General Mathematics Vol. 17, No. 4 (2009), 171-183

Some Results On Janowski Starlike
Log-harmonic Mappings Of Complex Order b

Melike Aydogan

Abstract

Let H(D) be a linear space of all analytic functions defined on
the open unit disc D = {z||z| < 1}. A sense-preserving log-harmonic
function is the solution of the non-linear elliptic partial differential

equation

E: w;fza

where w(z) is analytic, satisfies the condition |w(z)| < 1 for every
z € D and is called the second dilatation of f. It has been shown
that if f is a non-vanishing log-harmonic mapping then f can be

represented by

where h(z) and g(z) are analytic in D with A(0) # 0, g(0) = 1([1]).
If f vanishes at z = 0 but it is not identically zero, then f admits

the representation
F(2) = 2|21 h(2)g(2),
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where Ref3 > —3%, h(z) and g(z) are analytic in D with g(0) = 1
and h(0) # 0. The class of sense-preserving log-harmonic mappins is
denoted by Sp. We say that f is a Janowski starlike log-harmonic

mapping.If

()

where ¢(z) is Schwarz function. The class of Janowski starlike log-
harmonic mappings is denoted by S7 ;;(A4, B,b). We also note that, if
(zh(z)) is a starlike function, then the Janowski starlike log-harmonic
mappings will be called a perturbated Janowski starlike log-harmonic
mappings. And the family of such mappings will be denoted by
Shr (A, B,b). The aim of this paper is to give some distortion the-

orems of the class S} (A, B,b).
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1 Introduction

Let 2 be the family of functions ¢(z) which are regular in ID and satisfying
the conditions ¢(0) = 0, |¢(z)| < 1 for all z € D.
Next, denote by P(A, B) the family of functions

p(2) =1+ piz+pe2® + ..

regular in I, such that p(z) is in P(A, B) if and only if

14 Ad(z)

(1) p(z)—m, -1<B<A<I1
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for some function ¢(z) € 2 and for every z € D. Therefore we have p(0) = 1,
Rep(z) > 1=4 > 0 whenever p(z) € P(A, B). Moreover, let S*(A, B) denote
the family of functions

s(2) = 24 a2 + ...

regular in I, and such that s(z) is in S* if and only if
) Re (57 ) =) = 155 ) € PO 1)

Let Si(z) and S3(z) be analytic functions in D with S;(0) = S(0).
We say that S;(z) subordinated to Sy(z) and denote by Si(z) < Sa(z),
if Si1(z) = S3(¢(z)) for some function ¢(z) € Q and every z € D. If
S1(2) < S2(2), then S1(D) C Se(D)([5]).

The radius of starlikeness of the class of sense-preserving log-harmonic map-

TSZSUP{T|R€ (Zf;fzfz) >0,0<r< 1}.

Finally, let H(D) be the linear space of all analytic functions defined on the

ping is

open unit disc ID. A sense-preserving log-harmonic mapping is the solution

of the non-linear elliptic partial differential equation

%zw@%,

where w(z) € H(D) is the second dilatation of f such that |w(z)| < 1 for

(3)

every z € D. It has been shown that if f is a non-vanishing log-harmonic

mapping, then f can be expressed as

(4) f=nz)g(2)
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where h(z) and g(z) are analytic functions in D.
On the other hand, if f vanishes at z = 0 and at no other point, then f

admits the representation,

() f =z =" h(z)g(2),

where Ref3 > —1/2, h(z) and ¢(z) are analytic in D with ¢(0) = 1 and
h(0) # 0. We note that the class of log-harmonic mappings is denoted by
Sru.

Let f = zh(z)rz) be an element of Spp. We say that f is a Janowski
starlike log-harmonic mapping if

1 (2f. —Zfs 1+ Ad(z)
6) 1+ 7 (T - 1) =p(z) = HT%ZS(Z)’])(Z) € P(A, B)

where —1 < B < A <1, b # 0 and complex and denote by S; (A, B,b)
the set of all starlike log-harmonic mappings. Also we denote Sy, (A, B,b)
the class of all functions in S} (A, B,b) for which (zh(z)) € S*(A, B) for
all z € D.

We note that if we give special values to b, then we obtain important sub-

classes of Janowski starlike log-harmonic mappings
i. For b =0, we obtain the class of starlike log-harmonic mappings.

ii. Forb=1—a, 0 <a < 1, we obtain the class of starlike log-harmonic

mappings of order a.

iii. For b = e "cos\, |A| < Z, we obtain the class of A— spirallike log-

harmonic mappings.
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iv. For b = (1 — a)e ™cosA, 0 < a < 1, [\ < %, we obtain the class of

A— spirallike log-harmonic mappings of order a.

2 Main results

Theorem 1 Let f = zh(2)g(z) be an element of Sp; (A, B,b). Then
(7)

W(z) —g() _ bA-B)z,
z —Z < . B#£0,
f=2zh(2)9(z) € S;y(A, B,b) iff ) “4»)  1+B=

_ =9 . _
O < bAz; B =0.

Proof. Let f € S5, (A, B,b). Using the principle of subordination then

we have

Ll (zfz—z z_1> L (th(,z) _Eng)) | EEss BAO
/ h(z) 9(2) 1+ A¢(z); B=0,

b(A-B)é(z).
W) () _ ) e B

M2 0B s B=0,

iff 2

b(A—B)z
_9'(2) (1+Bz) ; B#0,
— =<
(2) 9(2) bAz; B =0.

ifg 2

Theorem 2 Let f = zh(2)g(z) be an element of Si; (A, B,b). Then

G(A B, - < |"2] < G(A, B, B0,
Gl(Aa _T) < Zgj; < GI(A7T); B =0,
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where
(1+BT) (AfB)é\g\fReb)
G(Aa Bﬂ") = (A—B) (5[ FReb) 1 B #0,
(8) Wi
Gi(A,r) = Ei:;A}, B =0.

Proof. The function (}ig'z) maps |z| = 7 on to crcle with the centre C(r) =

(%, 0) and the raidus p(r) = g‘:ﬁg; .Therefore using the definition of

subordination and Theorem 1,we get

The inequality (9) takes in the form,

;

(B(A=B)Reb)r?—|b|(A-B)r Re <Zh’(z) .

1—B?r2 h(z) g(z) 1-B2r2
- eb)r?
(10) NETS L

1-r2 — h(z) (2) 1—-r2>

A < (MG _ 10 < Al g
\

on the other hand we have,

M_ZQI(Z) :rg (0) Z)| — 10 z
e (50— #4E50) =gy g )] = o ()

Thus the inequality (10) can be written in the form,

(11)

[B(A—B)Rebr—|p|(A—B)] _ 8 [B(A—B)Reb.r+[b|(A—B)] .
(1—Br)(1+Br) < g log|h(z) —g(2)] < (1—Br)(1+Br) ;B #0,

Alb| d Ab
—{onaE) = 3 log|h(z) —g(2)] < m,B =0,

integrating both sides of (11) from 0 to r we get (8).
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Corollary 1 The radius of starlikeness of the class Spy y is

2 . B#0
(12) r, = (A—B)|b|++/(A—B)2|b|>*+4[B2+(AB—B2?)Reb]’ 70,

1 . _
e B=0.

Proof. The inequality (9) can be written in the form

L —Efs 1—( B2+ (AB—B?Reb)r?—i((AB—B?)Imb)r? bl(A—B
scste _ (14 )| < st B o,

%—1‘g|bmr; B=0.

\

Therefore we have

1—(A—B)|blr—(B?+(AB—B?)Reb)r? B+#0,

Re (Zfz - Efz) > 1-B2r2 )
/ 1 — b Ar: B=0,

which gives (12).

Lemma 1 Let f = z|2|*’ h(2)g(2) € Spu and let w(z) be the second di-
latation of f. Then

181 = 18+ 17 181+ 18+ 1]
B =18 < S B

This inequality is sharp because the extremal function is

(13)

e”z—‘ﬁi

) 1

w(z) = e 5 , 2z€D/leR
B e
1 ‘ﬁﬂ ez

Proof. f = z|z[*’ h(2)g(2) € Spy and let 12 = 1. Then f is the solution

of the nonlinear elliptic partial differential equation
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1 B k(2
= (G i)
e (2 190);
z o g(2)
P ) .
f? f ﬁ_'— < z ﬁ
w(z) = :.f— = 9( ) e w(0) = EESE lw(0)] < 1.
S (B+1) + 255
On the other hand for Ref > ——, we have ‘% < 1. Therefore we can
take w(0) = ¢o = ’m e, 0 eR.
Now consider the function
-3
¢(z) = = €D,
1— ’ﬁi efw(z )

which satisfies the conditions Schwarz lemma and use the estimate |p(z)| <

|z| <, to get

(14) w(z) —
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and the equality holds only for a function of the form

oils ’BE

. ¥1

w(z) = e — 11 zeD,leR.
1— ‘L il

B+1

From the inequality (14)) we have then

— 2

5 B
B | T e Gt D O
w()] = e ()] > [FH— — e =
1"@ =gl | e

_ 2

3 _B_
B e Gl I
|w(z)|:|e‘Z w( )‘_ = = =T
e S P R e

1-Ar #'(2) 1+Ar
r(1-Br) < ‘ #(2) < r(1+Br)’ B #0;
(15) 4
1-Ar #'(2) 1+ Ar .
S o) B=0;

we get the result.

Proof. ¢(z) = z.h(z) € S*(4,B) ;

¢'(z)  1-ABr? (A—B)r )
z ¢(Z) - 1—B2,2 S 1—B2r2 B 7& O’
(16)
(=) _ _n.
‘qu(z) 1‘ < Ar, B =0;

these inequalities can be written. Then we have,

144
< IIB:’ B #0;

1-A #'(2)
B = ‘Z(;S(z)

(17)
_ #'(2)
1-Ar < ‘z¢(z)

<14 Ar, B=0;

.And if we divide by |z| = r each of these ;we obtain the result easily.
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Lemma 3 f(z) = zh(2)g(z) = ¢(2)g(z) € S;,(A, B) ve ¢(2) = zh(z) €
S*(A, B)

(
9'(z)

_1-Ar
< 9(2)

1-Br

1+Ar .
< 14+Br? B 7& O’

(18)

<1+ Ar, B=0;

(1 J(2)
(1— Ar) < )g(z)

\

we get the result.

Proof. f(z) = ¢(2)g(z) and we use the second dilatation function’s elliptic

differentional solution,

/ (Z
9(2)
¢'(z)
é(2)

we hold this result. Therefore , w(z) function is analytic at D disc; |w(z)| <

—

Q

w(z) =

1 (sense-preserving) and w(0) = 0 ;because of Schwarz Lemma,
—r < |w(z)| <r

We can write these inequalities.Then we have,

92
g(2)
¢'(2)
#(z)

—r <

<r

And if we use Lemma (11),We can take the result easily.

Theorem 3 Let f = zh(2)g(z) be an element of Si; (A, B,b) then
F(A,B,—T') < |g(Z)| < F(A7B7T)a

Fi(A, —r) <lg(2)] < Fi(A,7),
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where
(A—B)(|bl+Reb)

1 (1+ Br) 2B

F A’ B7T = — . — —Re
( ) (1 _}_Br)% (1 _ BT)%
|—b]A
1—r 2
Fl(A’T) - eAT )\7b\A :
(1 =+ T) 2

Proof. f € S}, (A, B) then we h(z) function satisfies, 2(0) = 1 and
has a Taylor formula h(z) =14 > 7 a,2z" We know that,p(z) = zh(z) €

S*(A, B) from starlikeness radius formula,

(19)
¢’(Z)> ( (Zh(Z))’) ((Zh(z))’) h(z)
Relz——)=Rel|z——F" )| =Re| ——— | =Re(l+2——-) >0
(55 () (2 )
satisfied. And also for Janowski Starlike logharmonic mappings,
zh(2)) _ABr2 A—B)r .
'~ iage] < 5B B
(20) X
zh(z))’ .
\%—1‘§AT, B—O7

Then we have,

p
zh/ () 1—-ABr?
‘1 + h(z) 1-B2r2

— 1—B2p2>

(21)

zh!(2) .
|1+ 58 - 1] < an B=0;

we can write these inequalities.

—|z] < Rez < |7]
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if we use this inequality ;

(22) g

e A" < |h(2)] < e, B = 0;

\

Then we have the result.

Corollary 2 Let f = zh(2)g(2) € St (A, B,b) and let (zh(z)) € S*(A, B).
Then

—(=50)F(A, B, —r) < |g'(2)| < (3T50) F(A, B, r), B #0;

(23)
—(1-Ar)F(A,—r) <|d(2)| < 1+ Ar)Fy(A,r), B=0;

Proof. Follows immediately from Lemma (12) and Theorem3

Corollary 3 Let f = zh(2)g(z) € Siy (A, B,b). Then

(

L[S < h(:) + 2K (2)
(1-Br) B
1 1+(A—B)r—ABr? .
(24> S (l—‘f—Br)% |: 1—B2p2 ’ B 3& 07
—Ar / Ar — 0
e (1= Ar) < |h(z) + 21/ (2)] < e (1 + Ar), B = 0;

Proof. This result is a simple consequence of Lemma (12).
Corollary 4 Let f = zh(2)g(z) € Si (A, B,b). Then

— 5= .F(A, B, —r) <|[f| < — 5= F(A,B,r), B#0;
(25) (1-Br) B (1+Br) B

re AT Fi (A, —r) <|f] < re Fi (A7), B=0;

Proof. This result is a simple consequence of Theorem 3.
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