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Abstract

Generalization of estimation of two-point formula is given, by

using pre-Griiss inequality.
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1 Introduction

In the recent paper [4] N. Ujevié¢ use the generalization of pre-Griiss inequa-
lity to derive some better estimations of the error for Simpson’s quadrature

rule. In fact, he proved the next as his main result:
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Theorem 1. If g,h, ¥ € Ly(0,1) and fol U(t)dt =0 then we have
(1) [Su(g. h)| < Su(g, 9)"*Sw(h, h)''2,

where

1
0

Su(g,h) = /0 (DRt~ /0 ot /0 ()i / o(B)To (1)t /0 B To(b)dt

and Wo(t) = W (t)/||V||2.

Further, he gave some improvements of the Simpson’s inequality. For

example he get:

Theorem 2. Let I C R be a closed interval and a,b € Intl, a < b. If
f I — R is an absolutely continuous function with ' € Lo(a,b) then we

have

@ |5 [ ar () + ) - [ roa] < 0k

where

o k=i ([ rwa) ([ romor)

and W(t) = t — =, Wo(t) = (1) /|| 0.

2

In this paper using the Theorem 1 we will give the similar result for Euler
two-point formula and for functions whose derivative of order n, n > 1, is
from L5(0,1) space. We will use interval [0, 1] because of simplicity and

since it involves no loss in generality.
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2 Estimations of the error for Euler two-
point formula

In the recent paper [3] the following identity, named Euler two-point for-

1

mula, has been proved. For n > 1, z € [0,1] and every t € [0,1] we

have
(4) /0 F(H)dt = D(x) — T(z) + Rulx)
where
D(a) = 5 [F@) + 71— )],
To(x) =0 and
) T(2) = 5 30 2 [pueng) — poen o)),

R@) = g [ G0 17 0

and
Gi(t)y=Bi(x—t)+B:(1—x—1t), t eR.
The identity holds for every function f : [0,1] — R such that f~V is
a continuous function of bounded variation on [0, 1]. The functions By(t)
are the Bernoulli polynomials, By, = By(0) are the Bernoulli numbers, and
Bi(t), k > 0, are periodic functions of period 1, related to the Bernoulli

polynomials as

Bi(t)=Bu(t), 0<t<1 and Bit+1)=Bi(t), teR.
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The Bernoulli polynomials By (t), k& > 0 are uniquely determined by the

following identities
By (t) = kBy_1(t), k> 1; By(t) =1, Bp(t +1) — Bi(t) = kt"*, k> 0.

For some further details on the Bernoulli polynomials and the Bernoulli
numbers see for example [1] or [2]. We have Bj(t) = 1 and Bj(t) is a
discontinuous function with a jump of —1 at each integer. It follows that
Bi(1) = Bg(0) = By, for k > 2, so that B;j(t) are continuous functions for
k> 2. We get

(6) By(t) = kBi_4(t), k=1
for every t € R when k > 3, and for every t € R\ Z when k = 1, 2.

Theorem 3. If f : [0,1] — R is such that f"=Y is absolutely continuous
function with f™ € Ly(0,1) then we have

1/2

<1 {M By + Bon(1 — 23;)]} K,

@ =2 (2n)!

/0 f(t)dt — D(z) + T(x)

where

o w=ing- () f(")(t)dt)2 ([ f<"><t>%<t>dt)2.

For n even

1, tel0;
U(t) = [1 3] |
while for n odd we have
Bn+1(%+r) 1
W(h) = t+ 2(Bot1(2)—Bni1(3+2))’ te [0, 2} ’
by Bn+1<§+x)*2Bn+1(l‘) t e (%’ 1]

2(3n+1(x)—Bn+1 (%-HE)) !
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Proof. It is not difficult to verify that

(9) / 1 G (t)dt =
(10) / Byt =0,
(11) /1 G ()W (1)dt = 0.

From (4), (9) and (11) it follows that

(12) / f(t)dt — D() + To(z) = / G2 (1) ™ (1) dt

o s [ o
50D /G“” YWo(t dt/ FM (&) Wo(t)

—_

Using (12) and (1) we get
[ S0t = D)+ T < gk Su(G G S (0, 5

— 2(n!)
We also have (see [3])

Su(G2,G2) = GaIE - ( / 1 Gz<t>dt>2— ( / 1 G;(tmfo@dt):

(13)

11—12(,”!)2
(1) = (1) gy [Bon + Ban(1 — 20)]
and
(15)

Su(r, ) = 111 - (| 1f(")(t)dt) (f s dt) g
(7).

From (13)-(15) we easily get
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Remark 1.Function V(t) can be any function witch satisfies conditions
[y w(t)ydt = 0 and [} GE(t)¥(t)dt = 0. Because GE(1 —t) = (—1)"G%(t)
(see [3]), for n even we can take function V(t) such that (1 —t) = —W(t).
For n odd we have to calculate W(t) and with not lost in generality in our
t+a, tel0,1],

theorem we take the form W(t) =
t+b, te(5,1].
Remark 2.Forn =1 in Theorem 3 we have

(16) / F(t)dt - D(z)

while

1222 —24x+5
t + 24x—6 ) t

Also, for n =2 we have

1 111 x2 4xd 4xt 1/2
17 t)dt — D <-4+ — - — K
while
1, telo,i],
@(t): [1 2]
-1, te(5,1]

If in Theorem 3 we choose x = 0,1/2,1/3,1/4 we get inequality related
to the trapezoid, the midpoint, the two-point Newton-Cotes and the two-

point MacLaurin formula:

Corollary 1. If f : [0,1] — R is such that f®=Y is absolutely continuous
function with f™ € Ly(0,1) then we have

(18)

/0 't — %[ F0)+ F(1)] + Tn(g)‘ B [
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where Ty(0) = 0,

(2k)!
and
1 2 1 2
w2 =1 ([ roea) - ([ o)
0 0
For n even
1, telo,i],
\Ij(t) — [1 2}
~1, te(3,1],
while for n odd we have
t+ 5w, te[0,3],
woy = i e bl
b+ i te(31]

Remark 3.Forn =1 in Corollary 1 we have

! 1 K
| e =500+ r| < 5=

while

(- b te i,
=Y s te(31]
6 29 :

Corollary 2. If f : [0,1] — R is such that f"=Y is absolutely continuous
function with f™ € Ly(0,1) then we have

/olf(t)dt— f (%) YT, (%)‘ < [%an] I/QK,

where T} (%) =0,

(19)
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and
2

we == ([ f(”)(t)dt)2 - ([ rereoar)

For n even

1, telo,t
\I](t) — 9 E |:17 2] )
-1, te(3,1],
while for n odd we have
t+ —=—, tel0,i],
‘I/(t) _ 217217;1 [1 2]
t+ o T (31

Remark 4.For n =1 in Corollary 2 we have
o1 () <2
0 2/~ 23

€ [0
C

while

~

~
|

Wiy Wi
~

Corollary 3. If f : [0,1] — R is such that f"=Y is absolutely continuous
function with f™ € Ly(0,1) then we have

o)) )

<

(20)

where Ty (%) =0,
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and
1 2 1 2
== ([ i) - ([ o)
0 0
For n even
1, tel0,i],
1 te (b,
while for n odd we have
U(t) = t+fﬁ§? te[?%L
t+ 22‘:";277,7 te (57 ]-]

Remark 5. For n =1 in Corollary 3 we have
! 1 1 2 K
Hdt—=|f (= All<=
frroa=31r(5)+(5)]| =%

S
€

while

~

~
|

oot o=
~

Corollary 4. If f : [0,1] — R is such that f*™=Y is absolutely continuous
function with f®™ € Ly(0,1) then we have

(21)
a0 ()] Q)< o

and

=g ([ ) ([ remwmoa)
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while
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