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GROUP RECONSTRUCTION SYSTEMS*

PATRICIA MARIELA MORILLASY

Abstract. We consider classes of reconstruction systems (RS’s) for finite dimensional real or
complex Hilbert spaces H, called group reconstruction systems (GRS’s), that are associated with
representations of finite groups G. These GRS’s generalize frames with high degree of symmetry,
such as harmonic or geometrically uniform ones. Their canonical dual and canonical Parseval are
shown to be GRS’s. We establish simple conditions for one-erasure robustness. Projective GRS’s,
that can be viewed as fusion frames, are also considered. We characterize the Gram matrix of a
GRS in terms of block group matrices. Unitary equivalences and unitary symmetries of RS’s are
studied. The relation between the irreducibility of the representation and the tightness of the GRS
is established. Taking into account these results, we consider the construction of Parseval, projective
and one-erasure robust GRS’s.

Key words. Reconstruction systems, Fusion frames, g-frames, Group representation, Robust-
ness, Gram matrix.

AMS subject classifications. 42C15, 42C40, 20C15, 05B20, 15A60.

1. Introduction. A frame is a set of vectors in a real or complex Hilbert space
‘H such that each f € H has representations in terms of the elements of the frame (see,
e.g., [3, 6, 14]). Frames are more flexible than bases permitting us to construct them
them with special properties and select one representation of f € H between several
options, according to the problem at hand. Some of the application areas of frames
include signal processing, coding theory, communication theory, sampling theory and
the development of fast algorithms.

In many applications such as distributing sensing, parallel processing and packet
encoding, a distributed processing by combining locally data vectors has to be imple-
mented. Fusion frames (or frames for subspaces) [4, 5] are a generalization of frames
and provide a mathematical framework suitable for these applications. They are col-
lections of weights and orthogonal projections, and permit us to recover an element
f € H from packets of linear coefficients. For finite dimensional Hilbert spaces H,
reconstruction systems (RS’s) [15, 16], that are collections of operators that provide a
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resolution of an invertible operator, generalize fusion frames. RS’s are more suitable
than fusion frames for smooth perturbations and duality considerations. RS’s include
coordinate operators [1] that provide a resolution of the identity on H generalizing
Parseval fusion frames.

Frames with a high degree of symmetry, such as harmonic or geometrically uni-
form ones, are particularly useful in some of the applications [10, 12, 23]. Here we
study two types of RS’s associated with representations of finite groups, called group
reconstruction systems (GRS’s), that generalize these frames. The obtained results
are in line with [10, 23, 25]. One of these types of RS can be viewed as the operator
factors of the mixed quantum states with a broad class of symmetries considered in
[11, 8] (see also [9]) in problems of quantum detection. We briefly discuss this topic
in Remark 3.11. They are also considered in [17] as an example of RS’s that have
1-loss optimal canonical dual for the mean square error and for the worst-case error
(see Remark 3.10).

We begin Section 2 introducing some notation. Then we present the definition of
RS (Definition 2.1) and some properties. We introduce the associated RS operator,
synthesis operator, analysis operator and Grammian operator. We consider the rela-
tion of RS’s with frames (Remark 2.3) and fusion frames (Remark 2.4). The lower
and upper bounds of a RS are defined and then we introduce the most important
class of RS’s, tight RS’s and, in particular, Parseval RS’s. The Parseval RS near-
est to a given RS in the Hilbert-Schmidt norm, called the canonical Parseval RS, is
introduced. Taking into account that any RS can be obtained by grouping the ele-
ments of a frame (Remark 2.3(2)), we characterize RS’s with the same Gram matrix
(Lemma 2.5). We also characterize Parseval RS’s as those with an orthogonal projec-
tion Gram matrix (Theorem 2.6). At the end of Section 2, we recall the definition of
dual RS (Definition 2.8) and, in particular, of the canonical dual of a RS’s.

In Section 3, we introduce two types of GRS’s along with some of their properties.
The relation between the two types of GRS’s is established (Remark 3.3) and it is
shown that they have the same RS operator (Proposition 3.4). We also consider
the relation of GRS’s with frames associated with finite groups (Remark 3.5). GRS’s
corresponding to unitary equivalent representations are characterized (Lemma 3.6 and
Lemma 3.7). We show that the canonical dual and the canonical Parseval of a GRS
are GRS’s (Proposition 3.8(2) and Proposition 3.12(2)). We establish necessary and
sufficient conditions for a GRS to be robust under one-erasure, i.e., to continue being a
reconstruction system after one-erasure (Proposition 3.8(4) and Proposition 3.12(4)).
Projective GRS’s are characterized (Proposition 3.8(5) and Proposition 3.12(5)). We
finish this section presenting a brief discussion about GRS’s in the determination of
an optimal dual (Remark 3.10) and in problems of quantum detection (Remark 3.11).

In Section 4, we characterize the Gram matrices of GRS’s as group block matrices
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(Theorem 4.5 and Theorem 4.10). We illustrate how we can obtain a Parseval GRS
from a projective group block matrix using its eigendecomposition (Example 4.8).
An upper bound for the maximal number of distinct entries of the Gram matrix
of a real GRS is given (Corollary 4.15 and Corollary 4.16). We establish that the
representation is faithful if and only if the Gram matrix is elementary (Theorem 4.21
and Theorem 4.22).

In Section 5, two types of unitary equivalences and unitary symmetries of RS’s
are defined (Definition 5.1 and Definition 5.4). Then equivalent and transitive RS’s
are characterized in terms of their Gram matrices (Theorem 5.3, Theorem 5.9 and
Theorem 5.12).

The relation between the irreducibility of the representation and the tightness
of the GRS is considered in Section 6. We prove that the GRS generated by an
irreducible representation is tight (Theorem 6.2, Theorem 6.3 and Proposition 6.4).
Conditions that assure the tightness of a GRS generated by a reducible representation
are established (Theorem 6.7, Theorem 6.8, Theorem 6.9 and Theorem 6.10). We also
present some examples that illustrate the results (Example 6.6 and Example 6.12).

Finally, in Section 7, some conclusions and future lines of investigation are pre-
sented.

2. Reconstruction systems. Let H, K be finite dimensional Hilbert spaces
over F=Ror F=C. Let L(H,K) be the space of linear transformations from A
to K. Given T € L(H,K), R(T) C K, N(T) € H and T* denote the image, the
null space and the adjoint of T, respectively. GL(H) and U(H) denote the group
of invertible and unitary operators in L(H) = L(H,H), respectively. If V. C H is a
subspace, Py € L(H) denotes the orthogonal projection onto V. The inner product
and the norm in H will be denoted by (-, -),, and ||-||;,, respectively.

Let m,n,d € N and n = (ny,...,ny,) € N In the sequel, H will be a finite
dimensional Hilbert space over F of dimension d. If T' € L(H,K), then ||T||, s and
[T, denote the Hilbert-Schmidt and the spectral norms of 7', respectively. Given
T € L(H), A(T) denotes an eigenvalue of T', whereas Apin (T') and Apax (T') denote
the smallest and largest eigenvalues of T', respectively.

Féx" denotes the set of matrices of order d x n with entries in F. If M € Féx»
then M™* denotes the conjugate transpose of M. The elements of F” will be considered
as column vectors, i.e., we identify F" with F"*! and if f € F" then f(i) denotes
the ith component of f. Given two elements f,g € F", we consider the product
(f,9)pn = g* f. The standard basis of F" will be denoted by {5;‘}::1 Let M € Faxn,
We denote the entry 4, j, the ith row and the jth column of M with M (4, 5), M (i, :)
and M(:,j), respectively. We also denote the matrices consisting of the rows from
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i1 to io and the columns from j; to jo of M with M (i1 : da,:) and M(:,j1 : j2),
respectively. M (i : io, j1 : j2) denotes the matrix consisting of the rows from i; to iz
and the columns from j; to jo of M. We say that M € F4*" is diagonal if M (4, ) = 0
fori#£j,i=1,...,d,5=1,...,n. M(i,7) is a diagonal entry. We will identify linear
transformations from F¢ to F" with their matrix representation with respect to the
standard bases of F¢ and F™.

We denote the set of permutations (i.e., bijections) on {1,...,m} with S,.

DEFINITION 2.1. A sequence (T})!", where T; € L(F",H) is an (m,n,H)-
reconstruction system (RS) if

S =Y T.TI; € GL(H).

i=1

S is called the RS operator of (T;)~,. If ny = -+ = n,, = n, we write (m,n, H)-
RS. The concept of (m,n,H)-RS (with F™ replaced by any Hilbert space K of di-
mension n) was introduced in [15] and (m, n, F¢)-RS’s are considered in [16]. In [20],
RS’s for non necessarily finite dimensional Hilbert spaces are called g-frames and are
shown to be equivalent to stable space splittings of Hilbert spaces [18]. g-frames with
S = Iy are considered in [1] (see also [2]) under the name of coordinate operators.

The set of (m,n, H)-RS’s will be denoted with RS (m,n,H). A necessary condi-
tion of being an (m,n,H)-RS is tr (n) := Y., n; > d. (T});~, where T; : F" — H is
an (m,n, H)-RS for R(T), so it is an (m,n, H)-RS if and only if R(T") = H.

REMARK 2.2 (Relation between RS (m, n, H) and RS (n,m,H)). Let 0 € S,, and
7 € Sp. Given (T);~, € RS (m,n, M) there exists a unique (TJ) € RS (n,m,H)
=

such that fjdzm = T ()04, Reciprocally, given (Tj)?zl € RS (n,m,H) there exists
a unique (ﬁ) ) € RS (m,n,H) such that ié}l = U(j)é;”(i).

Associated with (7;)!";, where T; € L(F",H), is the synthesis operator

T : @F"l o~ Ftr(n) _ H, T ((:cz)zzl) = ZTZ.;,;Z.7
i=1 i=1
the analysis operator

T U @DF, T = (T
=1
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and the Grammian operator

G=T"T: @Fm%@ﬁrm ((z))) = ZTQ:J
i=1

In matrix form, G € F#®)>t () j5 3 block matrix with blocks T}T; € Fnex".

m

In the sequel, we suppose that none of the T; is a null operator.
REMARK 2.3 (Relation between RS’s and frames).

1. The sequence of vectors (T;(1));", where (T});~, € RS (m,1,d) or the se-
quence of vectors (T'07)!"_, where (T) € RS (1,n,H), are frames [3, 6].
2. (T3)72, € RS (m,n,H) if and only if V7 € Sgy(n)s (fl):r:(?) with

'f‘ﬂ'(liJrZi;llnk) = TZ(SZZ, ll = 1,...,711', 1= 1,...,m

)
is a frame for H.

As was noted in Remark 2.3(2), any RS is obtained from a frame by grouping its
elements, so we can carry over properties of frames to properties of RS’s.

REMARK 2.4 (Relation between RS’s and fusion frames). (73);~, € RS (m,n,H)
is said to be projective if there exists a sequence of weights v = (v;);", € R’ " such
that

TiT; = vilgni, i=1,...,m.

If (T3);2, € RS (m,n,H) is projective, then v; = ||T3||,,, T;T;" = v} Pr(r,) and S =
Z;n 1 0% Pr(ry)- Thus, (T;);", can be seen as a fusion frame [4] with the identification

T2 (T, R(T)), i = 1..
Observe that
(SE L =S ATTRf oy = D Tl » VI € H,
k=1 k=1

and

(2.1) Amin () 1 £ 113, < ZHkaHFnk < Amax (S) £ 15+ ¥f € H.

k=1

(Tk)pw, is an (m,n,H)-RS for H if and only if Ayin (S) > 0, or if and only if there
exist constants «, 8 > 0 such that

(2.2) allflfs < Y IR fllze, < BIFIG,, Vf €H.

k=1
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The numbers « and S in (2.2) are called a lower RS bound and an upper RS bound of
the RS, respectively. The optimal lower RS bound is the supremum over all lower RS
bounds and the optimal upper RS bound is the infimum over all upper RS bounds. By
(2.1), the optimal lower frame bound is Ay (S) and the optimal upper frame bound
is Amax (5). The RS is tight if Apin (S) = Amax (5), 1.€., S = Amin (S) I, and it is a
Parseval RS if Apin (S) = Amax (S) =1, ie., S = I. If S = aly, a > 0, we say that
it is an a-tight RS.

(‘S’_1/2Ti):i1 is called the canonical Parseval RS of (T;)", € RS(m,n,H).
- 2
S~1/2T is the solution to the following optimization problem: minimize HT — THHS
subject to TT* = Iy

Using the relation between RS’s and frames stated in Remark 2.3(2) and an
argument similar to that used to prove Lemma 2.7 in [23], it is easy to see that for
RS’s we have the following result.

LEMMA 2.5. Let (T;)7", € RS(m,n,H), (T)m € RS(m,n, K), with dim (K) =

i=1 ~

dim (H). Then there exists a (unique) unitary Q : K — H such that T; = QT;,
i=1,....,m, if and only if T;T; = i*fj, i,j=1,...,m, ie, (T;)!", and (ﬁ)

have the same Gram matriz.

The next theorem is related with Theorem 2.5 in [25]. The proof of the direct
implication is similar, but the proof of the converse implication is different. We use
the eigendecomposition of G instead of the columns of G to construct the RS. We
prefer the eigendecomposition argument because it permits us to obtain a RS for
Frark(G) directly, rather than obtaining it first for R (G). This is used in Example 4.8
bellow.

THEOREM 2.6. G € Fu()xt®) s the Gram matriz of a Parseval (m,n,H)-
RS if and only if G is an orthogonal projection matriz, i.e., G = G* = G?, with
rank(G) = d.

Proof. Let (T;);~, € RS (m,n,H) be Parseval with synthesis operator T' and
G = T*T. Clearly, G is Hermitian and since S € GL (H), rank(G) = d. We also have

Iy==5= Z Ty T},
k=1
then
;T =Y Ty TR IR
k=1

Thus, G = G2. Therefore, G is an orthogonal projection matrix.
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Conversely, suppose that G = G* = G?, with rank(G) = d. Then G has eigende-
composition,

(2.3) G =V*S*yy,

where V' € Ftr()xt() is ynitary and ¥ € R¥>**(®) is diagonal with diagonal entries
equal to one. Let

i-1 i
%-V(l:d,an—Fl:an) eF¥mi =1, m.

k=1 k=1

Take the standard basis {5;1}?:1 for F? and any orthonormal basis {vi}le for H, and
define a unitary operator U : F — H by Us? = v;. We have (UV;)[", € RS (m,n,H)
with Gram matrix G and

=U (i%Vf) U*

i=1
=U(V(Q:d,:)(V(1:d,:))")U*
— Iy O

REMARK 2.7. Let (T;)]", € RS (m,n,H) with synthesis operator 7" such that
G = T*T is an orthogonal projection matrix. Then G (and consequently, S) has
rank d with 1 as its unique nonzero eigenvalue. Thus, S = TT* = Iy, i.e., (Tz)yil
is Parseval. By Lemma 2.5, there exists a unique @ € U(H) such that QT; = UV},
i=1,...,m, where (UV;)!", is as in the proof of Theorem 2.6.

DEFINITION 2.8 (cf. [16], Definition 2.5). Let (7}).",, (ﬁ) € RS (m,n, H).
Then (T;);~, and (ﬁ) ~are dual if TT* = Iy, or equivalently,

i=1

f=Y_TI7f=) TI7f.
=1 i=1

Let (T;)*, € RS (m,n,H) with bounds «, 3 and RS operator S. We denote
the set of dual RSs of (T;);~; with D ((T3);",). We have (S7T;)" | € D((T3);~,).
(S_sz')Zl is called the canonical dual RS of (T;);",, has RS bounds 7%, a™! and
its RS operator is S~'. Let T be the corresponding synthesis operator, then T =

ST = (T*)" the Moore-Penrose pseudo-inverse of T*.
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Since SS~! =SS = Iy,

(2.4) F=YSTIMT =Y TWIRST V€ H.
k=1 k=1

If f =>4, Trey for some (ck)jr; € @y F™ then (cx — T,:S*lf);n:l € N(T) and
(T3S ), € R(T*). Thus,

(25) D lleklizn, = DOINTES ™ Fllgns + 3 llew = Te5 ™
k=1 k=1

k=1

If N(T') = {0} then each f € H can be expressed uniquely as in (2.4) and T;S™'T; =
O (1) Igm. If N(T') # {0}, each f € H can be expressed as in (2.4) but this rep-
resentation is not unique. By (2.5), (T,;‘S’lf);n:l has minimal ¢?-norm among all

(Ck);nzl S @Zl:l ™ such that f = Zzlzl Trcr.

3. Group reconstruction systems. Let G be a group of order n. We recall
that a representation of G is a group homomorphism p : G — GL (V) where V is
a finite dimensional vector space. Since any representation of G is equivalent to a
unitary representation, we are going to use only representations p: G — U (H).

Next we define RS’s associated with representations of G. We consider (n, m, H)-
RS’s of the form (Tg)geg, i.e., indexed by G, and the vectors of the standard basis
0f,i=1,...,n, are written as oy, g € G. In both cases we are implicitly assuming a
defined bijection G — {1,...,n}.

DEFINITION 3.1.  (Ty),g € RS(n,m,H) is a (G,m,H)-RS if there exists a

representation p : G — U (H) such that

p(g)Th = Tgha vgvh’ € g

DEFINITION 3.2. (T;)!", € RS(m,n,H) is an (m,G, H)-RS if there exists a
representation p : G — U (H) such that for i =1,...,m,

p(9)Ti0y = Tidgy,, Vg, h € G.

We generically refer to any of the RS’s defined previously as a group reconstruction
system (GRS). The set of (G, m,H)-RS’s will be denoted by RS(G, m,H) and the set
of (m,G,H)-RS’s will be denoted by RS(m,G,H). Sometimes we mention explicitly
the used representation writing (G, p, m,H) or (m,G, p, H).
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By Definition 3.1, (Ty) .5 € RS(G,m,H) consists of the IV elements of G-orbits
of Ty, for any g € G each repeated G/ |N| times. A similar observation can be made if
(T;)i~, € RS(m,G,H) for each (Tiag)geg as G-orbits of T;0, for any g € G.

REMARK 3.3 (Relation between RS(G, p,m,H) and RS(m,G,p,H)). Let o :
G — G be an isomorphism and 7 € S,,. The function given by
(Tg)ggg € RS(Q, P, M, H) = (E)Zl € RS(m, gv poo, H)v TZ(S; = 0(9)571?(1')5

is a bijection with inverse

()7, € RS(m.G,po o, H) = (Ty) ,cg € RS(G, pm, H), Ty = T (3001 .

PROPOSITION 3.4. Let (Ty),cq € RS(G,p,m,H) and (T;)L, € RS(m,G,p, H)
be such that there exists an isomorphism o : G — G and w € S, such that Tiég =
To(g)07(s)- Then (Ty) and (T;);", have the same RS operator.

(i geg

Proof. Let f € H. We have,

DTTIf =323 (1 T), T,
i=1

i=1geg

- Z Z <f’ Tﬂ(g)(s;n(i)>ﬂ To(9)07(i)
geg i=1

=Y T1,15f. O
9€g

By Remark 3.3, a property of any of the sets RS(G, m, H) or RS(m, G, H) has an
analog in the other set. Moreover, we can use Remark 3.3 to prove any result about
RS(G, m, H) starting from the analog result about RS(m, G, H), and vice versa.

A compound (G, p, m,H)-frame for H consists of vectors v,; € H, g € G, 1 =
1,...,m, such that p(g)vn,; = vgn. For G abelian, compound (G, m, H)-frames are
considered, e.g., in [10] under the name of compound geometrically uniform frames
and in [21] where # is any separable Hilbert space and G is denumerable. For m = 1
and G abelian compound (G, m, H)-frame are called geometrically uniform frames and
Parseval (G, m, H)-frames are known as harmonic. The set of compound (G, m,H)-
frames for H with m elements associated with a representation p of G will be denoted
with CF (G, p,m, H).

REMARK 3.5 (Relation between compound (G, m,H)-frames and GRS’s). Let
o : G — G be an isomorphism and 7 € S,,. Given a compound (G, p, m, H)-frame
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consisting of vectors vg; € H, g € G, i =1,...,m, we can define a unique (Tg)geg €
RS(G, poo,m,H) such that

T40i" = Vo(g),m(i):
and a unique (7;)!", € RS(G, p o g, m, H) where
Tidg = Vo(g)m(s)-

Given (Tg)geg € RS(G, p,m, H), there is a unique compound (G, p o o, m, H)-frame
given by

Vg,i = Td(g)é;n(i)-
A similar consideration can be made for (T3);", € RS(m, G, p, "), defining

ng’Z' = Tﬂ(z)ag((]) .

LEMMA 3.6. Let (T,),c5 € RS(G,p,m, H) and (Tg) , € RS(G.5m. K) with
. \

dim (K) = dim (H). If there ezists a (unique) unitary Q : K — H such that T, = Qfg,
g € G, then p is Q-equivalent to p, i.e., p(g) = Q*p(9)Q, g € G. Conversely, if p is
Q-equivalent to p and Ty = QT4 then Ty = QTy, g € G.

Proof. Suppose that there exists a (unique) unitary @ : K — H such that
Ty =QTy, g €G. Then

Tyn = p(9) Tn = p(9) QTh,
and
Tyn = QTgn = Q5 (9) Th.
Thus,
7(9)Th = Q"p(9) QT
Since, by Remark 2.3(2), {fﬁ}” theg, j=1,... ,m} is a frame for IC,
pg) =Q%n(9) Q.

The converse implication is immediate. O

As a consequence of Remark 3.3 and Lemma 3.6, we have the following.
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LEMMA 3.7. Let (T,)", € RS(m,G,p,H) and (T)m e RS(m,G, 7, H) with
=1

dim (K) = dim (H). If there exists a (unique) unitary Q : K — H such that Ty = QT},

1 =1,...,m, then p is Q-equivalent to p, i.e., p(g) = Q*p(9) @, g € G. Conversely, if
p is Q-equivalent to p and T;07 = QT;07,i=1,...,m, then T, = QT;,i=1,...,m.

The next proposition states some basic properties of the elements of RS(G, m, H).
In particular, parts (a)-(d) are generalizations of properties of (G, m, H)-frames for G
abelian (see [10]). Part (b) asserts that the canonical dual and the canonical Parseval
of a GRS is a GRS. In part (c) we give necessary and sufficient conditions for a GRS
in RS(G,m,H) to remain a RS after the erasure of one operator. We note that for
frames this gives a more general result than Corollary 2 in [10]. Projective GRS’s are
characterized in part (d).

PROPOSITION 3.8. Let (Ty),.; € RS(G,m, H).

1. S (and therefore, S~' and S~'/2) commutes with p(g), Yg € G.
2. (S7'Ty) g (S7VPTY) g € RS(G,m, H).
3N Tyl = 1Tl 1 Tgllrs = 1T1 s> 9 € G, and

n
Amin(9) < < T s < Amax(9).

4. Suppose that (Ty) g is tight. Let go € G and G" = G\ {go}. Then (Ty)

geyg’ €
RS(n —1,m,H) if and only if

2 n 2
(3.1) 173115, < 5 1Tl

and its optimal RS bounds are % ||T1||§{S = Amae (TVTY) and 5 HTl”iIS -
Amin (T1TT). In particular, if n > d then condition (3.1) holds.

. (Tg)geg is projective if and only if there exists h € G such that T} Ty, = v*Ipm
for some v > 0. In this case, all the weights v; are equal to v = |T1||,.

Proof. Let (Ty) g € RS(G,m, H).
(1) We have
S=) T,0; = pOTiTiplg™).
Y Y
Then

Sp(g) =Y p(TATY p(h™")p(g) = plg) Y p(g™ " )p(W)TL Ty p(h™")p(g)
heg heg

=p(9) > _ plg "W\ Ty p ((g‘lh)fl) = p(9)S.

heg
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(2) Taking into account part (1) of this theorem,
S Tyn = S p(9)Th = p(9)S™ T,
and similarly,

ST Ty = p(g)S™ /> Th.

(3) Since
(32) TyTy =T7p(g) p(9)T1 = T1 p(h)" p(h)T1 = TyTh,

the operators T, have the same spectral and Hilbert-Schmidt norms. The rest follows
from

Ae(S) =tr () = tr (T,T5) = > tr (T;T,)

9eg geg

=> w(Tip) p(9)T1) =Y tr(TyTy) = n|Tillys

9€g geg

ol
Il &
—

and

)\min (S) S

IS

d
D Ak(S) < Amax(9).
k=1

(4) By part (3) of the present theorem, S = % HT1||§IS I;. Let S’ be the RS
operator of (Ty), g, We have,
* * * n 2 * *
§'= Y TyTy =) Ty =Ty T5 = — [ Tills I — p(90) LT p(g0)
geyg’ geY

n % *
= plgo) (5 Tl I = TV ) plg0)"

Thus, S” and % || Ty H;S Iy — T\ TY have the same eigenvalues. So, S’ has minimal and
maximal eigenvalues % HTleLIS — Amaz (T1TY) and % || Ty ||§IS — Amin (TATY), respec-
tively. Moreover, S’ is positive definite if and only if (3.1) is satisfied. Finally, since
1715, < IT1|l g5 if n > d then (3.1) holds.

sp —

(5) It is a consequence of (3.2). O

REMARK 3.9. In applications, given (T3);~, € RS(n,m,H) an element f € H
(e.g., a signal) is converted into the data vectors T; f, ¢ = 1,...,m. These vectors are
transmitted and f is reconstructed by the receiver using (2.4). Sometimes some of the
data vectors are lost, and it is necessary to reconstruct f with the partial information
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at hand. Proposition 3.8(4) asserts that if a GRS (Tj) ., € RS(G, m, H) is used and
one data vector is lost, say T, f, we can reconstruct f from the remaining information
using (Tg)geg\{go} € RS(n—1,m,H). The property of remaining a RS under erasures
is known as robustness.

REMARK 3.10 (Optimal dual for GRS’s). Let (Ty), ., € RS(G,m,H). In[17] op-
timal dual RS’s for a fixed RS are studied. It is proved that if (Ty) .5 € RS(G, m, H)
is projective, then {S *1Tg}g o is the 1-loss optimal dual for the mean square error
and it is the unique 1-loss optimal dual for the worst-case error. Also, if Ty € L(F™, H)
is injective, the projective RS nearest to {S ’1Tg}q e is computed and it is shown
that it is a (G, m, H)-RS.

REMARK 3.11 (GRS’s in quantum detection). Let (7};)", € RS(m,n,H). In

the context of quantum information and communication (7;7;);~, can be interpreted

as a set of quantum states onto which the transmission party encodes the message
with prior probabilities {p;},~, where p; > 0 and }..*, p; = 1. The receiving party
must find the measurement
~ o~ m
(TiTi*)i— ’

=1

satisfying
m ~ o~
N TT; = I,
i=1
that maximizes the probability of correct detection
m
Py = Zpitr (TzT;ﬁi*) -
i=1

The least square measurement (LSM) is

{s;2 (mm) (T s,

i=1
where §), is the RS operator corresponding to {\/ETl}j; The LSM is equivalent to
the square-root measurement, it has many desirable properties and in many cases it
is optimal, i.e., it minimizes the probability of the detection error.

Let (Tg)geg € RS(G, m,H) with equal prior probabilities 1. Note that S, = 15,
and then 5;1/2 (%Tq) = S~Y/2T,. As a consequence of Proposition 3.8:

1. The LSM is {S™V2T,T;$71/2} _ with {S7V/?T,} _ € RS(G,m,H).
2. The probability of correctly detecting each of the states is the same

1 1 ¥ 1
(s s () () ) =L s ).
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In this case, we also have [11]:

3. If TyS~Y/2T) = alpm, then the LSM minimizes the probability of a detec-
tion error. In particular, this condition is satisfied if {p(g) T}, is pro-
jective and tight, since by Proposition 3.8(3)(5), 77Ty = ||T1H§p Igm and
S=15 ||T1H§IS I Therefore,

d Tl

Tl*Sil/QTl = ||T1H
HS

I]Rm.

4. There exists an optimal measurement corresponding to some (Tg) ; €
g€

RS(G, m, H) such that T) maximizes tr (flfl*TlTl*) subject to )
In.

T ~* p—
Y TQT!] -

Mixed quantum states obtained from elements of RS(G, m,H) were also considered
in other problems of quantum detection [8].

The next result is the analogous of Proposition 3.8 for RS(m, G, H).
PROPOSITION 3.12. Let (T;);~, € RS(m,G,H).

1. S (and therefore, S~ and S™/?) commutes with p(g), Vg € G.
2. (ST, (ST € RS(m G, H).
3. ||Ti5g||H:||T51HH,z_1 ,m, g €G and
n ks mn2
mln E Z |Tz51 ||'H S Amax(s)-

4. Suppose that (T;):~, is tight. Let go € G and G' = G\ {go}. Let T,
span{ég}qeg, ~ Fr=t — H be defined by T;&;‘ =Ty, g € G. Let T :

F™ — H given by T (¢) = S, e(i)T367. Then (T;)m € RS(m,n —1,H)
if and only if .

112 nTQ
33 171, <z 17l
(3.3) d HS

and its optimal RS bounds are %

(2 ~
T = Anae (TT7) and %
o HS
Amin (TT*). In particular, if n > d then (3.3) holds.
5. (Ty)i~, is projective if and only if (ﬂég)geg is orthogonal, i =1,...,m. In
this case, the weight v; is equal to ||T;07 |,

~12
s -
HS

Proof. We note that T;*T; = v I« if and only if

<E5Z,TZ5;Z> <T T5h7 g> = vi2 <6;11’6:;>]Fn’

Fn
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and
| 7365 ||,, = 1p(9)Ti67 [l = 1 T367 [l -

This prove (5) and the first part of (3). Defining T, € L (F™,H) by T,6" = T;0,,
ge g, i=1,...,m, the rest follows from Remark 3.3, Proposition 3.4 and Proposi-
tion 3.8. 0

4. Group reconstructions systems and group matrices. Theorem 4.1 in
[25] asserts that a set of vectors in H is a (G, 1, H)-frame if and only if its Gram
matrix is a group matrix. In the first part of this section we generalize this result for
GRS’s. We begin recalling some definitions.

DEFINITION 4.1. By a block matrix of type (n,m) is meant an nm x nm block
matrix A with n x n blocks in F™>*™,

The sets of block matrices of type (n,m) will be denoted with B(F"™>*™™) and if
A € B(F"™*™™) we denote the block (k,1) of A with Ay ;.

DEFINITION 4.2. A € B(F"™*"™) is a block G-matrix of type (n,m) if there
exists a function v : G — F™*™ such that Ay, = v(g~'h), g,h € G.

DEFINITION 4.3. A € B(F™™*™") is a block matrix of type (m,n) with G-blocks
if there exist functions v; ; : G — F such that A4; ;(g,h) = v; (g7 h), i,j=1,...,m,
g,heqg.

The set of block G-matrices of type (n,m) will be denoted with BG(F"m>"")
and the set of block matrices of type (m,n) with G-blocks will be denoted with
GB(F™™*mn) - To express the relation between A and v or {um};?fj:l
the above definitions we write A(v) or A({I/iyj}?j:l), respectively. If G is a cyclic
group then A € BG(F™™*™™) is a block circulant matrix of type (n,m) and A €
GB(F™™*mn) ig a block matrix of type (m,n) with circulant blocks (see [7]). The
notation BG and GB used here is analogous to the notation BC and CB used in [7] in

the circulant case.

described in

The following lemma is immediate from Definition 4.2.

LEMMA 4.4. A € BGF"™*"™) if and only if Ap, h, = Al,h;1h2 = Agp, gh, for
all g, h1,hs € g.

The next theorem generalizes Theorem 4.1 in [25].

THEOREM 4.5. (Ty),.; € RS(G,m,H) if and only if G € BGE"™*"™) and
rank (G) = d.

Proof. If (Ty) ,cg € RS(G,m, M) then G has rank d, and it is a block matrix with
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n X n blocks
;T = (p(9) 1) (0T =T5 (p (o)™ p (W) T1) =Ty Ty € T,

Thus, by Lemma 4.4, G € BG(Fm>nm),

Conversely, suppose G € BG(F"™*™™) has rank d. Then S € GL (H). Let

(4.1) Ug = ZTgthfS_l'
heg

Using Lemma 4.4, we obtain

UgUy =57 <Z > Th Jthgh2T52> s~

h1€G h2€G

=5t <Z > Tthngh2T52> St
h1€G h2€G

=51 <Z Tth;;) <Z ThzT,jQ> S1
h1€G h2€G

=87188s =1,

and thus, U, € U (H). We also have

UiTy, =S Z T, T, Tyn

h1€G
=Sy T, Ty Th
h1€G
= S718T), = Ty,

and then
U.(hngh = Tglgzh = U.(thzh = Ugl ngTh'
Since H = span {10/ : h € G, i =1,...,m} this last equality implies
U9192 = U!h Ug2'

Therefore, p : G — U(H), given by p(g) = Uy, is a representation of G such that
p(9)Th = Tgn. Thus, (Ty),cq € RS(G,m,H). O

COROLLARY 4.6. (Tg)geg is a Parseval (G, m,H)-RS if and only if G is an

anxnm)'

orthogonal projection with rank d in BG(

Proof. 1t follows from Theorem 4.5 and Remark 2.7. O
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COROLLARY 4.7. Ifg = {gla"'agn}7 (Ugl,ly...,’Ugl.,my...,Ugn,l,---,vgn,m) €
CF(G,p,H) if and only if G € BG(Frm>nm),

Proof. 1t follows from Theorem 4.5 and Remark 3.5. O

ExaMPLE 4.8. Consider the smallest nonabelian group, i.e., the dihedral group

of order 6,
g = <a,b: ad=b>=1,b"tab= a71>.
If the elements of G are ordered as
g1=1 g2=a, g3=4d* g1 =b, g5 = ab, go = a°b,
by Definition 4.2, G € BG(F6"*6™) if and only if

vie) v(a®) wv(b) v(ab) v(a®b)
v(a?) v(1) v(a) wv(a®) wv(b) v(ab)
v(a?) wv(1) wv(ab) wv(a®) v(b)

v(b) wv(a®h) wv(ab) v(1) v(a®) wv(a) ’
v (ab) v(d) v(a®) v(a) v(l)  v(a?)
v(a?b) wv(ab) v(b) v(a®) v(a) v (1)

G(v) =

for certain v : G — R™*™. Suppose that G is projective with rank (G) = d. Consider
the eigendecomposition (2.3) and V,, € F¢*™ as in the proof of Theorem 2.6. We
have Gy, 4, = V;*V,, and by Theorem 2.6 and Theorem 4.5, (V,,)!" | is a Parseval
(G, m,F?)-RS.

Taking into account the proof of Theorem 4.5 (see (4.1)),
6
p:G=UFE™), plgi) = Vi, Vy,
j=1

is a representation of G such that Vj, = p(g;) Vg, . For concreteness, consider

-1 __1_ -1 _1_
Jorw=( T )= TE M),
13 12 4v3 12

= O

]
—
>
N~—
Il
VR
| %‘H
-3
Lo
‘»—IS|>—I
[\ N———
]
—~
)
>
S—
|
7N
o= O
O o=
~__
R
—
IS
[\v]
>
S—
Il
VR
| |
<]
[ [
S
|
Tl
~—
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hS)
_
~—
|
7/ N\
oS
= O
N—
>
S
|
VR
|
M|§MI)—A
o
N—————
S
—_
S
no
~—
I
VR
|
M|§N}I)—A
o NS
N———

o)
—
>
S~—
\
7N\
=
—_
|
S~
~
hs
—
Q
>
S~—

Il
/N

|

vl
l\.’)|é|l\.’)|>—l
~

o)
—_
IS
[\v]
>
S—

\
/-~
wIHw|a

ol

)
2

Since n = 6 > d = 2, by Proposition 3.8(4), (Vgi)?:1 is one-erasure robust. Moreover,
since V; Vy, = v (1) = 112, (V;,)5_, is projective with weight &.

1=
In Example 6.6 below, we consider another representation of G and

. 1/ cosm/12 —sinw/12
(p(9:) Tomp2),_, € RS(G,2,F%), Torprz = \/%( / : ) 7

sinw/12  cosm/12

with the same G (v). By Lemma 2.5 and Lemma 3.6, these representations are uni-
tarily equivalent.

Now we prove similar results for GB(F™m*™m),

LEMMA 4.9. A € GB(F™*™) if and only if A;j(hi,ha) = A;;(1,h] he) =
A; j(ghi, gha), for alli,j=1,...,m and all g,h1,hs € G.

THEOREM 4.10. (T;):, € RS(m,G,H) if and only if G € GBF™*™") and
rank (G) = d.

Proof. If (T;)!", € RS(m,G,H) then G has rank d, it is a block matrix with
blocks T7*T; and

(TET00, 00, = (T30, T80, = (o () T80 () Tibl)sy
— (p (g7 h) Ty57, Ti8}),, = <Tj5;tlh,Ti5;1>H
= <7;*Tj5;,1h,5;1>w .
Thus, by Lemma 4.10, G € GB(Fmn>xmn),
Conversely, suppose G € GB(F™™*™") with rank (G) = d. Then S € GL (H).
Let T/ € L (F", M) be defined by T/} = T;d;, and let

v, =3 TS,
=1
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Using Lemma 4.9, we obtain

<( ) Tg5h2’5h1 >]F = <Tg6’7112’Tg6;112> = <Tj6;h2’T69h1>
<T T; 5qh2’ qh1> - <T T} 5h27 >Fn7

and thus
(T7)" I = T;'T;.

Then

UjUg=S""| > 1@ 1/17 | 57

ij=1

e DA vl

i,j=1
: <Z TT) > Ty | s7
i=1 j=1
=8718887 1 =1,

and thus Uy € U (#H). Since, by Lemma 4.9,

<(ng) TJ gh» >]Fn - <TJ ghaﬂ3621>7{ = <Tj52haT6gh1>
= <Tl Tj gh> ghl >]F" = <T;*T16h’6h1 >]Fn ’

we also have
UsTiom, =Y ST (T9) Ty,
i=1

= S~'Y T Ton
=1
= S71STy6; = Tj6y,

and then

Ugg Ti0hy = Ti0g, gon = U Tibgon, = Ugu Ugu o0}

g192h T
Since H = span{T;0;' : i =1,...,m, g € G}, this last equality implies
Ugrg:Ugy Ug, -

Therefore, p : G — U(H), given by p(g) = Uy, is a representation of G such that
p(9) ;0 = Tidyy,. Thus, (T;)2, € RS(m,G,H). O
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CoROLLARY 4.11. (T;);", is a Parseval (m,G,H)-RS if and only if G is an
orthogonal projection with rank d in GB(F™™*™™).

Proof. 1t follows from Theorem 4.10 and Remark 2.7. O

COROLLARY 4.12. Let G ={g1,...,9n}. (Vl,grs---Vl,gis -+ Umygis---»Um,g,) €
CF(G,p,H) if and only if G € GB(F™m>xmn),

Proof. Tt follows from Theorem 4.10 and Remark 3.5. O

DEFINITION 4.13. (T;)!", € RS(m,n,H) is said to be real if F = R or there
exists a unitary operator U : H — R? such that UT : @] F" — R%

As a consequence of Remark 2.3 and Lemma 2.12 in [23], we have the following.
THEOREM 4.14. (T})", € RS(m,n,H) is real if and only if G € RE@)xtr(®),

With a similar proof, the next corollaries generalize for GRS’s Corollary 4.11 in
[23] enunciated for real isometric tight frames.

COROLLARY 4.15. Let A={ge G:g?=1}. Let (Tg) yeg € RS(G,m, H) be real
- . 1G1+1A]
and N, (G) be the number of distinct entries of G. Then N, (G) < m? (T)

Proof. By Theorem 4.5, there exists v : G — F™*™ such that Gy, = v(g~'h). If
g € G, by Theorem 4.14 we have,

v(97") = Gya=(Gry) =v(9)
Therefore, since

(4.2) geEAegleAaglt=yg,

then the number of distinct entries of G is at most m? (|A| + @) =m? (Ig‘;i) O

COROLLARY 4.16. Let A={ge G:g*>=1}. Let (T;)]", € RS(m,G,H) be real
and N, (G) be the number of distinct entries of each block of G. Then N, (G) <
(9] + A])/2.

Proof. By Theorem 4.10, the entries of the blocks of G are the values of v; ; :
G — F where v; j(¢g'h) = G, ; (g, h). If g € G, by Theorem 4.14 we have,

vij (97") = Gij(9.1) = Gij (1,.9) = vi; (9).
Therefore, by (4.2) v; ; can take at most &Q‘A' distinct values. O

Theorem 4.21 and Theorem 4.22 below generalize Theorem 4.2 in [23]. In order
to state them, we first introduce the following definitions.
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DEFINITION 4.17. v : G — F™*™ is elementary if it cannot be factored v = fon
where 6 : G — K is a group homomorphism with || < |G| and n : K — F™*™  or
equivalently, if

N ={g € G :v(highe) =v(hiha), Vhi,ha € G} ={1}.

DEFINITION 4.18. A(v) € BG(F™*™") is elementary if v is elementary.

DEFINITION 4.19. v;;: G = F, 7,5 =1,...,m, are jointly elementary if v : G —
Fmxm defined by v(g)(i,j) = v4,;(g) is elementary.

DEFINITION 4.20. A({v;;}
1,...,m, are jointly elementary.

) € GB(F™™*™n) ig elementary if v; ;, 4, =

m
i,j=1

Injective representations are called faithful.
THEOREM 4.21. Let (Ty) g € RS(G, p,m, H). The following are equivalent:

1. p is faithful.
2. G(v) is elementary.
3. Ty =Ty , Yh € G, tmplies that g = 1.
Proof. Since {T40]" : g € G,i=1,...,m} is a frame for H we have,
(1) & (3). p is faithful if and only if
Tond" = p(g)Tno" = Tpé™", Yhe G, i=1,...,m, implies that g = 1,

if and only if
Tyn = Th, Yh € G, implies that g = 1.

(2) = (3).
N = {g €g: U(hlghg) = U(hlhg), Yhi,ho € g}
- {g € G T Ty, =Ty \Thy, ¥ha,ha € g}.

Now, T;:,ng;12 = T;:,lT;12 is equivalent to
1 1

<th26{",Th;16;—”>H - <Th25§”,Th;16;-">H, ij=1,...,m,
then
N:{geg:Tgh:Th, Vheg}.
Therefore, N = {1} is equivalent to (3). O

THEOREM 4.22. Let (T;)~, € RS(m,G,p,H). The following are equivalent:
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1. p is faithful.
2. G({Viﬁj};njzl) is elementary.
3. Tidg, = Tidy, YVh € G, i=1,...,m, implies that g = 1.

Proof. Using that {Tiég tg€egGi=1,... ,m} is a frame for ‘H we have,
(1) & (3). p is faithful if and only if

Tiogy = p(g)Ti6y, = T;0p, Yh € G, i=1,...,m, implies that g = 1.

(2) & (3).

N = {g eg: Vs, 5 (hlghz) = Ujj (hlhg), Vhl,hg S Q, i,j = 1,...,m}
= {g € g : <T]6:]1h2711162;1>ﬂ = <T]6;1127T15:;1>,H7 vh17h’2 € gu Z,] = 17"'7m} .
Then
N={geg: Ty, =Ty}, Vhe G, j=1,...,m}.

Therefore, N = {1} is equivalent to (3). O

5. Unitary symmetries of reconstruction systems. In [23, 24] symmetries
of frames are studied. In [23] tight frames are considered and it is shown that any
symmetry of a tight frame, i.e., any invertible linear transformation on H which maps
the set of the elements of a tight frame onto itself, is unitary. In [24] any frame is
considered and symmetries are permutations on the index set. If the frame is tight the
symmetry groups considered in [23] and [24] are isomorphic. The aim of this section
is to consider RS’s associated with unitary symmetries, i.e., unitary operators on H
that permute the elements of a (non necessarily tight) RS.

Given w € S,,, P; denotes the permutation matrix of order m associated with 7
(i.e., Pr(3,j) =1 if and only if n(i) = j). Given A € F™*" B € FP*? we consider the
tensor product

A(L,1)B --- A(l,n)B
A®B: EFm;DXnQ_
A(m,1)B --- A(m,n)B
DEFINITION 5.1. (T})%, , (ﬁ) L€ RS(m,n,H) are:

1. Type I equivalent if there exist U € U(H) and m € S,,, such that

UT%:Tﬂ.(i), i:l,...,m.
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2. Type II equivalent if there exist U € U(H) and w € S,, such that

REMARK 5.2 (Relation between type I and type II equivalence relations). Let
ceS,and w e S,.

Suppose that (T1);~, , (T2,);-, € RS (m,n, M) are type I equivalent with

=1

U, = Tgﬂj(i), 1=1,...,m,

for some U € U(H) and v € S,,. Let (Tvl)j):ﬂ : (T27j);l:1 € RS (n,m,H) be such
that
T1 07" = Th(n 00 ),
and
T2;07" = Ton(i) 005
Then
UT1 ;67" = UTh ()00 ) = Toswom) (900 () = T2,50(mtovom(i)-
Thus, (Tvl)j):ﬂ and (Tg)j)jﬂ are type II equivalent.

Conversely, suppose that (ﬁj)n , (ng)n € RS (n,m,H) are type II equiv-
j=1 j=1
alent. Let (T1;);", , (T2,);~, € RS (m,n,H) be such that
11,307 = T1,6(j)0n (i)
and

T27i6;7' = TQG’(J)(S:]G) .

In a similar manner, it can be proved that (T} ;)] and (T2 ;);" | are type I equivalent.

i

As a consequence of Theorem 2.9 in [23] and its proof, we have the following.
i=1>

THEOREM 5.3. (T;):" (TZ)Tl € RS(m,n,H) are:

1. Type I equivalent if and only if there exists m € Sy, such that

G=(P:®I,))G(Pr®1I,).
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2. Type II equivalent if and only if there exists m € S, such that

G=UIn®P:)G(In®Pr).

DEFINITION 5.4. Let T = (T;)", € RS(m,n,H). The type I symmetry
group of T is

Symy(T) :={U e U(H):Ir € Sy, Vi=1,...,m, UT; = T,r(i)},
and the type II symmetry group of T is

Symy(T) := {U CUM) :ImeS,, Yi=1,....m, j=1,...,n, UTid" = TZ-(Sj}(j)} .

Note that Sym;(T") and Symy;(T") are subgroups of U(H).

REMARK 5.5. Suppose that T' = (T;)!", T = (i) - € RS (m,n,H) are type

I equivalent with UT; = TU(Z-), i=1,...,m, for some U € U(H) and v € S,,. Then

Symy(T) = USymy(T)U*. Similarly, if T = (T;)",,T = (fﬁ fnl e RS (m,n, M)

are type Il equivalent with UT;0} = ﬁég(j), i=1,...,m, j = 1,...,n, for some

UecU(H) and v € S, then Symy(T) = USym;(T)U*.

REMARK 5.6. Let T = (Tj)™,,€ RS (m,n,#) and (T) € RS (n,m,H)
such that ﬁ5;” = ,r(j)5;’(i), i=1,...,n,5=1,...,m, for some o € S, and 7 € S,y,.

On the same lines as in Remark 5.2, it is easy to see that Symy(T) = Symy(T).
We denote the set obtained with the elements of (7;);_, with 7.

DEFINITION 5.7. T = (T;)!_, € RS (n,m,H) is said to be I-transitive if
Sym;(T') acts transitively on T, i.e.,

Symi(T)T;, =T, i=1,...,n.

DEFINITION 5.8. A € F'™m*"™ js type I G-augmented if there exist a function
v:G— F™™ a subgroup K of G and a set {g1,...,gn} of left coset representatives
of I in G such that

v(high2) =v(g), g€ G, h1,ha € K,

and

-1

Ai,j:V(gi gj)v Z,jzl,,ﬁ
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In this case, we write A(v).

Let A € Frmxnm A € BGEF™ > ™) if and only if A is G-augmented with
K ={1}.

Theorem 5.9 and Theorem 5.12 below are in line with Theorem 4.8 in [23].

THEOREM 5.9. Let T = (Ti)?zl € RS (n,m,H) without multiplicities. The
following are equivalent:

1. T is I-transitive.

2. G 1is type I G-augmented for some group G.

3. There exist a group G and a surjectionn: G — T, n(g) = Ty, for which all
the values ’77_1 (Tq)‘ are equal, and

(5'1) T;mTQQQ = T;1T927 Vg9,91,92 €G.
Proof. (1) = (2). Let Ty € T. Since T is I-transitive, Sym;(T)Ty = T. Let
K= {U S SymI(T) :UTy = To}

and {Uy,...,Uz} be a set of left representatives of the subgroup K in Sym;(T") such
that

T = (UiTy,...,UsTy).

So G is type I Sym;(T)-augmented with the subgroup K and v : Sym(T) — F™*™
given by v (U) = TgUT.

(2) = (3). Suppose G is type I G-augmented for some group G, with a function
v:G— F™™ a subgroup K of G and a set {g1,...,gn} of left coset representatives
of K in G. Consider the bijection {g1,...,9a} — T given by g; — T, where

v(g;'g;) = Gij =TT,
Then (3) is satisfied with  : G — T defined by 1 (¢) = T; where 7 is such that g ~x g;.

(3) = (1). Define an equivalence relation on G by

g1 ~n 92 < 1(91) =1(g2)

Let {g1,...,9a} be a set of representatives such that n(g;) = T,, = T; and r :=
|n~' (T,)|. Note that

n n

ZT(]T; = Z Z T,T, = TZT‘%T{; =rS.

9€9 i=1 g€lgi], i=1
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Thus, by (5.1) and an argument similar to that used in the proof of Theorem 4.5,

1
Ug =~ S TuTyS™' e U(H),

heg
UgTh = Tyn,
and
Ugh = UgUh.

If Tyg, = Tyg, then
Vh e g’ T;iTh = T;%th = T;quqh = T‘;Th'

Since {Thég-” :g€G,j=1,...,m} is aframe for H, this implies T, = T,,. Therefore,
Uy € Symy(T'). Since the elements of 7 are of the form U,T,, = Ty,,, g € G, and

UgTy, € Sym(T)T,, €T, g€,
it results that T is I-transitive. O
We denote the set obtained with the elements of (Tldf):: L with 7;.

DEFINITION 5.10. (T3):", € RS(m,n,H) is said to be II-transitive if Sym;;(T")
acts transitively on each T;, i.e.,

Symy(T)T367 =Ti, i=1,...,m, j=1,...,n.

DEFINITION 5.11. A € F"»*™% i5 type II G-augmented if there exist functions
vi;j:G—F i,5=1,...,m, subgroups K;, i =1,...,m of G and a set {g;1,...,gin}
of left coset representatives of &; in G such that

vij (high;) =vi; (9), g € G, hi € K,
and
A (k1) =vij (951 950), k1=1,...,7
In this case, we write A({Vi,j}zlj:l).

Let A € Fmnxmn_ A ¢ GB(F™ ™) if and only if A is G-augmented with
Ki:{l},i: 1,...,m.

THEOREM 5.12. Let T = (T;)!", € RS(m,n,H). The following are equivalent:



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 22, pp. 875-911, September 2011
http://math.technion.ac.il/iic/ela

Group Reconstruction Systems 901

1. T is II-transitive with n := |T;| independent of i.

2. G 1is type II G-augmented for some group G.

8. There ezist a group G and surjections n; : G — T; for which all the values
Y (Ty07)| are equal, and

’771'
(5.2) (ni (991) ,m; (992)) = (ni (91) sm; (92)) > ¥9,91,92 € G, 5,5 =1,...,m.

Proof. (1) = (2). Let 1 <4 < m, and for each such a i, set 1 < j; < n. Since T
is II-transitive,

SymH(T)TiCSZ =T
Let
Ki ={U € Symy(T) : UT;6} =T;6}. },
and {Ui1,...,Um,} a set of left representatives of the subgroup /C; in Symy;(7). Then
Ti = {UaTid% ... . U, Ti63. } .

Since m = |T;| is independent of ¢4, » = 0y = --- = N, and G is type II Symy(T)-
augmented with the subgroups K; and the functions v; ; : Sym;(T') — F given by

vij (U) = (T7UT;d;, 6, ) -
(2) = (3). Suppose G is type II G-augmented for some group G, with functions

v;j G — F, subgroups KC; of G and sets {gi1,..., g} of left coset representatives of
K; in G. Consider the bijection {g;1,...,9na} — Ti given by gir. — T;9;, where

vij (95 9i1) = Gij(k,1) = (T30, Tidi,) -
Then
Ti = {Tibi, boer »

and (3) is satisfied with n; : G — {T;4;, }2:1 defined by n; (g) = T;0;, where k is such
that g ~K,; 9ik-

(3) = (1). Define equivalence relations on G by
g1 ~n 91 i (1) =1 (92) -

Let {gi1,--.,gin, ; be a set of representatives. Since ‘771-_1 (Tzég)’ is independent of i
and k, n:=n; = --- = N,,. We have

Ti = {ni(gi1),--- i (9m)} -
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Let T/ € L (F",H) be defined by T767 = n; (9gir) where T;0;" = 1; (gir). We have
() 1)o7, 01 ) = (TPo0, T 6% ) = (nj (99ir) s i (99is))
= (0 (gir) s i (9:5)) = (T;07", Tidy!) = (T T;00", 65) -
Thus, by (5.2) and an argument similar to that used in the proof of Theorem 4.10,

Ugi=» TITF S €U (H),
heg

and, since

<(T;’)* n;i (gh) ,6k> = (i (gh), T}6x) = (ni (gh) ,n; (99is))
= (i (h) ,nj (g3s)) = (ni (B), Ty07) = (Tymi (h) 6 ) ,

we also have

Ugni (h) = i (gh) .
If 0; (99ir) = 1 (9gis) then for h e G, j=1,...,m,
(5:3) (i (9ir) nj (h)) = (ni (99ir) s (gh)) = (i (99is) s n; (9h)) = (ni (9is) 5 (h)) -
Since T is a RS for H then {n; (k) :j=1,...,m,h € G} is a frame for H, and thus
(5.3) implies 1; (gir) = 7 (gis). Therefore, U, € Symy;(T"). Given h € G, any element
of T; is of the form Ugyn; (k) for some g € G, and

{Ugni (h) : g € G} € Symy(T)mi (h) € Ti,

it results that 1" is II-transitive. O

6. Tightness and irreducibility. We introduce now a definition from [22] (see
also [23]).

DEFINITION 6.1. A finite subgroup W C U (H) is irreducible if W¢ spans H for
every nonzero ¢ € H.

Recall that ¢ € H is called cyclic if p (G) ¢ spans H. Theorem 6.2 and Theorem 6.3
are a generalization of Theorem 2.2 in [22] (see also Theorem 6.3 in [23]) with an
identical proof.

THEOREM 6.2. Let p(G) be irreducible, T € L(F™,H) and T # 0. Then
(P(9)T),cq € RS(G,m,H) is tight.

Proof. Since p(G) is irreducible, then (p(g9)T),c; € RS(G,m,H) and it has a
positive definite RS operator S. Let A > 0 be an eigenvalue of S with A-eigenvector
f. Let h € G. Using Proposition 3.8(1),

Sp(h) fx = p(h) Sfx = p(h) Afx = Ap () fx,
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then p (h) fx is an A-eigenvector of S. Thus, Sf = Af for all f € span{p (h) fr},cq-
Since p (G) is irreducible, then span{p (k) fx},cg = H, and hence S = A\l3. O

As noted in [22] the argument used in the previous proof is essentially Schur’s
Lemma for irreducible modules.

Note that if p(G) is irreducible, then n > d. In the following theorem we drop
the assumption 7; #0,i=1,...,m.

THEOREM 6.3. Let p(G) be irreducible. If {f;}], C M, where f; # 0 for some i,
and T; € L (F",H) is given by T;07 = p(g) fi, then {T;}{_, € RS(m,G, M) is tight.

Proof. Tt follows from Remark 3.3, Proposition 3.4 and Proposition 6.2. O

A representation p : G — U (H) is called irreducible if the only invariant subspaces
are {0} and H, i.e., if V is a subspace of H such that for all g € G, p(¢9)V C V then
V = {0} or V.= H. The above theorems can be stated in terms of irreducible
representations as a consequence of the following well known result.

PROPOSITION 6.4. Let p: G — U (H) be a representation. p(G) is irreducible if
and only if p is irreducible.

By Proposition 6.4, Theorem 6.2 and Theorem 6.3 are more general results than
Corollary 3.15 in [19].

REMARK 6.5. Suppose that n > d and T € F¥*™ T £ 0. Let p: G — U(F?)
be an irreducible representation of G. By Theorem 6.2 and Proposition 3.8(4),
(P9 T),eq € RS(G,m,F?) is tight and one-erasure robust. Moreover, by Propo-
sition 3.8(3),

n
§=- T3 g Iaxa-

By Proposition 3.8(5), (p(9)T),cg is projective if and only if T has orthogonal
columns of equal norm. In this case, m < d. Therefore, (p(g)T),cs is Parseval,

projective and one-erasure robust if and only if 7" has orthogonal columns of norm
d

EXAMPLE 6.6. Consider as in Example 4.8 the dihedral group of order 6, G =
<a, b:a®=0?=1,b"tab= a_1>, and the orthogonal matrices

(s k) =0 )

that act on R? as a rotation through 27/3 and a reflection in the z-axis, respectively.

The function p : G — U(R?), p(a?b’) = A B is a faithful irreducible represen-
tation of G. Next some concrete examples of Parseval, projective and one-erasure
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robust GRS’s appear. We consider

p(9)Tie, g =1,a,a® b,ab,a®b, 6 = 7/6,7/12,0, i = 1,2,
1/ cosb
Tig=1/=
e \/;< sin 0 )’
T — \/I cosf) —sinf
207V 6\ sin® cosé '

Following we list the elements of each obtained GRS.

_ fi( cosm/6 .
* Timys = \/;< sin/6 )

DU IP U W AT R SR [P R S I (S S I S U I
2V/3 2V/3 V3 23 V3 23

o T 7\/1 cosm/6 —sinm/6
2m/6 = V6 \ sinm/6  cosw/6 )

and

( 1 1 ) ( 1 __1_ ) < 0 1 )
22 216 22 26 V6
1 1 ) 1 _ 1 0 W )
216 2v2 216 2v2 V6
< 1 1 ) < 0o L ) < 1 _ 1 )
2v2 21/6 V6 2v/2 26
1 __1 ]\ L (2 (D S
2v6 2v/2 V6 2v6 22

cosm/12
* Timpz = \/g( sin /12 ):
V3+1 _ 1 1—v/3
2v6 V6 21/6 2
2v6 V6 2v6 2

o T _\/I cosm/12 —sinmw/12
2127V ging /12 cosw/12 )

g
N———
/\'\
e
N———
/\'\
[
shsh
N———

V341l 1-43 1 1 1-V3 V341
4V3 43 23 2v/3 43 V3
V3—-1 V341 ) 1 1 o _VEB41 1=v3 )7
43 4v3 23 23 43 43
V341 1-V3 1-v3 V341 1 1
43 43 43 43 2v/3 23
(1\/5 _\/§+1>’<\/§+1 \/§1>’<_L 1 )
14V3 14V3 43 43 2v3  2V3
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/1 cosO \
* Tl’o_\/;< sin0 )’

1 1 1 1 1 1
0 ) 1 ) 1 ) 0 ) 1 ) 1 .
2 2 2 2

0 —sin0
T :\/I cos :
* f20 6 < sin0  cos0
( 1 0 ) < 1 __1 ) ( _ 1 _1 )
V6 26 21/2 2./6 2V2
0o L | 1 1 3 i )
V6 22 26 2v2 2v6

1 1 1 1 1
< \/6 ) < 2\/6 e ) < 2\/6 2\/5 )
0o —-L | R S A NS S :
V6 2v2 2V6 22 2v6

Note that in these cases although the associated (G, m,H)-frames have repeated ele-
ments, each GRS consists of distinct operators.

(p(9) Torj12 1 g =1,a,a?,b,ab,a®b) has the same Gram matrix than the GRS
considered in Example 4.8. As was noted in that example, the representation is uni-

tarily equivalent to the representation considered in the present example. Specifically,
if

Q= ( —\/55//22 :gg )

then

(e )o=(2an 02)

and
1 0 . 0o -1
(o Z)e=(5 )

Using Lemma 6.6. in [23] (a version of Maschke’s theorem that can be restated
in terms of unitary representations), for a reducible representation p : G — U (H) we
have the orthogonal direct decomposition

(6.1) H= @Hia
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where H; is an irreducible FG-submodule of H. The summands are unique up to or-
dering and FG-isomorphism. Correspondingly, there exist irreducible representations

ng_)U(HZ)v Pz(g):p(g)m“ 7;:1,...,7",

such that
p(9) =" pi(g)hi, h=®_thi, hi € Hi.
i=1

We consider the projections
P H—H;,
given by
P (h) =hs, h=&i_1hi, hi € H;.
Theorem 6.7 and Theorem 6.8 below generalize Lemma 6.7 in [23].

THEOREM 6.7. Let T € L(F™ H) be such that P,T # 0, i =1,...,r. Then
(p(9)T),eq is an a-tight (G, m,H)-RS if and only if

n||PiTH§{s .
6.2 e e =1,...
(6.2) dim (H;) @ el
(6.3) E pi (9) P,TT*Pip; (9)" BT =0, i,j=1,...,r, j #1i.

geg

Proof. We have,

S=>"T, Ty =Y p@TTp(9)" =>_> pil9) PTT*p(9)",
Y Y j=1g€g
and if fz S Hi,
T*p(9)" fi =Y T*Pipi(9)" fi =T"Pipi(9)" .
j=1

Thus, S = aly if and only if

(6.4) SN 0 (0) PTT Pipi(9)" fi = afi, fi € His i=1,....7.

Jj=1g€g
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Equating terms in the above orthogonal sums it results that (6.4) is equivalent to

(6.5) S " pi(g) BTT*Pipi (9)" fi = afis fi€ Hii=1,...,m,
geg
and
(66) Zp.] PTTPpZ()fZ:()u fie}liaiujzlu"'a/r?j#i'
gc€g

Since p; is irreducible and P,T #0,¢=1,...,r, by Theorem 6.2, Proposition 6.4 and
Proposition3.8(3),

n”PTHHS

geg
Hence, (6.5) holds if and only if (6.2) holds. By Theorem 6.2, Proposition 6.4 and
Remark 2.3, {p; (9) PT6T" : g€ G,j € {1,...,m}} is a (tight) frame for H;, so (6.6)
is equivalent to

> pj () PiTT*Pipi ()" pi (W PT =0, h€G, i,j=1,...,r, j #1i,
geg

fi, i=1,...,7r

or
W)Y pi (hg) Py TT P (h'g) BT =0, h €, i,j=1,....r, j #i.
geg
This last condition is equivalent to (6.3). O
THEOREM 6.8. Let {f;}]-, C H where for all j = 1,...,7, Pjf; # 0 for some

i, and T; € L (F",H) given by Tidy = p(g) fi. Then {Ti}{—, € RS(m,G, H) is an
a-tight (m, G, H)-RS if and only if

n s 2 .
(67) dlm(HJ);”PJfl”H_a, J _17'-'ara
6.8) D D (Pifop(@) Pifi)yp(@)Pfi=0,"=1,....m, j,l=1,....7, L #].
i=1 geg

Proof. Let T € L (F™,H) by To!" = T;67 (where 1 is the unit in G), i =
Fori =1,...,m, 5,1 =1,...,r we have,

S S (B0 (9) Pafidag 0 (6) P = S0 S (BT, 0 (9) PLTST,, pg) BT

=1 geg geg i=1

_ij ) PITT" Pip; (9)" Py T4
geg
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Thus, the proof follows from Proposition 3.4 and Theorem 6.7. O
Theorem 6.9 and Theorem 6.10 below generalize Theorem 6.18 in [23].

THEOREM 6.9. Suppose that in decomposition (6.1) the summands that occur
more than once are absolutely irreducible. Let {f;}|., C H where for all j =1,...,r,
Pjfi # 0 for some i, and T; € L (F",H) giwen by Tid; = p(g) fi. Then {T;}_, €
RS(m,G,H) is an a-tight (m, G, H)-RS if and only if

n i 2 .
6.9 ETNZYEEY P;f; = qQ, =1,...,m

and if there exists an FG-isomorphism o : H; — H; with | # j,
1P fzIIH
(6.10) (Pifi,oPjfi)y =0,
; o P; £ill3,
where T ={i e {l,...,m}: Pjf; #0, P f; # 0}.

Proof. Condition (6.9) is condition (6.7). Let

SiiHy = Hi, Sif =Y (fip(9) Pifiyyp(9) Pufss 4,1=1,....m, L #].
geg
We have,
h)Sif = (p(h) f.p(hg) Pifi), p(hg) Pifi = Sip () ,

9€g

thus S; is an FG-homomorphism and (6.8) holds if and only if
ZSlp )Pify =0, g€, 1,...,m.

By Theorem 6.3, Proposition 6.4 and Remark 2.3, {p(g) Pjfi : g€ G,i' =1,...,m}
is a (tight) frame for #;, so (6.8) is equivalent to

=1

By Schur’s lemma (see, e.g., [13]), if #; and H; are not FG-isomorphic, S; = 0,
i =1,...,m, and then (6.8) holds. Otherwise, if i € Z and o : H; — H; is an
FG-isomorphism, by Lemma 6.14 in [23],

n || P fi ;

1%
= <Hfluapfl> ag.
dim (H;) o P; fill3, T
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Thus, condition (6.10) is equivalent to >
(6.8). 0

ier i = 0, and thus, also equivalent to

THEOREM 6.10. Suppose that in decomposition (6.1) the summands that occur
more than once are absolutely irreducible. Let T € L (F™,H) be such that ;T # 0,
i=1,...,r. Then (p(9)T),cg is an a-tight (G,m,H)-RS if and only if

2
n ”PiTHHS —a i=1
dim (H;) ’

A )

and if there exists an FG-isomorphism o : H; — H; with | # j,

P; T5m
5~ BT o pypg by, =0
= loPTom3,

where T = {i € {1,...,m}: PyT0" # 0, PTé™ # 0}.

Proof. Let f; = T6" € H,i = 1,...,m and T; € L(F",H) given by T;0; =
p(g) fi- By Proposition 3.4 and Theorem 6.9, the proof follows. O

REMARK 6.11. Let n >d >m and T € F¥>*™ T £ 0. Let p: G — U(F?) be a
reducible representation of G with

P1 (9)
p(g) = . ,
pr(9)

where p; (g) € U(F%) and p; is an irreducible representation of G, i = 1,...,m.

By Proposition 3.8(4)(5), (p(9)T),cq € RS(G, m,Fd) is projective and one-
erasure robust if and only if 7" has orthogonal columns of equal norm. By Theo-
rem 6.10 and Proposition 3.8(3), (p(9) T),cg € RS(G,m, F4) is tight with

n 2
S = < T3 Toaxa,

i—1 7
d; .
T(st—i—l:ZdS,:) = 1/E|\T||HS, i=1,...,m
s=1 s=1 HS

and in the case there exists an FG-isomorphism o : F%1 — F2 with iy # i1,

< <hzld +1: st,]> aT(lzz:ld +1: st,]>> il:o,

if

(6.11)
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for j =1,...,m. In particular, we obtain a Parseval GRS replacing (6.11) by

i—1 [
T <st +1: st,;>
s=1 s=1

HS

EXAMPLE 6.12. Let p : G — U(R*) be a reducible representation of G with

p(g) = < plég) pz(Zg) >, where p1 (g), p2 (9) € U(R?) and p; = ps is an irreducible

representation of G. Some possibilities for T' to obtain a Parseval, projective and one-
erasure robust GRS’s, (p(9) T),cg € RS(G,m, H), are

cosf cos sin 6
\/T sin 0 \/T sinff  —cosf
3| —sing |'V6| —sing coso ’
cosf cos sin 6
cos 01 sin 01 cos 0
\/T sinf; —cosf; sinfy
9 —sinf#;  cosby sin 09
cos 01 sin 01 —cos by
cos 01 sin 01 cosbly —sinf,
1 sinf; —cosf;  sinfy cos Oy
12 —sinf;  cosby sin 09 cos Oy
cos 01 sin 04 —cosfy  sinfy

7. Concluding remarks. In this paper, we have established results about
GRS’s associated with a finite group. Their Gram matrices were characterized and
simple conditions for one-erasure robustness were established. The relation between
tightness and irreducibility of the representation was studied. The obtained results
were used to construct Parseval, projective and one-erasure robust GRS’s. An impor-
tant case, not considered here, is the GRS’s associated with an abelian finite group,
and in particular, with a finite cyclic group. Also, symmetries of a RS can be fur-
ther studied in line with [24]. We can also consider the more general case of a non
finite Hilbert space and a non finite group. All these questions are currently under
investigation.
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