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Some properties from Laguerre

polynomials 1

Ioan Ţincu

Abstract

In this paper, we demonstrate some properties of Laguerre poly-

nomials. Using the Beta function we prove a projection inequality

and an inequality of the form |L
(α)
n (x)| < ane

x

2 , x ≥ 0. The last

result consist of the representation of polynomial L
(α)
n depending on

Hermite polynomials.
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1 Introduction

Let L
(α)
n (x), α > −1, x ≥ 0, n ∈ N Laguerre polynomials on degree n and

order α.

The polynomial L
(α)
n (x) verifies the following equalities:

(1) L(α)
n (x) =

n
∑

k=0





n + α

n − k



 · (−x)k

k!
,

(2) L(α+β+1)
n (x + y) =

n
∑

k=0

L
(α)
k (x)L

(β)
n−k(y),

(3) L(α)
n (tx) =

n
∑

k=0

Γ(n + α + 1)

(n − k)!Γ(α + k + 1)
tk(1 − t)n−kL

(α)
k (x),

(4) L
(− 1

2
)

n (x) =
(−1)n

n!4n
H2n(

√
x), L

( 1

2
)

n (x) =
(−1)n

n!22n+1
√

x
H2n+1(

√
x),

(5) L(α)
n (x) =

(−1)nΓ(n + α + 1)√
π(2n)!Γ(α + 1

2
)

∫ 1

−1

(1 − t2)α− 1

2 H2n(t
√

x)dt, α > −1

2
,

Hn(x) being Hermite polynomial on degree n.

From (1) for x = 0 we obtain

L(α)
n (0) =





n + α

n





We denote l
(α)
n (x) =

L
(α)
n (x)

L
(α)
n (0)

Laguerre polynomial of α order normalized

through the condition l
(α)
n (0) = 1
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Using l
(α)
n (x) and using properties (1)-(5), we proof that l

(α)
n (x) verifies:

(6) l(α)
n (x) =

1




n + α

n





n
∑

k=0





n + α

n − k





(−x)k

k!
,

(7) lα+β+1
n (x+y) =

n
∑

k=0





n

k





B(k + α + 1, n − k + β + 1)

B(α + 1, β + 1)
l
(α)
k (x)l

(β)
n−k(y),

(8) l(α)
n (tx) =

n
∑

k=0





n

k



 tk(1 − t)n−kl
(α)
k (x),

(8′) l
(− 1

2
)

n (x) =
(−1)n · n!

(2n)!
H2n(

√
x),

(8′′) l
(α+β+1)
m+n (x) =

1

B(α + 1, β + 1)

∫ 1

0

l(α)
m (xt)l(β)

n ((1−t)x)tα(1−t)βdt (Feld-

heim)

2 Main results

Theorem 1. If β > α > −1 and x ≥ 0 then

(9) l(β)
n (x) =

1

B(α + 1, β − α)

∫ 1

0

tα(1 − t)β−α−1l(α)
n (tx)dt,

B(x, y) being beta function.

Proof. From (8) we have:

tα(1 − t)β−α−1l(α)
n (tx) =

n
∑

k=0





n

k



 tα+k(1 − t)n−k+β−α−1l
(α)
k (x),
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(10)

∫ 1

0

tα(1 − t)β−α−1l(α)
n (tx)dt =

n
∑

k=0





n

k



 l
(α)
k (x)

∫ 1

0

tα+k·

·(1 − t)n−k+β−α−1dt =

n
∑

k=0





n

k



B(α + k + 1, n − k + β − α)l
(α)
k (x).

In (7) we consider y = 0 and β = β − α − 1 and we obtain

(11) l(β)
n (x) =

n
∑

k=0





n

k





B(k + α + 1), n − k + β − α

B(α + 1, β − α)
l
(α)
k (x)

From (10) and (11) we write

l(β)
n (x)

1

B(α + 1, β − α)

∫ 1

0

tα(1 − t)β+1l(α)
n (tx)dt,

for β > α > −1, and the proof is complete.

Theorem 2. Let β > α > −1 and Pn(x; α) =
n
∑

k=0

akl
(α)
k (x), x ≥ 0. If

Pn(x; α) ≥ 0, (∀)x ≥ 0 then

(12) Pn(x; β) ≥ 0, (∀)x ≥ 0 and β > α > −1

Proof. From (9) we write:

akl
(β)
k (x) =

1

B(α + 1, β − α)

∫ 1

0

tα(1 − t)β−α−1akl
(α)
k (tx)dt, we make sum

over the k, and we obtain:

Pn(x; β) =
1

B(α + 1, β − α)

∫ 1

0

tα(1 − t)β−α−1Pn(xt; α)dt

From Pn(x; α) ≥ 0 (∀)x ≥ 0 results Pn(x; β) ≥ 0, (∀)x ≥ 0.
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Theorem 3. If l
(β)
n (x) is Laguerre normalized polynomial through

l
(α)
n (0) = 1, then for β > − 1

2
and k0 = 1, 086435 we have:

(13) |l(β)
n (x)| <

k0 · 2n · n!
√

(2n)!
· ex

2 , (∀)x ≥ 0

Proof. In (9) let α = − 1
2
,

l(β)
n (x) =

1

B(1
2
, β + 1

2
)

∫ 1

0

t−
1

2 (1 − t)β− 1

2 l
(− 1

2
)

n (tx)dt.

Using (8′) we obtain

l(β)
n (x) =

(−1)n · n!

(2n)!B(1
2
, β + 1

2
)

∫ 1

0

t−
1

2 (1 − t)β− 1

2 H2n(
√

tx)dt.

We know that

|H2n(
√

x)| < k0

√

(2n)!2ne
x

2 , k0 = 1, 086435.

It results,

|l(β)
n (x)| <

k02
nn!e

x

2

√

(2n)!
, (∀)x ≥ 0.

Theorem 4. If n, m, p ∈ N such that m + n ≤ 2p − 1 then

(14) lm+n(x) = l
(0)
m+n(x) =

(−1)n+mn!m!

(2n)!(2m)!p

p
∑

k=1

H2m(
√

x cos
2k − 1

4p
π)·

·H2n(
√

x · sin 2k − 1

4p
π), (∀)x > 0.

Proof. In Feldheim formula we consider α = β = − 1
2
,

lm+n(x) =
1

π

∫ 1

0

l
(− 1

2
)

m (xt)l
(− 1

2
)

n ((1 − t)x)
dt

√

t(1 − t)
.
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From (8′) we have

(15) lm+n(x) =
(−1)n+mn!m!

(2n)!(2m)!
· 1

π

∫ 1

0

H2m(
√

xt)H2n(
√

(1 − t)x)
dt

√

t(1 − t)

We observe that in integral we have a polynomial of m + n degree in t. In

the following we use the Mehler-Hermite cuadrature formula:

∫ 1

−1

f(t)
dt√
1−t2

=
π

p

p
∑

k=1

f(xk)+
π

22p−1(2p)!
f (2p)(ξ), xk =cos

2k − 1

2p
, ξ ∈ [−1, 1].

For f ∈ Π2p−1 we obtain:

∫ 1

−1

f(t)
dt√

1 − t2
=

π

p

p
∑

k=1

f(xk).

Making variable substitution: t = 2u − 1, it results

∫ 1

0

f(2u − 1)
du

√

u(1 − u)
=

π

p

p
∑

k=1

f(xk).

We put: f(2u − 1) = g(u).

For u = 1+y

2
we obtain f(y) = g( 1+y

2
),

∫ 1

0

f(2u − 1)
du

√

u(1 − u)
=

∫ 1

0

g(u)
du

√

u(1 − u)
=

π

p

p
∑

k=1

g

(

1 + xk

2

)

,

∫ 1

0

g(t)
dt

√

t(1 − t)
=

π

p

p
∑

k=1

g

(

cos2 2k − 1

4p
π

)

, g ∈ Π2p−1.

Using (15) we have

lm+n(x) =
(−1)n+mn!m!

(2n)!(2m)!
· 1

p

p
∑

k=1

H2m

(
√

x cos2
2k − 1

4p
π

)

·H2n

(
√

x sin2 2k − 1

4p
π

)

=
(−1)n+mn!m!

(2n)!(2m)!
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·1
p

p
∑

k=1

H2m

(√
x cos

2k − 1

4p
π

)

H2n

(√
x sin

2k − 1

4p
π

)
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