + Tor1tiivie + ti1Tuie + aritiitie + tiianiuig).
Note that in the last equality we applied Lemma 3.3. It follows that

critiiure +triciiuie = 1tz + tiiziiuie + aritiiui + trianule.
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Note that M is faithful as a left A-module, then
c11t11 +ti1c11 = 11ty + tiiwn + a1t + taan.

This implies that ¢11 = x11 +aq11. O

LEMMA 3.11. The equality ¢(a11b12 + co1d11) = d(a11b12) + ¢(co1dr1) holds for
all a11,d11 € Gi1, bi2 € Gio, and co1 € Goy.

Proof. On one hand, by Lemmas 3.9 and 3.10, we have
¢

(
d((a11b12 + c21d11) + ar1din + dirarn + bizcar) + ¢(c21b12)
B(a11biz + co1diy) + d(arndin + dirarr + biacar) + ¢(ca1bi2)
(
(

((a11b12 + c21d11) + a11di1 + di1arr + bi2cor) + c21012)
(

d(a11b12 + co1di1) + ¢(arrdir + dirair) + ¢(bizcar) + @(ca1bi2)
P(a11b12 + cordir) + d(arndin) + ¢(dirarr) + @(br2car) + d(ca1bi2).

On the other hand,

¢(a11bia + co1di1 + a11diy + diyayg + biacor + co1bia)

#((a11 + ca1)(b12 + di1) + (bi2 + di1)(a11 + c21))

#(arr + c21)p(b12 + di1) + ¢(bi2 + di1)¢(arr + ca1)

(¢(a11) + ¢(c21))(@(b12) + (d11)) + (¢(b12) + P(da1))(d(a11) + d(c21))
P(a11)@(bi2) + d(a11)(di1) + ¢(c21)d(bi2) + dlca1)d(dar)+
¢(b12)¢(ar1) + ¢(di1)d(arr) + ¢(br2)d(ca1) + ¢(di1)d(ca1)

P(ar1biz + bizair) + ¢(cardin + dircar)+

#(arrdir) + ¢(dirarn) + ¢(br2car) + &(
=¢(a11bi2) + ¢(ca1dir) + Paridin) + o(

c21b12)
dirair) + ¢(biz2c21) + ¢(ca1bi2).
Therefore, we obtain ¢(a11b12 + ca1d11) = Pla11b12) + d(ca1dyr). O

Proof of Theorem 3.1.

Step 1. ¢(ar1 +b12 + o1 +daz) = P(ar1) + ¢(b12) + P(ca1) + P(da2) for a11 € Gi1,
bi2 € Gi2, ca1 € Go1, and daa € Gao.

Let ¢(f) = d(a11) + ¢(b12) + ¢(ca1) + ¢(daz) for some f € G. By Corollaries 3.4
and 3.6, ¢(f) = ¢(a11 + bia) + ¢(ca1 + daa). Then for s1; € Gi1, we have

é(fs11 + s11f)
= ¢(s11(ar1 + bi2) + (a11 + bi2)s11) + d(s11(ca1 + da2) + (c21 + da22)511)
= ¢(s11011 + s11b12 + @11511) + P(c21811).
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Hence, for tos € Goo, we obtain
d(taa(fs11 + s11f) + (fs11 + s11f)ta2) = P(s11b1atas) + P(tazca1511)
= ¢(s11b12t22 + t22C21511)-

Note that we applied Lemma 3.11 in the last equality. It follows that
toafs11 + s11ftaa = s11b12tos + t22c21811.

This implies that t22f$11 = t22021811 and 811ft22 = 811b12t22. That means, f21 = C21
and f12 = b12.

Furthermore, by Lemma 3.3, we have
P(uiz(fs11 + s11f) + (fs11 + s11.f)uiz)

= ¢(811a11U12 + 011811U12) + (15(021811“12 + U12621811)
=¢

(s11@11U12 + G11811U12 + C21811U12 + U12€21511)
for all s11 € Gi1, w12 € Gio. It follows that
uiafs11 + fsniwiz + s11fui2 = s11011%12 + G11511U12 + C21511U12 + U12C21 511+

Hence,

fiistiuiz + s11fiivie = s11a11U12 + a11511U12-

Since M is faithful as a left A-module, we get fi1s11 + s11f11 = s11a11 + a11811, and
hence, f11 = aii- Similarly, f22 = d22.

Step 2. ¢(a+b) = ¢(a) + ¢(b) for all a,b € G.

This follows directly from Lemmas 3.8 and 3.9, and Step 1. O

4. Jordan triple maps. In this section, we shall study the additivity of Jordan
triple maps on generalized matrix algebras. However, for generalized matrix algebra

Mat(A, M, N, B), we also have to assume that N is faithful as a left B-module and
also as a right A-module.

THEOREM 4.1. Let A and B be two algebras over a commutative ring R. Let
M be faithful as a left A-module and also as a right B-module and N be faithful as a
left B-module and also as a right A-module. Let G be the generalized matriz algebra
Mat(A, M, N, B) which satisfies

(1) fora € A, aA =0 or Aa = 0 implies that a = 0,
(2) forbe B, bB =0 or Bb =0 implies that b =0,
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(3) forme M, Am =0 or mB = 0 implies that m =0,

(4) forn € N, Bn =0 or nA =0 implies that n = 0.

Then a Jordan triple bijective map ¢ from G onto an arbitrary ring R’ is additive.

The following lemmas are needed.

LEMMA 4.2. ¢(0) = 0.

Proof. Let ¢(a) = 0, where a € G. Then ¢(0) = ¢(a-0-04+0-0-a) =
$(a)p(0)$(0) + ¢(0)$(0)p(a) = 0. O

LEMMA 4.3. For ai1 € Gi1, bi2 € Gi2, e21 € Ga1, and daa € Gaa, we have

(1) #(ar1 + biz + da2) = ¢(a11) + d(b12 + daz) = ¢(ai + bi2) + (d22),

(2) ¢(ann + e21 + da2) = d(ar1) + d(ear + dzo) = dp(an + e21) + ¢(da2).

Proof. We only prove ¢(a11+b12+da2) = ¢(a11+b12)+d(d22), the other equations
are proved similarly. Let ¢(c) = ¢(a11 + b12) + ¢(da2) for some ¢ € G. It is easy to
know that ¢(stc+ cts) = ¢(starr + stbia + ar1ts + biats) + ¢(stdaa + daots) for all
s11 € Gi1 and ti2 € Gia. Then ¢(s11t12¢) = P(s11t12da2), that is, s11t12¢ = s11t12d22.
This implies that cos = doy. Similarly, by taking sse € Goo and t1o € Gro, we get
c11 = a11- Now for sq1,t11 € Gy,

o(s11t11¢+ ct11511)
= ¢(s1itiian + siitibia + antiisin + biati1s11) + d(s11ti1doe + doati1511)
= ¢(s11t11a11 + suitiibiz + aritiisin).
Thus,
s1itiici1 + siitiiciz + ciitiisin + caitiisi = Sutiiain + sutiibie + anitiisin.

So Co1 — 0 and Ci12 — blg. 0

COROLLARY 4.4. For a1 € Gi1, bia € Gi2, €21 € Go1, and day € Gos, we have

LEMMA 4.5. For t11,a11 € Gi1, bia, c12 € Gi2, €21, for € Go1, and dax € Goo, the
following four equations hold.
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(1) ¢(t11a11b12 + tirciadar) = (t11aiibiz) + ¢(ti1ciadae),
(2) ¢(dazeaitin + farar1tin) = P(dazeartin) + ¢(fararitin),
(3) P(ar11b12522 + c12d22822) = P(ai1b12)s22 + P(c12d22522),
(4) P(s22dasear + saafora11) = P(saadasesr) + d(s22 fo1a11).

Proof. We first prove (2). By Corollary 4.4, we have

d(daseantin + foraiitin)
= ¢((da2 + fo1)(e21 + a11)tin + ti1(e21 + a11)(daz + fo1))
= ¢(daz + fa1)¢p(e21 + a11)o(t11) + ¢(t11)p(ea1 + ar1)d(daa + fa1)
= (¢(d22) + ¢(f21))(d(e21) + d(a11))o(t11) +
d(t11)(d(e21) + d(a11))(d(d22) + B(f21))
= P(dageaitin + ti1ea1daz) + d(dazarntiy + tirarndae) +
B(fareantin + tirean for) + ¢(foraritin + tiraas for)
(d

= ¢(dazeaitin) + ¢(farar1tin).

Other equalities are proven similarly. O
LEMMA 4.6. ¢ is additive on G2 and Go1.

Proof. For arbitrary asi,be1 € Ga1, we prove ¢(ag1 + ba1) = ¢(a1) + ¢(ba1). Let
od(c) = ¢(a) + ¢(ba1) for some ¢ € G. For sag,tas € Gaa,

@(s22toac + ctasan) = d(Saatazaor + az1tas2a) + P(saataobar + bartaasas)
= @(s22t22a21) + H(S22t22b21).
Then for ui1,v11 € Gi1, by Lemma 4.5,
B(s22taacvi1urr + u11v11¢t22522) = P(S22t22a21v11U11) + P(S22t22b21V11U11)
= P(822t22a21011U11 + Saataabaiv11U11).

Hence, u11v11¢12t22522 = 0 and sgatoocviiuir = saataz(azy + bey)viiugg; that is, c12 =
0 and ca1 = a9y + boy. Taking sao € Goo and to; € Goq, it follows that ¢(saateic) = 0.
This implies that c¢;; = 0 since N is faithful as a right A-module. Similarly, we can
get co2 = 0. Then ¢ is additive on Go;.

It is proven similarly that ¢ is additive on Gi5. O
LEMMA 4.7. ¢ is additive on G171 and Gas.

Proof. For aji,bi1 € Gi1, let ¢(c) = ¢(a11) + ¢(b11) for some ¢ € G. For
u11,v11 € G11 and Sg9,to0 € Goo, computing as in Lemma 4.6, we get co; = 0 and
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c12 = 0. Taking s1; € Gy1 and ta; € Go1, one can obtain cos = 0 easily. Finally,
considering soo € Gog and t12 € Gia, it follows from Lemma 4.6 that ¢11 = a11 + b11-
Then we get ¢ = a11 + by1. Similarly, we can prove ¢ is additive on Gog. O

LEMMA 4.8. For x € G, a11 € G11, and bag € Goo, we have

(1) ¢(x + a11) = ¢(x) + ¢(an),

(2) ¢z + b22) = () + P(ba2).

Proof. (1) Let ¢(c) = ¢(x) + ¢(a11) for some ¢ € G. For uij,v1; € Gi1 and
S22,t22 € Gog, computing as in Lemma 4.6, we have c1o = x12 and c3; = w9;. Fur-
thermore, for u1a € G2 and sqy € Gao, it follows that

¢(Cu12822) = ¢>($U12822) + ¢(CL11U12822)
= ¢(x11u12522 + T21U12522) + P(a11U12522)
= ¢(z11u12522 + T21U12522 + A11UI2522).
Note that we apply Corollary 4.4 in the last equality. Thus, ¢;1 = 11 + a11. We can
get cog = oo similarly.

(2) is proven similarly. O

LEMMA 4.9. The equality ¢(a11b12622 —|—021d11a11) = ¢(a11b12622) +¢(621d11a11)
holds for all ay1,d11 € Gi1, bi2 € Gi2, ca1 € Ga1, and eaz € Goa.

Proof. On one hand, by Lemmas 4.7 and 4.8 we have

P(ar1bizess + cordirary + anndiiary + aribiacor + arndiiain + caibisess)
ainbizess + cordiiary + aridirans + aribizcar + arndiiann) + ¢(carbisess)
P(ar1bizess + cordirar) +

arndiiary + airbiacor + arndirain) + ¢(ca1bizess)

= ¢(a1b12e22 + ca1diiarr) +

¢(arrdirarn) + ¢(aribizcar) + ¢(arrdiiarn) + ¢(ca1bizess).

On the other hand, by Lemma 4.7,

(
¢(
¢(
o
(
(a

P(arrbizess + cordirary + ardirarr + arbiacer + arndiiarn + carbiaess)
= ¢((a11 + c21)(b12 + di1) (a1 + e22) + (a11 + e22)(b12 + di1)(a11 + c21))
= ¢(a1r + c21)@(b12 + di1)d(a11 + e22) + ¢(arr + e22)p(b12 + di1)P(ar1 + c21)
= (¢(a11) + d(ca1))(@(b12) + ¢(di1))(d(ar1) + ¢(e22)) +
(¢(a11) + d(e22))(¢(b12) + (d11))(P(ar1) + ¢(c21))
= ¢(a11b12e22) + d(cardirarr) +
¢(arrdirarr) + ¢(aribizcar) + ¢(arndiiarr) + ¢(carbizess).
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Therefore, ¢(a11bi2e22 + ca1di1a11) = ¢(arrbizess) + ¢(cardirary). O
Proof of Theorem 4.1.

Step 1. Let a11 € Gi11, b1z € Gia, c21 € Ga1, and dos € Gao. Then ¢(a11 + b1z +
o1 + da2) = ¢(a11) + ¢(b12) + d(ca1) + P(da2).

Let ¢(f) = ¢(a11) -+ ¢(b12) + d)(CQl) -+ ¢(d22) with f S g For u11,v11 € gll and
S22, 122 € Gao, it follows by computing as in Lemma 4.6 that,

d(ur1v11 ftaesaz + saatoa fuiiun) = ¢(ui11vi1biatansaz) + ¢(saatazco1v11U11).

Now by Lemma 4.9, we get
u11v11 f1ateas22 + S22t22 f21V11U11 = U11V11b12t22522 + S22t22C21V11 UL

This implies that fio = b12 and fo1 = co1. By considering w1 € G11 and wsg; € Go,
it follows from Corollary 4.4 that fos = dos. Similarly, f11 = aq1.

Step 2. ¢(a+b) = ¢p(a) + ¢(b) for all a,b € G.

This follows directly from Lemmas 4.6, 4.7, and Step 1. O
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