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Abstract

In this paper we studied some quadrature formulas witch are ob-

tained using connection between the monosplines and the quadrature

formulas. For the remainder term we give some inequalities.
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1 Introduction

We denote

W n
p [a, b] :=

{

f ∈ Cn−1[a, b] , f (n−1) absolutely continuous ,
∥

∥f (n)
∥

∥

p
< ∞

}

with

‖f‖p :=

{
∫ b

a

|f(x)|p dx

}

1

p

for 1 ≤ p < ∞

‖f‖
∞

:= supvraix∈[a,b] |f(x)| .

Definition 1.The function s(x) is called a spline function of degree n with
knots {xi}

m−1
i=1 if a := x0 < x1 < · · · < xm−1 < xm := b and

i) for each i = 0, . . . ,m − 1 , s(x) coincides on (xi, xi+1) with a polyno-
mial of degree not greater then n;

ii) s(x), s′(x), . . . , s(n−1)(x) are continuous functions on [a, b].
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Definition 2.Functions of the form

Mn(t) =
tn

n!
+ sn−1(t) ,

where sn−1(t) is a spline of degree n − 1 are called monosplines.

Let

(1) Mn(t) =
(b − t)n

n!
−

n−1
∑

k=0

Ak,m

(b − t)n−k−1

(n − k − 1)!
−

m−1
∑

i=1

n−1
∑

k=0

Ak,i

(xi − t)n−k−1
+

(n − k − 1)!

be the monospline of degree n and let

(2)

∫ b

a

f(t)dt =
m

∑

i=0

n−1
∑

k=0

Ak,if
(k)(xi) + R[f ] ,

be the quadrature formula. Between the monospline (1) and the quadrature
formula (2) there is a connection, namely, the coefficients {Ak,i}

n−1 m

k=0 i=1of
the quadrature formula are the same with the coefficients of monospline
(1), Ak,0 = (−1)n−k−1M

(n−k−1)
n (a) , k = 0, n − 1 and the remainder term of

quadrature formula have the representation :

R[f ] =

∫ b

a

Mn(t)f (n)(t)dt , f ∈ W n
1 [a, b].

Definition 3.Functions of the form

Mn(t) = v(t) + sn−1(t) ,

where sn−1(t) is a spline of degree n − 1 and v is the nth integral of weight
function w : [a, b] → R, are called generalized monosplines.

If we choose the weight functions w(t) = (b − t)(t − a), then we obtain the
generalized monosplines

Mn(t) = (a−b)
(t−b)n+1

(n+1)!
−2

(t−b)n+2

(n+2)!
+(−1)n−1

n−1
∑

k=0

Ak,m

(b−t)n−k−1

(n−k−1)!
(3)

+ (−1)n−1

m−1
∑

i=1

n−1
∑

k=0

Ak,i

(xi − t)n−k−1
+

(n − k − 1)!
.
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Between the monospline (3) and the quadrature formula

(4)

∫ b

a

w(t)f(t)dt =
m

∑

i=0

n−1
∑

k=0

Ak,if
(k)(xi) + R[f ] ,

there is a connection, namely, the coefficients {Ak,i}
n−1 m

k=0 i=1 of the quadra-
ture formula are the same with the coefficients of monospline (3), Ak,0 =

(−1)k+1M
(n−k−1)
n (a) , k = 0, n − 1 and the remainder term of quadrature

formula has the representation :

R[f ] = (−1)n

∫ b

a

Mn(t)f (n)(t)dt , f ∈ W n
1 [a, b].

In the paper [1], [2], [3], [4] and [5] are considered generalization of the
trapezoid, mid-point and Simpson′ s quadrature rule. For example, in [3] is
studied a generalization of the mid-point quadrature rule:

∫ b

a

f(t)dt=
n−1
∑

k=0

[

1+(−1)k
] (b−a)k+1

2k+1(k+1)!
f (k)

(

a+b

2

)

+(−1)n

∫ b

a

Kn(t)f (n)(t)dt ,

where

Kn(t) =















(t − a)n

n!
, t ∈

[

a,
a + b

2

]

(t − b)n

n!
, t ∈

(

a + b

2
, b]

We observe that for n = 1 we get the mid-point rule
∫ b

a

f(t)dt = (b − a)f

(

a + b

2

)

−

∫ b

a

K1(t)f
′(t)dt .

We will study the case of the quadrature formula with the weight function
w(t) = (b − t)(t − a).

2 Main results

Lemma 1. If f ∈ W n
1 [a, b], then

(5)

∫ b

a

w(t)f(t)dt=
n−1
∑

k=0

[

(−1)k+1
]

·
(b−a)k+3

2k+2(k+1)!(k+3)
f (k)

(

a+b

2

)

+R[f ] ,
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where w(t) = (b − t)(t − a)

(6) R[f ] = (−1)n

∫ b

a

Mn(t)f (n)(t)dt

and

(7) Mn(t) =















(b − a)
(t − a)n+1

(n + 1)!
− 2

(t − a)n+2

(n + 2)!
, t ∈ [a,

a + b

2

)

(a − b)
(t − b)n+1

(n + 1)!
− 2

(t − b)n+2

(n + 2)!
, t ∈

[

a + b

2
, b

] .

Proof. We denoting

Pn(t) = (b − a)
(t − a)n+1

(n + 1)!
− 2

(t − a)n+2

(n + 2)!
and

Qn(t) = (a − b)
(t − b)n+1

(n + 1)!
− 2

(t − b)n+2

(n + 2)!

we observe that successive integration by parts yields the relation

(−1)n

∫ b

a

Mn(t)f (n)(t)dt=(−1)n

∫ a+b
2

a

Pn(t)f (n)(t)dt+(−1)n

∫ b

a+b
2

Qn(t)f (n)(t)dt

= (−1)n

n−1
∑

k=0

(−1)n−1−k P (n−1−k)
n (t)f (k)(t)

∣

∣

a+b
2

a
+

∫ a+b
2

a

P (n)
n (t)f(t)dt

+(−1)n

n−1
∑

k=0

(−1)n−1−k Q(n−1−k)
n (t)f (k)(t)

∣

∣

b

a+b
2

+

∫ b

a+b
2

Q(n)
n (t)f(t)dt

=
n−1
∑

k=0

(−1)k+1

[

(b − a)
(t − a)k+2

(k + 2)!
− 2

(t − a)k+3

(k + 3)!

]

f (k)(t)

∣

∣

∣

∣

a+b
2

a

+
n−1
∑

k=0

(−1)k+1

[

(a−b)
(t−b)k+2

(k+2)!
− 2

(t−b)k+3

(k+3)!

]

f (k)(t)

∣

∣

∣

∣

b

a+b
2

+

∫ b

a

(b−t)(t−a)f(t)dt

= −

n−1
∑

k=0

[

(−1)k + 1
]

·
(b − a)k+3

2k+2(k + 1)!(k + 3)
f (k)

(

a + b

2

)

+

∫ b

a

w(t)f(t)dt ,

namely
∫ b

a

w(t)f(t)dt =
n−1
∑

k=0

[

(−1)k + 1
]

·
(b − a)k+3

2k+2(k + 1)!(k + 3)
f (k)

(

a + b

2

)

+ (−1)n

∫ b

a

Mn(t)f (n)(t)dt .



Monosplines and inequalities for the remainder term ... 85

Remark 1.To observe that the quadrature formula (5) it is the open type.

Remark 2.If for the generalized monospline (3) we consider the particular

case m = 2, x0 = a, x1 =
a + b

2
, x2 = b, Ak,2 = 0, Ak,1 =

[

(−1)k + 1
]

·

(b − a)k+3

2k+2(k + 1)!(k + 3)
, k = 0, n − 1 , we will have

Mn(t) = (a − b)
(t − b)n+1

(n + 1)!
− 2

(t − b)n+2

(n + 2)!
+

2(−1)n−1

(n + 2)!

n−1
∑

k=0

[

(−1)k + 1
]

(k+2)

(

n + 2
k + 3

)(

b − a

2

)k+3 (

a + b

2
− t

)n−k−1

+

.

If t ∈ [a,
a + b

2

)

, then

Mn(t) = (a − b)
(t − b)n+1

(n + 1)!
− 2

(t − b)n+2

(n + 2)!
+

2(−1)n−1

(n + 2)!

·

[

(n + 2)
b − a

2
(b−t)n+1+(n + 2)

b − a

2
(a − t)n+1 − (b − t)n+2 + (a − t)n+2

]

= (b − a)
(t − a)n+1

(n + 1)!
− 2

(t − a)n+2

(n + 2)!
.

If t ∈

[

a + b

2
, b

]

, then

Mn(t) = (a − b)
(t − b)n+1

(n + 1)!
− 2

(t − b)n+2

(n + 2)!
.

Theorem 1. The generalized monospline of degree n , Mn(t), n > 1, defined
in (7), verifies

∫ b

a

Mn(t)dt = 0 , if n is odd ,(8)

∫ b

a

|Mn(t)| dt =
(b − a)n+3

2n+1(n + 1)!(n + 3)
,(9)

max
t∈[a,b]

|Mn(t)| =
(b − a)n+2

2n+1n!(n + 2)
.(10)
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Proof. We have

∫ b

a

Mn(t)dt =

∫ a+b
2

a

Pn(t)dt +

∫ b

a+b
2

Qn(t)dt =

=

[

(b−a)
(t−a)n+2

(n+2)!
−2

(t−a)n+3

(n+3)!

]
∣

∣

∣

∣

a+b
2

a

+

[

(a−b)
(t−b)n+2

(n+2)!
− 2

(t−b)n+3

(n+3)!

]
∣

∣

∣

∣

b

a+b
2

= [1 + (−1)n]
(b − a)n+3

2n+2(n + 1)!(n + 3)
.

If n is odd, then

∫ b

a

Mn(t)dt = 0 .

∫ b

a

|Mn(t)| dt =

∫ a+b
2

a

|Pn(t)| dt +

∫ b

a+b
2

|Qn(t)| dt =

∫ a+b
2

a

[

(b−a)
(t−a)n+1

(n+1)!
−2

(t−a)n+2

(n+2)!

]

dt+

∫ b

a+b
2

[

(b−a)
(b−t)n+1

(n+1)!
−2

(b−t)n+2

(n+2)!

]

dt

=
(b − a)n+3

2n+1(n + 1)!(n + 3)
.

max
t∈[a,b]

|Mn(t)| = max

{

max
t∈[a, a+b

2 ]
|Pn(t)| , max

t∈[a+b
2

,b]
|Qn(t)|

}

= max

{

Pn

(

a + b

2

)

,

∣

∣

∣

∣

Qn

(

a + b

2

)∣

∣

∣

∣

}

=
(b − a)n+2

2n+1n!(n + 2)
.

Theorem 2. If f ∈ W n
1 [a, b] , n > 1 and there exist numbers γn, Γn such

that γn ≤ f (n)(t) ≤ Γn , t ∈ [a, b], then

(11) |R[f ]| ≤
Γn − γn

2n+2
·

(b − a)n+3

(n + 1)!(n + 3)
, if n is odd

and

(12) |R[f ]| ≤
(b − a)n+3

2n+1(n + 1)!(n + 3)

∥

∥f (n)
∥

∥

∞
, if n is even.
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Proof. Let n be odd. Using relations (6) and (8) we can written

R[f ] = (−1)n

∫ b

a

Mn(t)f (n)(t)dt = (−1)n

∫ b

a

Mn(t)

[

f (n)(t) −
γn + Γn

2

]

dt

such that we have

(13) |R[f ]| ≤ max
t∈[a,b]

∣

∣

∣

∣

f (n)(t) −
γn + Γn

2

∣

∣

∣

∣

∫ b

a

|Mn(t)| dt .

We also have

(14) max
t∈[a,b]

∣

∣

∣

∣

f (n)(t) −
γn + Γn

2

∣

∣

∣

∣

≤
Γn − γn

2
.

From (9), (13) and (14) we have

|R[f ]| ≤
Γn − γn

2n+2
·

(b − a)n+3

(n + 1)!(n + 3)
.

Let n be even. Then we have

|R[f ]| ≤
∥

∥f (n)
∥

∥

∞
·

∫ b

a

|Mn(t)| dt =
(b − a)n+3

2n+1(n + 1)!(n + 3)

∥

∥f (n)
∥

∥

∞
.

Theorem 3. Let f ∈ W n
1 [a, b], n > 1 and let n be odd. If there exist a real

number γn such that γn ≤ f (n)(t), then

(15) |R[f ]| ≤ (Tn − γn) ·
(b − a)n+3

2n+1n!(n + 2)

where

Tn =
f (n−1)(b) − f (n−1)(a)

b − a
.

If there exist a real number Γn such that f (n)(t) ≤ Γn, then

(16) |R[f ]| ≤ (Γn − Tn) ·
(b − a)n+3

2n+1n!(n + 2)
.
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Proof. Using relation (8) we can written

|R[f ]| =

∣

∣

∣

∣

∫ b

a

(

f (n)(t) − γn

)

Mn(t)dt

∣

∣

∣

∣

.

From (10) we have

|R[f ]| ≤ max
t∈[a,b]

|Mn(t)| ·

∫ b

a

(

f (n)(t) − γn

)

dt

=
(b−a)n+2

2n+1n!(n+2)

[

f (n−1)(b)−f (n−1)(a)−γn(b−a)
]

=
(b−a)n+3

2n+1n!(n+2)
(Tn−γn) .

In a similar way we can prove that (16) holds.
Now, we will study the case of the quadrature formula of close type,

with the weight function w(t) = (b − t)(t − a).

Lemma 2. If f ∈ W n
1 [a, b], then

∫ b

a

w(t)f(t)dt =
n−1
∑

k=0

(

b − a

4

)k+3
1

k!

3k + 10

(k + 2)(k + 3)
f (k)(a)

+
n−1
∑

k=0

[

(−1)k+1
]

(

b−a

4

)k+3
1

(k+1)!

3k+11

k+3
f (k)

(

a+b

2

)

(17)

+
n−1
∑

k=0

(−1)k

(

b − a

4

)k+3
1

k!

3k + 10

(k + 2)(k + 3)
f (k)(b) + R[f ] ,

where w(t) = (b − t)(t − a)

(18) R[f ] = (−1)n

∫ b

a

Mn(t)f (n)(t)dt

and
(19)

Mn(t)=















































3

n!

(

b−a

4

)2(

t−
3a+b

4

)n

+
b−a

2(n+1)!

(

t−
3a+b

4

)n+1

−
2

(n+2)!

(

t−
3a+b

4

)n+2

,

t∈ [a,
a+b

2

)

3

n!

(

b−a

4

)2(

t−
a+3b

4

)n

+
a−b

2(n+1)!

(

t−
a+3b

4

)n+1

−
2

(n+2)!

(

t−
a+3b

4

)n+2

,

t ∈

[

a + b

2
, b

]
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Proof. We denoting

Pn(t) =
3

n!

(

b−a

4

)2(

t−
3a+b

4

)n

+
b−a

2(n+1)!

(

t−
3a+b

4

)n+1

−
2

(n+2)!

(

t−
3a+b

4

)n+2

,

Qn(t) =
3

n!

(

b−a

4

)2(

t−
a+3b

4

)n

+
a−b

2(n+1)!

(

t−
a+3b

4

)n+1

−
2

(n+2)!

(

t−
a+3b

4

)n+2

,

we observe that successive integration by parts yields the relation

(−1)n

∫ b

a

Mn(t)f (n)(t)dt=(−1)n

∫ a+b
2

a

Pn(t)f (n)(t)dt+(−1)n

∫ b

a+b
2

Qn(t)f (n)(t)dt

= (−1)n

n−1
∑

k=0

(−1)n−1−k P (n−1−k)
n (t)f (k)(t)

∣

∣

a+b
2

a
+

∫ a+b
2

a

P (n)
n (t)f(t)dt

+(−1)n

n−1
∑

k=0

(−1)n−1−k Q(n−1−k)
n (t)f (k)(t)

∣

∣

b

a+b
2

+

∫ b

a+b
2

Q(n)
n (t)f(t)dt

=
n−1
∑

k=0

(−1)k+1

[

3

(k + 1)!

(

b − a

4

)2 (

t −
3a + b

4

)k+1

+
b − a

2(k + 2)!

(

t −
3a + b

4

)k+2

−
2

(k + 3)!

(

t −
3a + b

4

)k+3
]

f (k)(t)

∣

∣

∣

∣

∣

a+b
2

a

+
n−1
∑

k=0

(−1)k+1

[

3

(k+1)!

(

b−a

4

)2 (

t−
a+3b

4

)k+1

+
a − b

2(k+2)!

(

t−
a+3b

4

)k+2

−
2

(k + 3)!

(

t −
a + 3b

4

)k+3
]

f (k)(t)

∣

∣

∣

∣

∣

b

a+b
2

+

∫ b

a

(b − t)(t − a)f(t)dt =

−

n−1
∑

k=0

(

b − a

4

)k+3
1

k!

3k + 10

(k + 2)(k + 3)
f (k)(a)

−
n−1
∑

k=0

[

(−1)k + 1
]

(

b − a

4

)k+3
1

(k + 1)!

3k + 11

k + 3
f (k)

(

a + b

2

)

−

n−1
∑

k=0

(−1)k

(

b − a

4

)k+3
1

k!

3k + 10

(k + 2)(k + 3)
f (k)(b) +

∫ b

a

w(t)f(t)dt .

Theorem 4. The generalized monospline of degree n , Mn(t), n > 1, defined
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in (19), verifies
∫ b

a

Mn(t)dt = 0 , if n is odd ,(20)

∫ b

a

|Mn(t)| dt =

(

b − a

4

)n+3
4

(n + 3)!
(3n2 + 15n + 16) ,(21)

max
t∈[a,b]

|Mn(t)| =

(

b − a

4

)n+2
1

(n + 2)!
(3n2 + 11n + 8) .(22)

Proof. We have
∫ b

a

Mn(t)dt =

∫ a+b
2

a

Pn(t)dt +

∫ b

a+b
2

Qn(t)dt =

= [1 + (−1)n]

(

b − a

4

)n+3
2

(n + 3)!
(3n2 + 15n + 16) .

If n is odd, then

∫ b

a

Mn(t)dt = 0 .

∫ b

a

|Mn(t)| dt =

∫ a+b
2

a

|Pn(t)| dt +

∫ b

a+b
2

|Qn(t)| dt

=

(

b − a

4

)n+3
4

(n + 3)!
(3n2 + 15n + 16) .

max
t∈[a,b]

|Mn(t)| = max

{

max
t∈[a, a+b

2 ]
|Pn(t)| , max

t∈[a+b
2

,b]
|Qn(t)|

}

= max

{

Pn

(

a+b

2

)

,

∣

∣

∣

∣

Qn

(

a + b

2

)∣

∣

∣

∣

}

=

(

b−a

4

)n+2
1

(n + 2)!
(3n2 +11n+8) .

Theorem 5. If f ∈ W n
1 [a, b] , n > 1 and there exist numbers γn, Γn such

that γn ≤ f (n)(t) ≤ Γn , t ∈ [a, b], then

(23) |R[f ]| ≤
Γn − γn

2

(

b − a

4

)n+3
4

(n + 3)!
(3n2 + 15n + 16) , if n is odd

and

(24) |R[f ]| ≤

(

b − a

4

)n+3
4

(n + 3)!
(3n2 + 5n + 16)

∥

∥f (n)
∥

∥

∞
, if n is even.
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Proof. If n is odd, then we can written

|R[f ]| ≤
Γn − γn

2

∫ b

a

|Mn(t)| dt=
Γn−γn

2

(

b−a

4

)n+3
4

(n+3)!
(3n2+15n+16) .

Let n be even. Then we have

|R[f ]| ≤
∥

∥f (n)
∥

∥

∞
·

∫ b

a

|Mn(t)| dt =

(

b−a

4

)n+3
4

(n+3)!
(3n2+15n+16)

∥

∥f (n)
∥

∥

∞
.

Theorem 6. Let f ∈ W n
1 [a, b], n > 1 and let n be odd. If there exist a real

number γn such that γn ≤ f (n)(t), then

(25) |R[f ]| ≤ (Tn − γn) ·

(

b − a

4

)n+3

·
4

(n + 2)!
· (3n2 + 11n + 8)

where

Tn =
f (n−1)(b) − f (n−1)(a)

b − a
.

If there exist a real number Γn such that f (n)(t) ≤ Γn, then

(26) |R[f ]| ≤ (Γn − Tn) ·

(

b − a

4

)n+3

·
4

(n + 2)!
· (3n2 + 11n + 8) .

Proof. We have

|R[f ]| ≤ max
t∈[a,b]

|Mn(t)| ·

∫ b

a

(

f (n)(t) − γn

)

dt

=

(

b − a

4

)n+2
1

(n + 2)!
(3n2 + 11n + 8)

[

f (n−1)(b)−f (n−1)(a)−γn(b−a)
]

= (Tn − γn) ·

(

b − a

4

)n+3

·
4

(n + 2)!
· (3n2 + 11n + 8) .

In a similar way we can prove that (26) holds.
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