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Inequalities for logarithmic

and exponential functions

Eugen Constantinescu

Abstract

In [10] it was announced the precise inequality : for x ≥ 1
4

ln

(

12x
2 + 6x + 1 − 1

60x2+2

12x2 − 6x + 1 − 1
60x2+2

)

<
1

x
< ln

(

12x
2 + 6x + 1 − 1

60x2+1

12x2 − 6x + 1 − 1
60x2+1

)

.

The aim of the paper is to improve as well as to give a generalization

of above inequalities, see [4].

2000 Mathematical Subject Classification: 26D05,26D07,33B15

Let A(x) := 12x2 + 6x + 1 , b(x) =
1

60x2 + 2
, B(x) =

1

60x2 + 1
.

A question raised by Slavko Simić in [10] is to prove following nice inequal-

ities

ln

(

A(x) − b(x)

A(−x) − b(x)

)

<
1

x
< ln

(

A(x) − B(x)

A(−x) − B(x)

)

, x ≥
1

4
.(1)

Further we need following polynomials

Q3(x) := 120x3+60x2+12x+1 , Q4(x) := 1680x4+840x3+180x2+20x+1.

47



48 Eugen Constantinescu

Observe that for x ≥ [1
4
,∞) we have

A(x) − b(x)

A(−x) − b(x)
<

Q4(x)

Q4(−x)
and

A(x) − B(x)

A(−x) − B(x)
=

Q3(x)

−Q3(−x)
.

In fact
Q4(x)

Q4(−x)
−

A(x) − b(x)

A(−x) − b(x)
=

4096x

C(x)D(x)
where

C(x) = (4x − 1)2(1680x2 + 75) + 70(4x − 1) + 11

D(x) = (4x − 1)2(720x2 + 39) + 30(4x − 1) + 7 .

We shall prove the following ,,better” estimate

ln

(

Q4(x)

Q4(−x)

)

<
1

x
< ln

(

Q3(x)

−Q3(−x)

)

, x ≥
1

4
.(2)

However, inequalities (2) are equivalent with case n = 2,m = 1 of a more

general result:

Theorem 1. Suppose that ck(n) :=

(

n

k

)

(2n − k)!

n!
=

(2n)!

n!

(−n)k

(−2n)k

and let

Qn(x) :=
n

∑

k=0

ck(n)xn−k .(3)

If n,m are positive integers, then for x ≥
1

2m + 2
the following inequalities

are valid
Q2n(x)

Q2n(−x)
< e1/x <

Q2m+1(x)

−Q2m+1(−x)
.(4)

Proof. Note that Qn(x) =
(2n)!

n!
xn + . . .+1 . The first polynomials Qn are:

Q0(x) = 1 , Q1(x) = 2x + 1 , Q2(x) = 12x2 + 6x + 1

Q3(x) = 120x3 + 60x2 + 12x + 1.
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These polynomials are connected to some special polynomials as : Legendre

polynomial,Laguerre polynomial, Bessel polynomial (see [1],[2],[8] ). For

instance, following integral representations are valid

Qn(x) =

∞
∫

0

e−tPn(1 + 2tx) dt =
(−1)nn!

(2n)!xn

∞
∫

0

e−t(1 + tx)2nLn(t) dt

where Pn is the Legendre polynomial and Ln denotes Laguerre polynomial.

Likewise

Qn(x) =
1

n!

∞
∫

0

e−ttn(1 + tx)n dt =
(2n)!

n!
xn

1F1(−n ;−2n ; 1/x) .(5)

Some properties of polynomials Qn are listed in following proposition:

Lemma 1. Let (Qn)n≥1 be the polynomial sequence defined as in (3). Then

for n = 1, 2, ...

• (Recurrence relation): Qn+1(x) = (4n + 2)xQn(x) + Qn−1(x) .

• (The roots): Q2n has not real roots. Q2n+1 has only one real root,

namely in (−∞, 0). If Qn(xj) = 0 , then

1

n(n + 1)
≤ |xk| ≤

1

n + 1
, Re(xk) < 0 , k ∈ {1, 2, ..., n}.

• (Two identities): Qn(x)Qn(y) =
n
∑

k=0

(n+k)!
k!(n−k)!

(x + y)kQk

(

xy
x+y

)

,



















(−1)nQn(−x)e1/x = Qn(x) + εn(x),

where εn(x) :=
(−1)n

(2n)!

1/x
∫

0

tn(1 − tx)net dt.
(6)
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• (Approximating e1/x): If Qn(x) 6= 0, then

e1/x =
Qn(x)

(−1)nQn(−x)
+ rn(x)(7)

where

rn(x) :=
εn(x)

(−1)nQn(−x)
= (−1)ne1/x

∞
∫

x

e−1/t

|tQn(−t)|2
dt .

The identity (6) is obtained using repeated integrating by parts (see [4]-[5]).

Equality (7) is a consequence of (6). The roots are investigated using En-

eström -Kakeya theorem (see [5] or N.Obreschkoff,s monograph [7].) Other

identities were established using theory of Special Functions[1],[2],[8]. From

above Lemma the proof of Theorem is complete (see (6)-(7).

In case n = 3 , m = 2 from (4) we find

Corollary 1. For x ≥ 1
6

the following inequalities hold :

ln

(

665280x6 + 332640x5 + 75600x4 + 10080x3 + 840x2 + 42x + 1

665280x6 − 332640x5 + 75600x4 − 10080x3 + 840x2 − 42x + 1

)

<

<
1

x
< ln

(

30240x5 + 15120x4 + 3360x3 + 420x2 + 30x + 1

30240x5 − 15120x4 + 3360x3 − 420x2 + 30x − 1

)

When x = 1, the recurrence relation from Lemma 1 implies

Corollary 2. If (Yn(λ))∞n=0 is defined by Y0(λ) = 1 , Y1(λ) = λ , and

Yn+1(λ) = (4n + 2)Yn(λ) + Yn−1(λ) , n = 1, 2, ...,

then for n large we have
Yn(3)

Yn(1)
≈ e. More precisely

Y2n(3)

Y2n(1)
< e <

Y2m+1(3)

Y2m+1(1)
, n,m = 0, 1, 2, ...
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and
∣

∣

∣

∣

e −
Yn(3)

Yn(1)

∣

∣

∣

∣

< 4
( e

4n

)2n+1

, (n ≥ 4).

Observe that
Yn(3)

Yn(1)
is a rational number. If n = 1000 , then Yn(3) is an

integer having 3169 digits and Yn(1) is an integer with 3168 digits. Using

a PC, approximation
Y1000(3)

Y1000(1)
≈ e gives 6338 correct digits of Napier,s

constant ,, e ”.
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