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On a class of p-valent non-Bazilevic functions'

Khalida Inayat Noor, Ali Muhammad, Muhammad Arif

Abstract
In this paper, we introduce a class Ng‘(ff (a,c, A, B). We investigate
a number of inclusion relationships, distortion theorems for the class

N;;\,’c/f (a,c, A, B), the lower and upper bounds of Re(

2P H f
I,?(mC)f(Z)) o
f(z)eN 25 (a, ¢, A, B) and some other interesting properties of p-valent

functions which are defined here by means of a certain linear integral

operator I (a,c) f (2).
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1 Introduction

Let A(p) denote the class of functions f (z) normalized by

(1) f(z)=2P+ Zak+pzk+p, (peN={1,2,...}),
k=1
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which are analytic and p-valent in the open unit disc E = {z : |z] < 1}. If f(z)
and g(z) are analytic in E, we say that f(z) is subordinate to g(z), written

symbolically as follows:
f<gin Eor f(z) <g(z2), z€ E,

if there exists a Schwarz function w(z), which is analytic in £ with
|lw(0)] =0 and |w(z)| <1, z € E,

such that

Indeed it is known that

f(2) < 9(2) (z € E) = f(0) = ¢(0) and f(E) C g(E).

Furthermore, if the function g(z) is univalent in E, then we have the following

equivalence, see [6, 7],

f(2) <g9(2) (z € E) & f(0) = g(0) and f(E) C g(E).

For functions f;(z) € A(p), given by

(2) Fi(2) =22 4+ apap 2P (=1,2),

k=1
we define the Hadamard product (or convolution) of fi(z) and f2(z) b

o0

3)  (fixfo)(2) ="+ ahiprarip2? P = (fox 1) (2) (2 € E).

k=1
In our present investigation we shall make use of the Gauss hypergeometric
functions defined by

[e.e]
w (D)L
(4) gFlabc,z:E (a) ©@r (D k 2k (z€E),
(©)g
=0 i
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where a,b,c € C, c ¢ Z; =1{0,—1,-2,...} and (k),, denote the Pochhammer
symbol (or the shifted factorial) given, in terms of the Gamma function I', by

. _T(k+n) ) k(k+1)(k+2)...(k+n—-1),neN
(B = L) ) 1, n=o0.

We note that the series defined by (4) converges absolutely for z € E and
hence 2 F7 (a, b; ¢; z) represents an analytic function in E, see [13].

We define a function @, (a, ¢; z) by

D, (a,c;2) = 2P + ZZ ZRp (a€eR; ceR\Zy ={0,-1,...}).
k=

With the aid of the function ®, (a,c;z), we consider a function (IDITD (a,c; z)
defined by
Zp

. T )=
Dy (a,c;2) x @), (a,c;52) = 1 zel,

where A > —p. This function yields the following family of linear operators

(5) 1) (a,¢) £(2) = ® (a,¢;2) % f(2), 2 € B,
where a,c € R\Z, . For a function f(z) € A(p), given by (1), it follows from
(5) that for A > —p and a,c € R\Z;

(6) D (a,0) f(z) = zp+2 “p

= ZpQFl (C))‘—’_paavz)*f( ))ZEE'

+k
ap 2’

From equation (6) we deduce that

M (B sE) = 0+ B ) £2) = AL @0 £(2)

and

®) = (Bla+1,00() =D} (0,0 /() — (a=p) B (a+1,0) f(2),
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We also note that

Ig(a—kl,l)f(z) = p
/

L(p1)f(z) = I

I, (p,1) f(z) = pr(z)a
_ 22f'(2) + 22 1(2)
(p1) f(z) = pp+1)
_ [ +2f(2)
Zp+1,1)f(z) = RICEDE
I'(a,a) f(z) = D" 'f(z),neN, n> —p,

where D"*P~1 f(2) is the Ruscheweyh derivative of (n+p— 1)th order, see [4].

The operator I;‘ (a,c) ()\ > —p, a;c € ]R\Zg) was recently introduced by
Cho et al [1], who investigated (among other things) some inclusion relation-
ships and argument properties of various subclasses of multivalent functions
in A(p), which were defined by means of the operator I;‘ (a,c).

For A =c¢=1 and a = n + p, the Cho-Kown-Srivastava operator yields
Iy (n+p,1) f(2) = Inp (n>—p),

where I, , denotes an integral operator of the (n + p — 1)th order, which was
studied by Liu and Noor [5], see also [9, 10]. The linear operator I3 (i + 2,1)
(A > —1, p > —2) was also recently introduced and studied by Choi et al [2].
For relevant details about further special cases of the Choi-Saigo-Srivastava
operator I (A + 2, 1), the interested reader may refer to the works by Cho et
al [2] and Choi et al [1], see also [3].

Using the Cho-Kown-Srivastava operator Ig‘ (a, c), we now define a subclass

of A(p) as follows:
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Definition 1 Assume that 0 < p <1, a € C, - 1< B<1, A# B, A€R,
we say that a function f(z) € A(p) is in the class Nﬁgf (a,c, A, B) if it satisfies:

2P u_a I;‘H(a,c) 2P K 1+ Az B
{“‘“) re) (@(a,c))(@(a,c)f(z«*)) }<1+Bz’ <

where the powers are understood as a principal values.

In particular, we let Nﬁ’(ﬁf (a,c,1—2p,—1) = Nﬁ’o’f (a,c, p) denote the sub-
class N;‘,’,i‘ (a,c,A,B) for A=1—-2p, B=—1and 0 < p < p. It is obvious

that f(z) € Npit (a, ¢, p) if and only if f(z) € A(p) and it satisfies

2 g " (a,c) 2P :
fre {“‘O‘) (Fasmo) ‘“( 0.0 > (5asme) }>”’ el

Special Cases

(i) When a = c=p =1, A =0, then NR’(Q‘ (1,1, A, B) is the class studied
by Z. Wang et al [14].

(73) The subclass Nﬁ’fl (1,1,1,—1) = N () has been studied by Obradovic
[11].

(4ii) fa=c=p=1,A=0,a = B=—1and A = 1— 2p, then the
class Nl(),’ﬁ 1 (1,1,1 —2p, —1) reduces to the class of non-Bazilevic func-
tions of order p(0 < p < 1). The Fekete-Szegd problem of the class
Nﬁ’fl (1,1,1 — 2p, —1) were considered by N. Tuneski and M .Darus [12].

2 Preliminary Results

In this section we recall some known results.



36 K. I. Noor, A. Muhammad, M. Arif

Lemma 1 Let the function h(z) be analytic and convex (univalent) in E with

h(0) = 1. Suppose also that the function ®(z) given by
P(z)=14crz+ 2> +...

is analytic in E. If

) 85+ 22 L) (e B Reyz 004 £0),
then B
B(z) < W(z) = L /ﬂ—lh(t)dt < h(z) (2 € E),
0

and U(z) is the best dominant of (9).

3 Main Result

Theorem 1 Let Rea > 0 and f(z) € Nlj\jéf (a,c, A, B). Then

1
2P - )>”_< (>\+p)u/ 1+Azuu(x+p)u71d - 1+ Az
2

10 a .
(10) <I§‘ (a,c) a 1+ Bzu Y S B
Proof. Let

(11) (=) = (N)f())u

Then ®(z) is analytic in £ with ®(0) = 1. Taking logarithmic differentiation

0

of (11) both sides and using the identity (7) in the resulting equation, we
deduce that

{00 (i)~ (5s)) ()}
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az ®'(z) 1+ Az

=P :
(Z)Jr()\%—p),u-< 1+ Bz

A tp)p

[0}

2P )“ A+p)p _Otpu / Ot g <1+At>
- < q(z) =7 a /t « dt
(Ig (a,c) f(2) o / 1+ Bt

1
(A +p),u/ 1+ Azu Octplu_y 1+ Az
= U @

~
1+ Bzu v 14+ B2’

Now, by Lemma 1 for v = , we deduce that

(07
0

and the proof is complete.
Theorem 2 Let 0 < as < ay. Then

N2 (a,¢,A,B) C NM (a,¢,A, B) .

p,a1 p,a2

Proof. Let f(z) € N;gfl (a,c, A, B). Then by Theorem 3.1 we have

f(z) € N;:’él (a,c, A, B).

{(1 v (pagr) o (I; o )) (7es f(Z))H}

I (a,c) 2P s 1+ Az
o ( Iﬁ\ (a,c) ) <Ig‘(a,c)f(z)> } = 14 Bz’

Wee see that f (z) € Nps, (a, ¢, A, B).
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Theorem 3 Let Rea > 0, 0 < pp < 1, -1 < B < A <1 and f(2) €
Nyt (a,c, A, B). Then

1
A+p)p / 14+ Au Odpu ( 2P )“
u o du < Re| ————
a 1+ Bu I (a,0) f(2)

1
(A+p) ,u/l—Au Oty

(12) T Bt © u,
0

and the inequality (12) is sharp, with the extremal function defined by

1
1 a

(A 1+A
(13)  I)(a,c) Fopuap(2) = 2P +p) M/ +Azu Gy

p 1+Bzu
0

Proof. Since f(z) € Ngﬁ\,’éf (a,c, A, B), according to Theorem 1, we have

1

( 2P >“ (A+p) u/1+Azu Qe
I (a,c) f(z) 1+ Bzu ’

0

Therefore it follows from the definition of subordination and A > B that

1
2P a A+p)p [ 1+ Azu O4pu_,

) L — R .

e(ﬂ(a,@ﬂz)) R el TR / 1+ B u

P 0
A / A
1 (A+p)
< HW/SHPRe 1+ Aeu| Odow,
2cE 1+ Bzu
0
1
- (>\+p)u/1+Auu(Azp)u_1du
« 1+ Bu
0
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Also

1
2P K , A+p)p [ 1+Azu Otpu_,
_— f o d
he (I)‘ (a,c) f(z)) ” zlgERe o' / 1+ Bou' “
0

Atp)p
} u o 1du

V

~

_l._

3

=

— o\»—\

B
=
Iy
Q)

—N—

—_

_l._

b

N

N

S ()\+p)u/1—Auu(A+p>u_1du
0

a 1-Bu
Note that the function I;,\ (a,c) Fop,a,8(2) defined by (13) belongs to the
class NIS\, 4 (a,c, A, B) and hence we obtain that the inequality (12) is sharp.
By applying the similar techniques that we used in proving Theorem 12, we

have the following result.

Theorem 4 Let Reaw > 0, 0 < p < 1, =1 < A < B <1 and f(2) €
Nyt (a,c, A, B). Then

1

)\—i-p ,u/1+Au (>\+p)u _1 ( 2P >M

du < Re| 5——F—

/ 1+ Bu I (a,c) f(z)

(A +p) 11 A

+p)p — Au  Otpp_4
14 a d
(14) « /1—Buu w
0

and the inequality (14) is sharp, with the extremal function defined by (13).

Theorem 5 Let 0 < p < 1, Reaw > 0, —1 < B < A < 1 and f(2) €
Nyt (aye, A, B). Then

1

(A —|—p ,LL / 1— Au e T ( 2P >
15 du < Re| ¥——————
(15) 1-Bu" I (a,c) f(z)

(V)
V]S

0

1

1 2
(A +p) ,LL/1+Au Qo _y
u

1+ Bu ’

0
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and inequality (15) is sharp, with the extremal function defined by (13).

Proof. According to Theorem 1, we have

2P 14 Az
<II§‘ (a,c) f(z)) “1vB:

Since —1 < B < A <1, we have

0<

té < fie <p (ach)f(z))u < iig'
» \a,
Hence the result follows by Theorem 3.
Note that the function defined by (13) belongs to Npﬁ‘ (a,c, A, B), w

obtain that the inequality (15) is sharp. By applying the similar arguments

as in Theorem 5, we have the following Theorem.

Theorem 6 Let 0 < p < 1, Reaw > 0, —1 < A < B < 1 and f(2) €
N;# (a,c, A, B). Then

1 2 u
A+p)p [ 14 Au =T 2P 2
(16) / du| < Re| 77—
) 1+ Bu" I (a,c) f(2)
1 2
(A+p) u/ 1 - Au Lot
1-Bu" ’

0

and inequality (16) is sharp, with the extremal function defined by (13).

Theorem 7 Let 0 < p < 1, Reaw > 0, -1 < B < A < 1 and f(2) €
N;’C‘f (a,c, A, B). Then
(i)If a« =0, the for |z| =r < 1, we have

1 1
1+ Br\~ \ 1—Br\=»
p < < rP
(17) " (1+Ar> - ‘Ip (a,c)f(z)‘ =7 <1 —Ar)
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and inequality (17) is sharp , with the extremal function defined by

(18) I a,0) f(z) = 2 (iﬁ)

(i1) If a # 0, the for |z| =r < 1, we have

1
1 w

(19) TP ()\—l—p)/j,/l—i—ATUuW;P)ﬂ_ldu S ‘I/\(G,C)f(z)

o 1+ Bru
0

1 L
" ()\—I-p),u/l—Aru tpn_y l

u @ u
o 1 — Bru ’
0

and inequality (19) is sharp with the extremal function defined by (13).

Proof. (i) If @ = 0. Since f(z) € Nﬁ’c‘f (a,c,A,B), -1 < B < A <1, we
obtain from the definition of Ng‘,’o‘f (a,c, A, B) that

2P 14 Az
(Ig‘ (a,c) f(z)) = 14+ Bz’

Therefore it follows from the definition of the subordination that

< 2P >” _ 14 Aw(z)
I (a,c) f(2) 14 Bw(z)’

where w(z) = c12 + 222 + ... is analytic E and |w(z)| < |z|, so when |z| =

r < 1, we have

(oo )| = ] < 1Al 1
and
’(IS(GZ:)J”(Z)> e (I; <a,Z:)f<z>)“ 2 i:ﬁ:

It is obvious that (17) is sharp, with the extremal function defined by (18).
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(ii) If o # 0. according to Theorem 1 we have

1
P K 1+ A
(A ; ) {()\4—10)#/ A gy
I3 (a,c) f(2) a / 1+ Bzu

Therefore it follows from the definition of the subordination

u,

1
2P oA+ p)p [ 14 Aw(z)u Otpu_
<I]§‘ (a,c) f(z)> N o / 1+ Bw(z)uu = d

where w(z) = c12 + 222 + ... is analytic E and |w(z)| < |z|, so when |z| =

r < 1, we have

1
‘( 2P )“ < (A+p) ,u/‘quszu Otplu 4
I (a,¢) f(2) - / 1+ Bw(z
< A +p) ,u/l—I—Au\wz e
1+ Bu|w(z)|
0
< (A +p) M/l—{—AuT (M;p)u_ldu’
1+ Bur
0
and
P " P ) 11 A
Z z —l—p v — Aur <A+p>u 1
T W en (Y O ] .
‘ (Iﬁ (a,c) f(2)> I} (a,c) f(2) 1~ Bur"

0

Note that the function defined by (13) belongs to the class N)‘éf (a,c, A, B),
we obtain that the inequality (19) is sharp. By applying the similar method

as in Theorem 5 we have

Theorem 8 Let 0 < pu < 1, Reaw > 0, -1 < A < B < 1 and f(2) €
Nyt (ayc, A, B). Then
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(i) If « = 0, the for |z| =r < 1, we have
1+ Br

1 1
1—Br\=» I
P A < 7P
(20) " (1—Ar> ‘Ip (a,c)f(z)‘_r <1—|—Ar>
and inequality (20) is sharp, with the extremal function defined by (18).
(ii) If a # 0, the for |z| =r < 1, we have

1 7&

IN

« 1— Bu
0
) _1
I
< (/\+p)u/1+Auu<x+ap>u_1du ;
« 1+ Bu
0

and inequality (21) is sharp with the extremal function defined by (13).

Theorem 9 Let Rea>0 and f(z) EN:g (@,c,A, B) .Then f(z) € Nyt (a,c, A, B)

for |z| < R(\ a, p,p), where

_ A+p)p
. R(A,a’u,p)_a+\/a2+(/\+p)2u2.
Proof. Set

Then clearly, h(z) is analytic in F and h(0) = 1. Taking logarithmic differen-
tiation of (23) both sides and using identity (7) in the resulting equation, we

observe that

P p I (a,c) 2P g
g0 (i) () (paom) )

- <pp>Re{h<z>+M} > <pp>Re{h<z> _ ol
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Now by using the following well known estimate, see [8],

|21 (2)] < 2rReh(z)

< (e =r <),

in (24), we have
2P ® I;;\-H (avc) l ! —
wefo-o (i) o (A () )

(#) = 0= R {1~ e

The right hand side of (25) is positive if r < R (A, a, 1, p) where R (X, «, p1, p)

is given by (22).
Sharpness of this result follows by taking

<W>M—p+(p—p)l_z-

where 0 < p <p, A\> —pand z € E.
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