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Quasisymmetric and quasimobius maps on
locally convex spaces

Silviu Craciunas, Petru Craciunasg

Abstract

We give the definitions of the quasisymmetric and quasimobius
maps, maps defined on a locally convex spaces and some properties

of this applications.
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Let E be a locally convex spaces. We denote by A, the family of

continuous semi-norms on F.

Definition 1.Let (z1,x2, x3) be a triple of distinct points in E. For a € A,

the a—ration of (x1, 2, x3) is the number po(x1, T2, x3) defined by

(|2 — 2 _
wa Zf |$3_$1|a7é0
’333_371‘04
Pa(T1, T2, x3) = 0, if |xo— x1]a = |23 — 210 =0
00 if |xo—21]a #0, |23 — 21| =0
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Definition 2.Let (1, xo, x3,4) be a quadruple of distinct points in E. For
a € A, the a—cross ratio of (x1, 2, x3,x4) is the number 7,(x1, x9, T3, x4)

defined by

( ’Il _x3|a . |$2 _x4|a

if |71 — 4la - |22 — 23|0 # 0
21 — 24l |22 — 73]a
' |5L‘1—I3|a‘ |5L'2_x4|0420

0 of
Ta(x17x25x37x4) = |IL‘1 - $4|O¢ : |x2 - $3|O¢ = O
' |21 — 3| - |22 — T4]a # O

oo if

|21 — 24l - |22 — 23]l =0

Proposition 1.Lets E, F two locally convex spaces and A, B the families
of continuous semi-norms on E and F' respectivelly. For o : B — A, and

a homeomorphism 1 : [0, c0] — [0, 00] (n(o0) = o0), if f : E — F wverifies
(1) 2" — 2" 8 = 0 is equivalent with |f(z') — f(z")|g =0
for any x', 2" € E, then for

77(:%(5)(951’ T, $3)) € {07 OO}

we have
pp(f(x1), f(22), f(3)) = n(pps) (1, T2, T3)).
Proof. If
N(pp(p) (X1, 72, 73)) = 0
then

P<p(5)(9€17372,373) =0
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and using the definition 1,

|2y — $1|so(ﬂ) =0
x5 — $1|so(ﬁ) > 0.

From (1) we have

|f(z2) = flz)ls =0, |f(zs) — flz1)|sg =0
and consequently,
ps(f(x1), f(x2), f(x3)) = 0.
If
1(Pp(s) (21, T2, 23)) = 00
then
Pe(3)(T1, T2, T3) = 00

and from the definition 2,

|29 — xl\w(ﬁ) # 0
|23 — 331\@(6) = 0.

From (1) we have

|f(z2) = f(z1)]s # 0
|f(l‘3) - f($1)|ﬁ =0

and

pa(f(z1), f(z2), f(x3)) = o0.

Proposition 2. Lets E, F' two locally convex spaces and A, B the families
of continuous semi-norms on E and F respectivelly. For ¢ : B — A, and

a homeomorphism n : [0, 00] — [0, 00] (n(c0) = 00), if f : E — F wverifies

2" — 2”8 = 0 is equivalent with |f(z") — f(z")|g =0
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for any ', 2" € E, then for
1(Tp(8) (21, T2, 3, 24)) € {0, 00}
we have
Tﬁ(f($1)v f(@2), f(x3), f(x4)) = 77(7_<p(ﬁ)(x1>$27 T3,%4)).
Proof. We have the implications
N(Tp(8) (21, 2, 23, 24)) = 0 which implies 7,5 (21, 22, 3, 24) = 0
and from the definition 2,

|21 — a73|¢(/6) “|ag — $4|so(ﬁ) =0
|z — 934|¢(ﬁ) |y — $3|so(ﬁ) > 0.

Using (1) we have

|f(z1) = f(z3)lp - [f(22) — f(x4)]5 =0
|f(x1) = f@a)lg - [f(z2) — flz3)]5 >0

and
m8(f(21), f(22), f(w3), f(24)) = 0.
Also if
N(Tp(8)(T1, T2, T3, 74)) = 00
then
To(p) (71, T2, 3, 4) = 00
and

|21 — @3]p(8) - [T2 — Talp(s) # 0
v ’ which implies

|21 — 24l p(8) - |72 — T3]0 =0
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[f(z1) = fws)ls - | f(22) = f2a)ls # 0

f(z1) = f(@a)ls - |f(22) = f(as)]s = 0.
Finally,

75(f(21), f(22), f(73), f(74)) = 00.

Definition 3. Lets E, F two locally convex spaces, A, B the families of
continuous semi-norms on E and F' respectively and D C E a open set. We
say that f : D — F is a quasisymmetric map if there exists ¢ : B — A

and a homeomorphism 1 : [0, 00] — [0, 00] (n(c0) = 00) such that
(i) |v1 — 22|u() = 0 is equivalent with | f(x1) — f(x2)]s =0
(ii) ps(f(x1), f(2), f(x3)) < nlpp(s)(z1, 72, 73))

for any x1, 29,23 € D.

Definition 4.Lets E, F two locally convex spaces, A, B the families of
continuous semi-norms on E and F', respectively and D C E a open set.
We say that f: D — F is a quasiimdobius map if there exists o : B — A

and a homeomorphism n : [0, 00] — [0, 00] (n(c0) = 00) such that
(i) |z1 — 22|, = 0 is equivalent with |f(x1) — f(x2)|g =0
(ZZ) Tﬁ(f(x1)> f(xQ)a f(x?))a f(334)) < 77(7_@(/3)('%1? 332,.233,374))

for any xi, 29, 23,04 € D.

Proposition 3.If T' € Isom (E, F), then there exists ¢ : B — A so that

T is quasisymmetric and quasimobius for n : [0, 00] — [0, 00], n(t) = t.
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Proof. Let § € B. The application x — |T'z|s is a continuous semi-norm

on E. There exists o € A so that ||, = |Tx|g. We define p : B — A,

e(B) = a.
Ifxi,29 € £

T(@1) = Toylp = [T(21 = 22) |5 = |21 = Z2o(s)

and (i) is satisfied.

Also, we have,
ps(T(21), T (22), T(x3)) = py(s) (1, T2, 73)

75(T (1), T(22), T(23), T(74)) = Tp(p)(T1, T2, T3, T4)

for any x, 29, 23,24 € E and the conditions (ii) from the two definitions

are true for n(t) = t.

Proposition 4.If

|T1 — x3]0 - |21 — Tala + |21 — @40 - |72 — T3]0 # 0,

then
1
To(T1, T2, T3, 24) = To(T1, T2, T4, 23)
Proof. If
@1 — @3l - |22 — @4l # 0
[0 = ala - |22 — gl # 0
then

_lwi—wsfa |we — wala

Ta($1,$2,$3,l‘4) - |ZL‘1 — ,CC4| |£L‘2 — $3| -
(0% (0%

_ (’331_1‘4|a. |xz—x3!a)1: 1
|T1 — 23]0 |22 — T4la To(Z1, T2, T4, T3)
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If
|21 — @3|a - |T2 — Z4la =0
|21 — 24l - |22 — 23]la # 0
then
Ta($1,$2,$3,$4) - 0
and
Ta (1, T, T4, 23) = 00,
and if
|21 — 23]0 - |22 — Tala # 0
|T1 — T4l - |22 — 23] =0
then
Ta(x1,$27x3,x4) = 00
and

To(Z1, X2, 24, x3) = 0.

In the last two cases, we have also

1

Ta($1,$2,$4,9€3) .

Ta(T1, T2, 3, 14) =
Proposition 5.If f : D — F' is a quasimobius map then we have
77_1(7&1@(951715275%934) < 1a(f (1), f(22), f(23), f(74)) < 078y (1, T2, T3, 74)),
for any x1, 29, x3, x4 € D with

|21 = 23lp(s) - |72 — Talpe) + |71 — Talpes) - |72 — 3|p(s) # 0 -
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Proof. Firstly, we have
|1 — 3lpg) - |22 — Talp(e) + |21 — Talo() - |22 — 3lp(s) # O
is equivalent with

[f(z1) = fws)ls - |f(x2) = f(za)ls + |f (1) = f(a)lg - [f(22) — f(25)]s # O

and using the previous proposition, we can write:

1, 1 1
n 1(7'@(16)(1’1,%2,.%3,:134) = ( 1 ) = 77(7¢(ﬁ)($1,$2,$4,$3)) <
T@(ﬁ)(x17x27x37x4)
< : = 75 (a1). F(z2). Fza), f(22))

Tﬁ(f(xl)v f(x2)7 f(IB)v f(SL’4>>

S U(Tw(ﬁ) (xla Zo, T3, LU4).
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