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Order of approximation of functions of two
variables by new type gamma operators!

Aydin izgi

Abstract

The theorems on weighetd approximation and order of approxi-
mation of continuous functions of two variables by new type Gamma

operators on all positive square region are established.
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1 Introduction

Lupag and Miiller[11] introduced the sequence of linear positive ope-
rators {G,}, G, : C(0,00) — C(0,00) defined by
r n
Gulfi) = [ ol s (2
0

mn—&—l

G, is called Gamma operator, where g, (x,u) = ' e "y x> 0.
n!
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Mazhar [12] used same g,(x,u) of Gamma operator and introduced the

following sequence of linear positive operators:

Fu(fie) = / gn(z, u)du / G (1 ) £ (2)

(2n)lz" ! n—1
0

for any f which the last integral is convergent. Now we will modify the ope-
rators F,(f;x) as the following operators A, (f;x) (see [9]) which confirm
A, (t* 1) = 2% Many linear operators L, (f; x)confirm, L, (1; x) = 1,
L, (t; ) = z but don’t confirm L, (t*; =) = z* (see [2],[10]).

An(fiz) =

0\8

!

(2n + 3)lz" T3

_ /( "tz >0

al(n+2)! 4ty

If we choose

(2n+3)1  amt3

Kn 1) = )
(@8 = 2 (@ £ e

z,t € (0,00),

we can show A, (f;x) as the following form:

(1) fxszn

In this study we will investigate approximation and order of approxima-

tion of the following operators which defined for two variables functions.

(2) Apm(fiz,y) :/Knmxt;y,u)f(t,u)dtdu
0
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where K, (2, 8y, u) = Kp(x,t) X Ky (y, u).

It can be easily to see that:

Anm(fi2,y) = An(fi52) + Am(faiy) 53 f(Eu) = f1(t) + fa(uw)
Anm(fiz,y) = Au(fr;2) X An(f23y) 5iF f(Ew) = fi(t) x fa(u)

Thus for any p,q € N, p < nand ¢ < m, we can see the following
equalities (see [9]):

(3) Apm(Liz,y) =1
Yy
() 7(+uxy) Ty n+2 m+2
(5) An,m(zf2 +u2;x,y) = 22 4 ¢
3 3
(6) Anvm(t?’ +u; x) = 234+ St
n m

4(2 4(2
(n—|—3)$4+ (m+3)y4,n>1,m>1.
n(n —1) m(m — 1)

(7) An,m(t4+u4;x) =zt Hyt+

(8) An7m({t+u}—{$+y})§$>y):_nf_g_mz_g
9) z%mqa—wﬁuu—w@ww%=fij+;ig
(1()) An,m({(t —.1')4 + (U—y)4};$,y) _ 12(n+4) 4

(n+2nn-1)"

12(m + 4)y*
(m+2)m(m—1)’

n>1,m>1
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Let C'(R?) be the set of all real-valued functions of two variables contin-
wous on R? := {(z,y) : >0,y >0},0(x,y) =1+ 2%+ 3%, —c0<z,y <
oo and B, be sets of all functions f defined on R? satisfying the condition

(11) | f(z,y)| < Myo(z,y)
where My is a constant depending only on f and the norm is defined by

||f||o’ = sup |f(m,y)| .
(z,y)€R2? O'(l’,y)

C,denotes the subspaces of all continuous functions which belonging to
B, and C* denotes the subspaces of all functions belonging to C, with
lim flz.y) =k < o0,
zy—oo o(x,y)
where k is a constant depending only on f.
The approximation theorems for two variables are proved by Volkov[13].
He proved the theorem:
Theorem A ([13]). If{T,.} is a sequence of linear positive operators satis-
fying the conditions
lim ||T5,(1; 21, 25) — 1||C(X) =0.

n—oo

n—oo

lim || T, (£} + £3; 21, 72) — (2} + 23 =0.

e
then for any function f € C(X), which is bounded in R*

Jim T (f301,2) = flan,)llog =0

where X 1s a compact set.
Gadzhiev proved the following theorem for one variable functions.
Theorem B ([3, 4]). {T,,} be the sequence of linear positive operators which

mapping from C,into B, satisfying the conditions

lim [|T,,(t"; z) —z"[|, =0, v=10,1,2.



Order of approzimation... 27

Then , for any f € C’fj,
lim |7,/ — £], = 0.
and there exist a function f € C,\ C’;f such that

T [[Tf — /], > 1.

Analogously as in Theorem B, the theorems on weighted approximation
for functions of several variables are proved by Gadzhiev [5].

Applying Theorem B to the operators

Vo(f;2), if 2 €10,a,]

THﬁ@Z{ Ha), if o> a,

one then also has the following theorem.
Theorem C ([6]). Let (a,) be a sequence with lim a, = oo and {V,,} be a
sequence of linear positive operators taking C, [0722:]) into B,[0, a,].

If forv=20,1,2

0,

. v, v =
Jim Va(t2) = 2"l 0,0, =

then for any f € CF[0, ay,]
Tim ([Vof = fll,0.0, =0

where B0, a,],C,[0,a,] and CF[0,ay] denote the same as B,,C, and C¥
respectively, but the functions taken on [0, a,] instead of R and the norm is

taken as

/()]
ceo p(E)

||f||p7[07an] =
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2 Approximation of A, ,,

Let (b,) is be a sequence has positive terms, increasing and has the following
conditions,

2
(12) lim b, = oo and  lim 2 =0

n— oo n—oo M

We will denote the rectangular region (0, b,] x (0, b,,] by Dy, and let
By (Dym) be sets of all functions f defined on D, ,,, satisfying the condition
(11)

By the using (3) and (5), we have

Apm(o(t, u);z, u) = o(z, y).

Therefore, ||Anm(f;2)ll,p, ., is uniformly bounded on D,. Hence
{A,n} is a sequence of linear positive operators taking C,(D,,,) into
By (D) -

Theorem 1. Let f € C¥, then

lim ||An,m(f7 Jf,y) - f(x7y)||g(Dn,m) = 0.

n,m—00

Proof.
n,griloo HAn,m(la T, y) - 1”0’(Dn77n) =0.
xXr
lin Ay n(tey) —al, = lm  sp 2EZ g
n,m—00 HM=00 (2 y)e(Dn,m) U(l’, y)
Y
lim [ Ay(uz,y) —yl, = lim  sup ZEZ_q
n,m—00 M09 (2 y)E(Dn,m) O’(ZZ', y)

lim || Ayt + v’ 2,y) — (2 + QQ)HU(Dn,m) =0

n,M—00

Similar to Theorem B we obtain the desired results.
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3 The Order of Approximation of A, ,,

We now want to find the degree of approximation of functions f € C* by
the operators A,, ,, on D, . It is well- known that the usual first modulus

of continuity

w(fa(s) = sup{|f(t,u) —f(x,y)I : \/(t_x)2+(u_y)2 S (5;t,u,x,y € [CL?b]}

don’t tend to zero,as 6 — 0,on any infinite interval and any infinite area,

respectively.
In [8] was defined the weighted modulus of continuity for f € C¥ as the

following (see also [1]):

AUﬁmwzwp{“@+Qyjﬁt£< ”:nyeR%m§amASn}

A(f;6,n) is having the following properties:

Jim A(f;6,m) =0.

A(f7 )\15, )\27]) < 4(1 + )\1)(1 + )\2)A(f, (5, 77), for )\1 > 0, )\2 >0

and
(13)

£(6,0) = £ )] < 80+ 22 4 A6 (1 4 157

On

-+ =2
X (= 21+ (=)

Theorem 2. For every f € CF the inequality

. _ 2 2
qp A2 9) = F@ ooy ¢ \/ 202 V/ 22,

(Ji,y)GDn,m (1 + x2 =+ y2) m + 2

1s true for all n, m sufficiently large.
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Proof. If we use (13) and (3) we have

|An,m(f;$7y) — flz,y)] <8(1+ z? + QQ)A(ﬁ 0> Om)

<A1+ 04 B2 - a) 0+ (= ))s)
<8(1+ 2 + y*)A(f; 60, 6m)

A (14 ;71“”‘)(1 F(t— o)) X An((1+ ’“5;3“/’

)1+ (u—y)*);y)

a’ + b?

We know that a.b < is hold for all positive real numbers a and

b. Thus, apply equalities (3), (9), (10) and Cauchy-Schwarz inequalities, we

will get
[ A (f32,y) — f(
(1+ 22 +y?)

2:[ 1 2x2 1 12(n +4) 4
”(”ﬁ) 5n\/ HTRCED (n_1)”3]
1 2

|14+ (14 ——) 12(m + 4) 3 4]

A(f;0n,0m) X

1
20, m+2 5_ m+2 m (m 4+ 2)m(m —

2b? 2b2
Choosing 6,, = \/ b and Om \/ it and consider 4,, <1,

O0m < 1lfor all n, msufﬁcnently large since lim —" = 0 , we obtain the
n—oo M,

desired result.
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