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Inequalities for logarithmic
and exponential functions

Eugen Constantinescu

Abstract

. . . . . 1
In [10] it was announced the precise inequality : for = > 7

12$2+6$+1_W12+2 1 12‘T2+6‘T+1_60a}—2+1
n 7 < —<In T .

The aim of the paper is to improve as well as to give a generalization

of above inequalities, see [4].
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A question raised by Slavko Simi¢ in [10] is to prove following nice inequal-

ities
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Further we need following polynomials

Qs3(7) := 1202° +602* +120+1, Qu(x) := 16802* +8402° + 1802 +20x+1.
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Observe that for z > [}, 00) we have

A@) —bla) _ Qux) . A@)-Bl) Q)
A(=z) = b(z) ~ Qu(-2) A(=z) = B(x)  —Qs(—z)
In fact Qa(x) - Afz) — b(z) = 4096z where

Qu(=z)  A(=z) —blz) C(z)D(x)

C(z) = (4o —1)*(16802% + 75) + 70(4x — 1) + 11
D(z) = (4x —1)*(7202% +39) +30(dx — 1) + 7 .

We shall prove the following ,,better” estimate

o () <ten() e

However, inequalities (2) are equivalent with case n = 2,m = 1 of a more

general result:

Theorem 1. Suppose that cx(n) :

<n) @n—k)! _ 20! (=)

n! n! (=2n)

(3) Qu(w) = ) ex(n)a"*|.

1
If n,m are positive integers, then for x > ST— the following inequalities
m

are valid
(4) QQ”(‘T) < el/x < Q2m+1($) )
Q2n(—17) —Qami1(—7)
@n)! . .
Proof. Note that Q,(z) = ——#"+...+1. The first polynomials @, are:
n!

Qo(x) =1, Qi(z) =22 +1, Qy(x) =122 + 62 + 1
Qs(x) = 1202 + 602 4 122 + 1.
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These polynomials are connected to some special polynomials as : Legendre
polynomial, Laguerre polynomial, Bessel polynomial (see [1],[2],[8] ). For

instance, following integral representations are valid

'J;n

/‘tP (1+ 2tx) dt n/ H1 +tx)* L, (t) dt
0 0

where P, is the Legendre polynomial and L,, denotes Laguerre polynomial.

Likewise

[e.9]

(5)  Qu(z) = % / e (1 + to)" dt =

0

(2n)!
n!

" Fy(—n;—2n;1/z) .

Some properties of polynomials ),, are listed in following proposition:

Lemma 1. Let (Q,)n>1 be the polynomial sequence defined as in (3). Then
form=1,2 ..

e (Recurrence relation):  Qui1(z) = (4n + 2)2Qn(z) + Qn_1(x) .

e (The roots):  Qa, has not real roots. Qa,11 has only one real Toot,

namely in (—00,0). If Q,(x;) =0, then

1
— < <
n(n+1) — el < n+1

, Re(xk) <0, ke {1,2, ,n}

e (Two identities): Q,(2)Q.(y) = E k,?:k,zl (z+ )" Qx (%)7

(—1)"Qu(=2)e'’™ = Qu(w) +en(2),

1/x
(©6) where e,(z) := —_ /tn(l —tx)"e" dt.

0
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o (Approximating e'/*): If Q,(x) # 0, then

el/x: Qn(l’) r(x
g o e
where
ro(x) = €n(l’) — (_ nel/x [ e_l/t
) (=1)"Qn(—2) =) /|th(—t)|2 ar-

xT

The identity (6) is obtained using repeated integrating by parts (see [4]-[5]).
Equality (7) is a consequence of (6). The roots are investigated using En-
estrom -Kakeya theorem (see [5] or N.Obreschkoff’'s monograph [7].) Other
identities were established using theory of Special Functions[1],[2],[8]. From
above Lemma the proof of Theorem is complete (see (6)-(7).

In case n =3, m = 2 from (4) we find

Corollary 1. For z > % the following inequalities hold :

| 665280x% + 332640x° 4+ 756002* + 1008023 + 84022 + 42z + 1
n
66528025 — 33264025 + 7560024 — 1008023 + 84022 — 42z + 1

1 (30240:1:5 + 151202* + 336023 + 42022 4 30z + 1)

< —-<1
x " 3024025 — 15120x* + 336023 — 42022 + 30z — 1

When x = 1, the recurrence relation from Lemma 1 implies

Corollary 2. If (Y, (X)), is defined by Yo(A) =1, Yi(A) = A, and

Vo1 (N) = (4n + 2)Y, () + Y, 1))

Ya(3)
Ya(1)

}/2n(3> Yva+1 (3)
YorD) ~ ¢~ Yomr (1)

,n=12 ..

then for n large we have ~ e. More precisely

, nom=20,1,2, ...
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and
Y, (3) e\ 2n+1
— 4 (—) C(n > 4).
.0\ (n24)
Y,.(3) . . :
Observe that Y. (1) is a rational number. If n = 1000, then Y,(3) is an
integer having 3169 digits and Y,,(1) is an integer with 3168 digits. Using
Y1000(3
a PC, approximation M ~ e gives 6338 correct digits of Napiers
Yio00(1)
constant ,, e ”
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