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Two diophantine equations !

Dumitru Acu
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Abstract

In this paper we study the diophantine equations (1) and (2).

2000 Mathematical Subject Classification: 11D61

The diophantine equation play an ever increasing rolled in mathematics
and in modern applications(see [6]).
In this paper we study in positive integer numbers the following tho

diophantine equations

(1) 3+—($_21>”“" =3
and
(2) 3i(3 4 LT _21)""”) =y’
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1 The diophantine equation (1)
The equation (1) is equivalent with
?—r4+6-2-3Y=0

where we obtain

1+ VA
Tr =
2
with
(3) A=8-3V—-23=2%

z odd number.

If y =1, then we have A =1 and z = 1.
If y = 2, then we obtain A = 72 and = = 4.
If y = 3, then we find A = 193 # 22, z € N.

If y = 4, then we have A = 25? and x = 13.

Now we consider y > 5. We write the equation (3) under the form
(4) 2 +23=28-3"

We consider that 8 - 3¥ = 0(mod243). As we know x = 81k +r, kK € N and
r € {0,4£1,£2,...,4+40}, where we find z? = 7?(mod81),with
r? € {0,1,4,7,8,9,10,13,16, 19, 22, 25, 28, 31, 33, 36, 37, 40, 46, 49, 52, 55,
58,61,63,64,67,70,76}.
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From here,it results 22 + 23 = 0(mod81) only if z = 81k + 25,k € N.
From x is odd number, we deduce that k& = 2p,p € N.Thus we have z =
162p + 25,p € N.We now have

2?2 + 23 = 1622 - p? + 50 - 162p + 625 = 243t + 81p + 139.

The equations (4)has the solutions only if 81p + 139 = 243 - u,u € N.
From here we obtain 139 = 81(3u — p), which it is not possible.It results
that the equation (4) has not the solutions if y > 5.

Thus we have proved.

Theorem 1.1.7The diophantine equation (1) has in positive integer numbers

only the solutions: (z,y) € {(1,1), (4,2),(13,4)}.

2 The diophantine equation (2).

If x = 1, then from (2) we obtain y? = 3,which it is not possible in natural
numbers.Let x > 2 be natural number.We consider two cases.

The cases 2.1. r odd number. Let x be odd number x = 2t + 1,
t € N*, N* = N — {0}. Then the diophantine equation (2) takes the form

(5) (37 (3 +2t* +1) = ¢,

which it is possible only if 2t? +t 4 3 = u?,u € N*.
From here it results ¢ = #Z with A = 8u? — 23 = v%,v € N*.
Therefore, we obtained that the v and u are the solutions of the dio-

phantine equation:

(6) v? — 8u? = —23.
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But, as we know, this equation can be reduced to the equation of
Pell([1],[3],[4],[5])-

Thus we consider the diophantine equation of Pell:
(7) v? —8u? =1

which it has the least solution (v, ug) = (3,1). Now we find the solutions
of the equation (6) v + uv/8 for which we have | v |[< 1 and | u |< 4. Thus
we find for the equation (6) the solutions (v,u) = (3,2) and (v,u) = (7, 3).
Starting with (v, u) = (3,2) we find the solutions for (1) from the identities
v + upV/8 = (34 v8)F(3 +2v/8) or
vk + upV8 = (3 4+ V8)F(3 — 2v/8),k € N*.

From here we obtain for the equation (6) the solutions

(8) v, = 3A, + 168y, , u, = 2A;, + 3By
or
(9) Vg = —3Ak + 16Bk , U = 2Ak — 3Bk
where

k k k—2 k k—4g2
(10) A =3t ()38 ()38t 4
and

(11) B, = (lf) 31 4 <§) 3F38 + (l;) 3F582 4 ... ke N

For the solutions (8) we have

-1 3A,—1
ty = =4k = 4By, 4 22—



Two diophantine equations o7

which is number natural only if 4 | 34, — 1, that is 4 | 3**1 — 1, whence
it results that k is odd number. Thus, if k£ is odd number, we have for the

equation (2) the following solutions

1+ v —1+uy

(12> Tk 9 y Yk = 3T Uk,

where u; and vy are given by (8).

Example 1. For k =1 we have A; = 3,B; = 1,y = 3A; +16B; = 25,u; =
241 +3B; =9, z; = 13,5, = 3%, that is the equation (2) has the solution
(z1,y1) = (13, 3%). Similarly starting from the solutions(9) we obtain for the
equation (2) the solutions:

1+ v —1+vy,
- s Y =371 -y,

(13) T,

k even number.
Example 2. For k = 2, we obtain Ay = 17,By = 16,09 = —3A5 + 16B, =
45 uy = 24,2 — 3By = 16 , 19 = 23,1y, = 3! - 16 , that is the diophantine
equation (2) has the solution (xq,y2) = (23,3 - 16).

Now , we start with the solutions (u,v) = (7,3) for the equation (6).

We find for this equation the following solutions:

or

where Ay, By, are given by (10) and (11),k € N*.
From these we obtain the solutions

1 it
(16) Tk = ka s Uk =3 En * Ug,
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where uy and vy are given by (14) for & odd number and (15) for k even
number.

The cases 2.2. z even number.

Let z be even number x = 2t , ¢t € N*. Then the diophantine equation

(2) can be written in the form

(17) (371)2(6t* — 3t +9) = 2.
This last diophantine equation is possible only if 6t2—3t4+9 = u?u € N*.

From here it results t = 3+1‘2/Z, with A = 24u% — 2007 = v?,v € N*.

Hence, we obtained that the (v, u) are the solutions of the diophantine
equation:

(18) v? — 24u* = —207.

Using the same method that to the case 2.1, we obtain that all the

solutions of the equation (18) are

or
with

Crp =57+ (§)5F224 + ()55 4242 + - ..
and
Dy = (Y)5F 1+ (5)5h 324 + (M)5h5242 ... | ke N~

For the solutions (19) we have
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tk — 3+3(C§;24Dk) — 6.Dk + 1+4Ck,k c N*

The numbers ¢, € N* only if 4 | 5* + 1 which is impossible since 1+ 5% =
1+ (4+ 1)* = 2 (mod 4). For the solutions (20) we have t; € N*, k € N*,
and we find for the equation (2) the following solutions

_3+Uk v —9
— 6 ) y

where v and uy are given by (20) k£ € N*.

Example 3. For k =1 we find C; = 5,D; = 1,u; = 3(Cy — D) = 12,
vy = 3(=Cy +24D,) = 57, x; = 10,y; = 4 - 3%, that is the diophantine
equation (2) has the solution (z,y;) = (10,4 - 3%).

Finally, we obtain:

Theorem 2.1. All the solutions of the diophantine equation (2) are given
of (12), (13), (16) and (21).
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