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Differential subordinations
for certain integral operators

Kazuo Kuroki, Shigeyoshi Owa

Abstract

Applying the Integral Existence Theorem for normalized analytic
functions concerning the existence and analyticity of a general inte-
gral operator which was proven by S. S. Miller and P. T. Mocanu
(J. Math. Anal. Appl. 157 (1991), 147-165), the analyticity of the
functions defined by a certain integral operator is discussed. And,
by making use of the properties of subordination chains and several
lemmas often used in the theory of differential subordinations, some
interesting subordination criteria concerning with certain integral op-

erators are obtained.
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1 Introduction

Let H denote the class of functions f(z) which are analytic in the open
unit disk U = {z € C : |z| < 1}. For a positive integer n and a complex

number a, we define the subclass H[a, n] of H by
Hla,n] = {f(z) e H: f(z) =a+apz" + aps12" ™ + -+ }.
Also, we define the class A,, of normalized analytic functions f(z) as
A, ={f(2) eH: f(2) = 24 an12" + ap22" + - }

with A; = A. Furthermore, a function f(z) € A is said to be A-spirallike
in U if it satisfies

Re (GA%?) >0 (ze€l)

for some real number A with || < g We denote by S* the class of all such

functions. And, the class of all spirallike functions defined by

§:U{5MA|<%}.

Specially, we note that all spirallike functions are univalent in U.

We also introduce the familiar principle of differential subordinations be-
tween analytic functions. Let f(z) and g(z) be members of the class H.
Then the function f(z) is said to be subordinate to g(z) in U, written by
f(z) < g(z) (2 € U), if there exists a function w(z) analytic in U, with
w(0) =0 and |w(z)| <1 (z € U), and such that f(z) = g(w(z)) (z € U).
In particular, if g(z) is univalent in U, then f(z) < ¢g(z) (z € U) if and only
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if £(0) = ¢(0) and f(U) C g(U).
For the function F(z) € A,,, Miller and Mocanu [6] (see also [5]) proved the
Integral Existence Theorem concerning with the existence and analyticity

of a general integral operator of the form

0 1171 = { 25 [ (Fa) e ey

where a, 3, v and ¢ are complex numbers, and ¢(z), ¥(z) € H[1,n]. The

integral operator (1) was introduced by Miller, Mocanu and Reade [8].

Lemma 1. Leta, (3, v and é be complex numbers with 3 # 0, a+6§ = B+~
and Re(a 4 6) > 0. Also, let o(2), ¥(2) € H[1,n| with ¢(z) - ¥(z) # 0 in
U. Moreover, for F(z) € A,, suppose that

_ ) ) s
P(z) = FCo) + o02) +60 € Hla+ d,n]

satisfies Re P(z) > 0 (z € U). If g(z) =I[F'](2) is defined by (1), then

00 L, e ) )
g(z) € A, . #0 d R {ﬂ e + o) +7}>0

for z € U, where all powers in (1) are principal ones.

More general form of this lemma is given by Miller and Mocanu [6, Theorem
2.5¢] (see also [5, Theorem 1]). In the present paper, by taking the condition
¥(z) = 1 in Lemma 1, we discuss the existence and analyticity of the

functions defined by an integral operator

2) 1[F](z) = {ﬁ it} /OZ(F(t))%(t)ﬁ—l dt}ﬁ .

2

Further, by making use of the properties of subordination chains [9] (see

also [6]) and several lemmas given by Miller, Mocanu and Reade [7], Miller
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and Mocanu [2], [3], [4] (see also [6]) often used in the theory of differential

subordinations, we deduce some subordination criteria concerning

f(z) =1[F](z) (2€0)
for analytic functions f(z) normalized by f(0) = 0.
We first consider a few special cases of Lemma 1. If we let ¢(2) = 1, then

we derive the following special Integral Existence Theorem.

Lemma 2. Leta, (3, v and 6 be complex numbers with 3 # 0, a+6§ = B+
and Re(a + 0) > 0. Also, for F(z) € A,, p(z) € H[1,n| with ¢(z) # 0 in
U, suppose that

_ PR w0 s
P(e) = apoy + oy T € Hlatdn

satisfies Re P(2) > 0 (z € U). If g(z) = I[F](2) is defined by (2), then

M an e 29 (%)
g9(z) € Ay, . #0 d R (ﬂg(z) —|—7)>O

for z € U, where all powers in (2) are principal ones.

This lemma provides conditions for which the function g(z) = I[F](z)

defined by (2) will be an analytic function.

2 Preliminaries

In order to discuss our main result, we will make use of the following

several lemmas.
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Lemma 3. Let p(2) be analytic in U with Rep(0) > 0. If p(2) satisfies

2p'(2)
p(2)

for some real number «, then Rep(z) >0 (z € U).

(3) Re {p(z) ta } >0 (2el)

This lemma has been proved by Miller, Mocanu and Reade [7]. Also, Miller
and Mocanu [4] derived the following lemma concerning with the Briot-

Bouquet differential equation.

Lemma 4. Let § and v be complex numbers with 3 # 0, and let h(z)
be analytic in U with h(0) = a. If Re(Bh(z) +v) > 0 (z € U) with
Re(Ba + ) > 0, then the solution q(z) of the Briot-Bouquet differential

equation
2q'(2)
q(z) + =————— = h(2),
) Pa(2) +~ )
with ¢(0) = a, is analytic in U and satisfies Re(Bq(z) +7) >0 (z € U).

The next lemma which comes from the general theory of the differential

subordinations was given by Miller and Mocanu [3].

Lemma 5. Let g(2) be analytic and univalent on the closed unit disk
U except for at most one pole on OU, where U = {z € C : |z| = 1},
U =UUdU. Also, let a = g(0) and f(z) € H[a,n] with f(2) # a. If f(z) is
not subordinate to g(z), then there exist points zy = 19e'® € U and (, € U,
and a real number m with m =2 n 2 1 for which f(U,,) C g(U),

(1) f(z0) = 9(Co)

and

(i) 20f'(20) = mCog'(Co),

where U,y = {z € C: |z| < ro}.
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Moreover, we need the following lemma given by Miller and Mocanu [2].

Lemma 6. Let p(z) € Hla,n] with p(z) # a and Rea > 0. Also, let the
function ¢(r,s) : C* — C satisfy

(i)  (r,s) is continuous in a domain D of C?,

(17) (a,0) € D and Ret(a,0) > 0,

(i1i) Rep(pi,o) <0 when (pi,o) € D, and

— pil?
o< _nlcle—e[:' for real p, o.

If (p(z), 2p'(z)) € D when z € U, and

Re¢(p(z), zp’(z)) >0 (z € U),
then Rep(z) >0 (z € U).

In addition, we need some lemmas for subordination (or Loewner) chains.
A function L(z,t), z € U, t =2 0, is said to be a subordination chain if
L(-,t) is analytic and univalent in U for all ¢ = 0, L(z,-) is continuously
differentiable on [0, 00) for all z € U, and L(z,s) < L(z,t), when 0 £ s < ¢
(Pommerenke [9] or Miller and Mocanu [6]). The following lemma provides

a necessary and sufficient condition for L(z,t) to be a subordination chain.

Lemma 7. The function L(z,t) = ay(t)z + as(t)2* + - -+, with a;(t) # 0
fort =20, and tlirglo lay(t)] = 00, is a subordination chain if and only if there
exist constants r € (0,1] and M > 0 such that

(i) L(z,t) is analytic in |z| <1 for each t 2 0, locally absolutely contin-

uous in t 2 0 for each |z| < r, and satisfies

|L(z,t)] < Mlay(t)|, for |z] <r andt=0.
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(17) there exists a function p(z,t) analytic in U for all t € [0,00) and
measurable in [0,00) for each z € U, such that Rep(z,t) > 0 for
z€eU, te0,00), and

OL(z,t)  OL(z,1)
Bl D,

for |z| < r, and for almost all t € [0, 00).

Note that the univalency of the function L(z,t) can be extended from |z| < r
to all of U. This lemma is well-known as the Loewner’s theorem (see [9]).
In the proof of our main result, the following lemma given by Pommerenke

[9] is useful to apply the slight forms of Lemma 7.

Lemma 8. The function L(z,t) = ai(t)z + ag(t)2? + -+, with ay(t) # 0

for allt 2 0 and tlim la1(t)| = o0, is a subordination chain if and only if

L
Za (z,1)

0z
(4) Re OL(2.1) > 0,

ot
for z€ U and t = 0.

3 Main result

Our main theorem is contained in

Theorem 1. Let «, (3, v and § be complex numbers with o + 6 = 3 + 7,
Ref >0 and Rey =2 0. Also, let F(2) € A, v(z) € H[L,n] with p(z) # 0
in U, and suppose that

F(z) | 2¢'(2)

(5) P(z) =« Foo) T o) T0TOE H[3,n]
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satisfies one of the following:
_ z2P'(2)
(7) Re {P(z) + PE) } > 0,
(177) ReP(z) >0, when vy =0,

for z € U. If f(2) is analytic in U with f(0) = 0 and satisfies the following

subordination

f) (2R L\ o s d
© G (415 0)" <{Fere@s) e

then

f(z) < {5+7 /OZ(F(t))agp(t)t51 dt}é (z € U).

z

F
Proof. From (5), we see that ) # 0in U. If we let

z

) 6(:) = { (F(2)"e 7}

then G(z) can be represented by

z

o= <F(Z)> T () = 24 A

Since the terms in the two brackets are analytic and nonzero, we conclude

Glz) # 0 in U. Also, since P(z) is analytic in U with
z

Re P(0) = Re 3 > 0, it follows from the assumption (i) and Lemma 3 that

Re P(z) > 0 (z € U), which implies that

e )
R { Fe2) + o02) +9 'y}>0 (z € U).

that G(z) € A, and
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In particular, if ¥ = 0, then from the assumption (i7), it is clear that
ReP(z) >0 (2 €U).
From the above-mentioned, we see that G(z) € A, satisfies

o ne(os) —re{o S

Thus since Re > 0, we deduce that G(z) € S, which implies that the

+5—7}>0 (z € U).

function G(z) is univalent in U, and hence the subordination (6) is well-
defined.

Furthermore, if we set

) o) = {222 [y eral

zY

then by combining (7), we obtain

1

(2) 29'(2) v a P
o G (5 0)' ey <o
(

Also, since Re P(z) > 0

[P | 20) i .
R { EREE +5}>R vZ20 (z€D)

Therefore, by Lemma 2, we deduce that

-

z € U), it is easy to show that

@ an e 20 (2)
(11) g(z) € A,, . # 0 d R (B o(2) +7) >0

for z € U, and hence the expression (10) is well-defined.

We now need to show that f(z) < g(z) (z € U). We will do this by using
a subordination chain argument involving Lemma 8. We first consider the
function

(12) Lz, t) = 92 (ﬁ(l +;()§)gl(z) + v> y
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where t 2 0. From the conditions in (11), the function

g0 (00 NE

is analytic in U for all ¢ 2 0, and continuously differentiable on [0, c0) for

all z € U. A simple calculation yields

OL(z,t) J(2) <5(1 +1)zg'(2) N 7) che

0z (e U ad)

(1+1) {(5 _)2E) (1 + Zj,/;ij))} +y

9(2)

X

and

OL(z,t) zg’(z)é <5(1 +1t)24g'(2) N 7) B

% (B o(2)

Then, since g(z) € A,, it is clear that

_OL(z,1)

a(t) 0z

and

= OQ.

t3 5
(ﬁ+7+1)

A further calculation combined with the condition Re~y = 0 yields

tlim lai(t)| = tlim

Re % = Re (1+t){(ﬁ—1)zg/(z)+<1+Z9N(Z>)}+7
% 9(z) 9'(z)
o )

Since t 2 0, to obtain the condition (4) of Lemma 8, we need to show that

(13) Re {(ﬁ - 1)25;(5) + (1 + z;’;(;;)) } >0 (zeD).
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Making differentiation (10) logarithmically and multiplying [, we have

2g'(2) 1 29(2) 29" (2)
” () -+ (1 35) Cr
529 ()
9(2)
where P(z) is defined by (5). Note that the equation (14) gives us that

oo (), A0 ()

Y

+7

9(2) g (2)
2P'(2)
=P
)+
which has the form as a Briot-Bouquet differential equation. If we let
2P'(2)
=P
) = Pl + S5

then from the assumption (i), it is clear that
(15) Reh(z) >0 (z € ).

Also, we observed that P(z) € H|[3,n] satisfies Re P(z) > 0 (z € U). From
these facts, it is easy to see that the function h(z) is analytic in U with
h(0) = P(0) = 3, and Re(h(z) +v) > 0 (z € U). Therefore, by applying

Lemma 4, and letting

. 29() 29"(2)
(10 o) = (5= )T 4 (14228
we obtain the following equation
o)+ ZTE )
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where ¢(z) is analytic in U, ¢(0) =  and
(17) Re(q(z) +7) >0 (z € U).
Moreover, combining the above results with the condition (15), we deduce

Re {q(z) + (]?3)—(_7_)7} =Re(q(2),2¢'(2)) >0 (z € 1),

where ¢ (r,s) =r + :
vlrs) =1+

We now use Lemma 6 to prove that Reg(z) > 0 (2 € U). If we take
D = (C\{—7}) x C, then ¥(r,s) is continuous in D. Since ¢(0) = 0,
Re 3 > 0and Re~y 2 0, it is clear that (3,0) € D and Re¢(3,0) = Re 3 > 0.
Also, from (17), we see that (g(z), z¢'(z)) € D when z € U. Hence, we only
need to show that

Rey(pi,o) = 0

|8 = pif?
2Re 3

for real p and o such that ¢ < . Then, a simple calculation

yields that

g g
Ret)(pi,0) = Re ( pi + —— | = Re [ —
*Yih,0) = Re (m pi +7) ‘ (pHv)

oRe~y <_n|ﬂ—,0i|2 Re~y
lpi+~* =  2ReB  |pi+v[* T

Therefore, by applying Lemma 6, we obtain Req(z) > 0 (z € U) which is
equivalent to the inequality (13). In particular, if v = 0, then since (14) is

G- 0T (1420 ) )

9(2) 9(2)
we can easily obtain the inequality (13) from the assumption (i7). From

simplified to

the above-mentioned, the condition (4) of Lemma 8 is satisfied. Hence by
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Lemma 8, the function L(z,t) given by (12) is a subordination chain, and
we have L(z,s) < L(z,t) when 0 < s < t. From (10) and (12), we obtain

L(z,0) = G(z), and hence we must have

(18) L(¢,t) ¢ G(U)

for [(| =1 and t 2 0.

Next, applying Lemma 5, we will show that
f(2) 2f'(2)
| f
B+m7 \ )
implies f(z) < g(z) (2 € U). To apply Lemma 5, we first need to discuss

+7>é < G(z)

the univalency of the function g(z) given by (9). If we define the function

p(z) by /
p(z) = ﬁzg (2) (z€U)

in Lemma 3, then from (11), we see that p(z) is analytic in U with Rep(0) =
Ref > 0, and the condition (3) can be rewritten as the condition (13).
Thus, according to Lemma 3, the condition (13) shows that g(z) satisfies
the following inequality

Re (5?;;)) >0 (2eD),

which implies that g(z) is univalent (spirallike) in U.

We have shown that the function g(z) given by (9) is univalent in U. Here,
without loss of generality, we can assume that g(z) is univalent on U, and
g (¢) # 0 for || = 1. If not, then we can continue the remainder of the
proof with the function g(rz) (0 < r < 1) which is univalent on U, and

obtain our final result by letting » — 1.
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If we assume that f(z) is not subordinate to g(z), then by Lemma 5, there
exist two points zg € U and (y € JU, and a real number m = 1 such that

f(z0) = g(¢o) and zof'(z0) = mpg’(¢p). Then from (12) and (18), we have

FGo) (aaf0) - NP gG) [ mGd(G) 7
(B"‘V)% (ﬁ f(20) * ) B (ﬁ+7)113< 9(Co) +7)

= L(¢o,m — 1) ¢ G(U),

where zg € U, |(y] = 1 and m = 1. This contradicts the assumption (6) of
the theorem, and hence we must have f(z) < g(z). Therefore, we conclude

that

£(2) < {5” /OZ(F(t))ac,p(t)t51 dt}é (z € V),

z

which completes the proof of Theorem 1.

Remark 1. The result concerning the case (i7) in Theorem 1 has been

proved by Kuroki and Owa [1, Theorem 3.4].
Letting o = 3 and 0 = 7 in Theorem 1, we obtain

Corollary 1. Let 8 and~ be complex numbers with Re 3 > 0 and Re~y = 0.
Also, let F(z) € A, p(z) € H[1,n] with ¢(z) # 0 in U, and suppose that

2F'(z)  z2¢(2)
F(z)  e(2)

(19) P(z)=p € H[B,n]

satisfies one of the following:
_ zP'(2)
P
(i) Re{ (2) + PE) } > 0,
(1) ReP(z) >0, when vy =0,
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for z € U. If f(2) is analytic in U with f(0) = 0 and satisfies the following

subordination
12 i ' z z 5 z
(B+7)P (ﬂ f(2) ”) < F(2)((2)) (z € U),
then

£(z) < {B 7 /OZ(F(t))%(t)ﬂ—l dt}ﬁ (» € D).

2

Moreover, we will give some particular case of Corollary 1. If we take
¢(z) =1, then since P(z) in (19) is simplified to

2F'(2)
F(z)

(20) P(z)=p

we have

P(:) + f,f(()) — (@3- 1>Z§;S) i <1 ‘ 55;) |

Also, according to Lemma 3, the assumption (i) of Corollary 1 shows that
the inequality Re P(z) > 0 (z € U). Since P(z) is given by (20), and
since F(z) € A, this means that F'(z) is univalent (spirallike) in U. From
the above-mentioned, if F'(z) € A, satisfies one of the assumptions (i) and
(17) of Corollary 1 with ¢(z) = 1, then since F'(z) is univalent in U with
F(0) =0, we can deduce the following condition

F(z)

- #0  (z€0),
and hence we see that
F/
P(z) = BZF(S) € H[B, n].

Therefore from Corollary 1, we derive the following.
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Corollary 2. Let 3 and~ be complex numbers with Re 3 > 0 and Re~y = 0.
Also, let F(z) € A, and suppose that F(z) satisfies one of the following:

0wl )

(i4) Re (5?&?) >0, when =0,

I\

for z € U. If f(2) is analytic in U with f(0) = 0 and satisfies the following

subordination

IG (5D e
T (g ) <Fe e,

then

F(z) < {ﬁ” /OZ(F(t))BtV‘ldt}ﬁ (z € U).
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