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On certain subclass of meromorphic p-valent

functions with negative coefficients !

M. K. Aouf

Abstract

A certain subclass B (p,a, A\, A, B) consisting of meromorphioc p-
valent functions with negative coefficients in U* = {z : z € C and
0 < |z| < 1} is introduced. In this paper we obtain coeflicient inequal-
ities, distortion theorem, closure theorems and class preserving integral

operators for functions in the class B (p, a, A, A, B).
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1 Introduction

Let X, denote the class of functions of the form :

(1) F2) =24t (0 #0pe N ={1,2,..})
k=1

= 7Zp
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which are regular in the punctured disc U* ={z:z2€ C and 0 < |z| < 1} =

U\{0}. For a function f(z) € X,, we define the following differential operator:

2 D8,1(:) = 1(2),
(3) D) = (-NJE)+ S E) (2 0pen)
= % + i[l + Ak + p)]ag2”,
k=1
() D3,7(z) = DD}, f(2)
_ % + 31+ A+ p)Pagzh,
k=1

and forn=1,2,...,

(5) D}, f(z) = D(DY,'f(2))

_ G-p - n, _k
= ;‘FZ[I‘F)\(/{ +p)] apz”.
k=1

Also we can write DY f(z) as follows :
1 o0
(6) Dipflz) = (Fx{+ Y LAk + )" (2)
k=1
= (f*dp,)(2),

where ¢} \(2) = 2 + i [1+ Ak + p)]"2* and (x) denotes convolution.

In [1] Aouf and Pfo:slsen obtained new criteria for meromorphic p-valent
starlike functions of order o(0 < a < p) via the basic inclusion relationship
Bpii(a) € Byp(a)(0 <a < p,ne Ng=NU{0},p € N), where By, () is the
class consisting of functions in 3, satisfying

Dn'Hf(Z)

M Rl gt

(p+1)} <—a(zeU0<a<pype N;ne Ny).
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We note that By(a) = 7 (a) (the class of meromorphic p-valent starlike func-
tions of order «).

Let o, denote the subclass of ¥, consisting of functions of the form :

a_ o0
(8) f(z):z—pp—Zakzk (a—p > 0;ar > 0;p € N).
k=1

With the aid of the differential operator DY f(z) we define the class
B, (p,a, A\, A, B) as follows :
A function f(z) € ¥, is said to be in the class By, (p, o, A\, A, B) if it satisfies

the condition

%;:i;lfw 1
©) e <1(zeU?)
B W—(I"Fl) +[pB+ (A= B)(p—a)]

forsome 0 <a<p;A>0pe Nyne Ny, -1<A<B<land0< B<1.

Let us write :
B;kz(paav AaAv B) = Bn(p7a7 )\7A1 B) N Op -

We note that :

(i) B (p,a,0,—1,1) = 0p(n, o) (Darwish [2]);

(ii) Bo(p, o, —=1,1) = ¥5(a)(0 < a < p) ;

(iii) Bo(p,,1,—6,8) = Ep(a,5)(0 < a < p;0 < B < 1) is the class of
meromorphically p-valent starlike functions of order a and type (;

(iv) Bo(a, 1,-3,8) = ¥*(a, f)(0 < a < 150 < f < 1) is the class of
meromorphically starlike functions of order a and type 5 (Mogra et al. [3]).

Also we note that:

(i) Bn(p,a, A, —=f,8) = Bu(p, o, A, B)

Dyt f(2)

. D% 7(2)

D} F(2)

-1

<8,

+2a—-(2p+1)
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(10) (zeU"0<a<p0<fB<L;A>0;n€ Ny;pe N)}.

In this paper coefficient inequalities, distortion theorem and closure theorems
for the class B} (p,a, A\, A, B) are obtained. Finally, the class preserving inte-

gral operators of the form

1
Feipi(z) = c/ucﬂ’lf(uz)du (c>0)
0

for the class B} (p,a, \, A, B) is considered. We employ techniques similar to

these used earlier by Silverman [4] (see also Srivastava and Owa [5]).

2 Coefficient Inequalities

Theorem 1 Let the function f(z) be defined by (1). If

(11)

NE

L+ Ak +p)]" {AE +p)(1+ B) + (A= B)(p — )} [ax]

o

(B A)p—a)lay.

IN

Then f(z) € Bn(p, o, N\, A, B).

Proof. It suffices to show that

DY f(2)

Dy f(z) 1

12 <1 <1).
12 | (el <)

Bl oty — e+ )| + B+ (A= B)p—a)
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We have

DY f(2)
Dy _T(2)

DRy TG
BDn NiC) +[pB+ (A-B)(p— a)]

-1

3 [L+AG-+p) " AGk-+plag 27
=1

<A—B><p—a>ap+§1u+A<k+p)]n[ABamo)+<A—B><p—a>]akzk+p

o0

k§1[1+k(k+p)]”/\(k+p)\ak\

< L .
(B—A)(p—a)!a—p!+k§1[1+A(k+p)]”[k(k+p)3+(A—B)(p—a)]\akl

The last expression is bounded by 1 if

Nk

[1+ Ak +p)]"A(k +p)lar| < (B = A)(p — a)la_p|—

b
Il

1

WE

1+ Ak +p)" {Mk +p)B + (A= B)(p — )} |l

=
Il
A

which reduces to

(13) [1+ Ak +p)I" Mk +p)(1 + B) + (A = B)(p — @)]|ax]

=1
(B = A)(p — a)lap|.

M8

VAN

This completes the proof of Theorem 1.

Theorem 2 Let the function f(z) be defined by (8). Then f(z) €
B (p,a, A\, A, B) if and only if

> [1+A(k+p))” {A(k + p)(1 + B) + (A = B)(p — a)} ax < (B—A)(p—a)a_, .
k=1
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Proof. In view of Theorem 1, it is sufficient to prove the ”only if” part. Let
us assume that f(z) defined by (8) is in B} (p, o, A\, A, B). We have

D"“f(z)

ZWic)
Dyt i(2)
B | oty — (Pt 1) + [pB+ (A - B)(p —a)]

-1

[L+A(k+p)]" Ak +p)ayz*+P
k=1

>
(BA)(pa)ap§1[1+A(k+p)]”{A(k+p)B+(AB)(poz)}akz’”p
<1l (z€U").

Since |Re(z)| < |z| for all z, we have
(14)

> LA AG+p)" Ak +p)ag 2+
Re k:go <1.
(B=A)(p-a)a—y= 3 L+ AR+P)] AE+) B+ (A= B)p-a)) o

n+1
P Ap

Dy ,f(2)

the denominator in (14) and letting z — 1~ through real values, we obtain

SO+ Ak + p)]" Ak + pag < (B — A)(p — a)a_p—

Choose values of z on the real axis so that is real. Upon clearing

L+ AME+p)]"{Mk+p)B+ (A= B)(p—a)}a.
k=1

Thus

o0

D LA EFD)]" Ak +p)(1 + B) + (A= B)(p — a)} ax < (B—A)(p—a)a_y.
k=1

Hence the result follows.

Corollary 1 Let the function f(z) be defined by (8) be in the class
B! (p,a, A\, A, B). Then

(B—A)(p—a)ay

(15) a < 1+ Xk +p)]"{Ak+p)(1+B)+(A-B)(p—a)}

(k€ N).
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The result is sharp for the functions of the form

(16)

a— B—-—A)(p—a)a_

fk( ): =P ( )( ) P

k
@ LAk + R Ak P+ B) +(A-B)(p-a)} (ke N).

3 Distortion Theorem

Theorem 3 Let the function f(z) be defined by (8) be in the class
B! (p,a,\, A, B). Then for 0 < |z| =r <1,

ﬂ_ (B_A)(p_a)a—p |f( )|
7 A ) A+ )1+ B) - (A-B)p—a))
(17) a—p + (B — A)(p — a)a—P r

or T+ AL+ )" AL+ p)(1+ B) + (A— B)(p—a)}

with equality holds for the function

(18)
fl( ) — a—p (B — A)(p — O‘)a—P Py (z — ir 7")
2 [T+ A1 +p)" AL +p)(1+B)+(A-B)(p—a)} C
and
pa—p (B—A)(p—a)ayp

1 L A1+ )" (ML +p)(1 + B) + (A - B)(p _a)}_lf( 2)| <

pay (B=A)p—a)y

W) o T T AT P AT+ B+ (A B — )’

where equality holds for the function fi(z) given by (18) at z = +ir, £r.

Proof. In view of Theorem 2, we have

(B—A)p - a)ay

;ak T AP A1+ P) 1+ B) + (A= B)p - )}

(20)
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Thus, for 0 < |z| =7 < 1,

@) el < ey a
k=1

< H_’_ (B—A)(p—a)a—p
= T T IR DA B F(A-B)(p-a)} |

and

@) ez ey
k=1

a—p (B—A)(p—a)a—p

2 Tp I (AT B)+(A-B) p—a)}

which, together, yield (17). Furthermore, it follows from Theorem 2 that

L+ A1+ A1 +p)(1+B)+ (A= B)(p—a)} Y _kay <
k=1
> A1+ Ak +p)(1+ B)+ (A= B)(p— )} ax < (B—A)(p—a)ay ,
k=1
that is, that

(B—A)(p—a)ay

23 ka .
(#) ; CE AT ML+ )+ B) + (A-B)p—a)}
Hence
’ pa— > pa_
(24) &< ) kart < p—i—Zkak
< Pa—p 4 (B=A)(p— a)afp
= pptl [0+ {A1+p)(1+B)+(A-B)(p—a)}
and
/ pa—
(25) 1F ) = rp+f - Zkﬁakrk 1> 2 p+1 Zkak
k=1
> pa—p (B—A)(p— a)a_

1l RO+ {A0+p) 1+ B)+(A-B)(p—a)}’
which, together, yield (19). It can easily be seen that the function f;(z) defined

by (18) is extremal for Theorem 3.
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4 Closure Theorems
Let the functions f;(z) be defined for j = 1,2,...,m, by

a—
(26) fj = p,] Z a;w a_pd' > 0; ak,j >0;p e N)
for z € U*.

Theorem 4 Let the functions f;j(z) be defined by (26) be in the class
Bl (p,a, A\, A, B) for every j = 1,2,....m. Then the function F(z) defined
by

(27) F(z):——Zbkzk (b—p > 0;b, > 0;p € N)
is a member of the class B} (p, o, A\, A, B), where

1 — 1 —
(28) b_p = . Zl a—pj and by = - Zla;w (k€ N).

Proof. Since fj(z) € B} (p, o, A\, A, B), it follows from Theorem 2 that

(29) Zl+>\ k+p)]"{A(k+p)(1+B)+ (A= B)(p—a)}ay;
k=1
< (B-A4)(p—a)ap,;,
for every j =1,2,...,m. Hence,
D L+ AE+p)]" Ak +p)(1+ B) + (A= B)(p— )} by
k=1
- OO[1+)\(k+p)]”{>\(k:+p)(1+B) + (A = B)( { i }
k=1 =
= %Z(Z[l+>\(k+p)]"{/\(k+p)(1+3)+(A—B)(p—a)}ak,j)
j=1 k=1
< B-A)p Za—pj (B=A)p—a)b—y,

which (in view of Theorem 2) implies that F'(z) € B} (p, o, A\, A, B).
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Theorem 5 The class B (p, o, \, A, B) is closed under convex linear combi-

nation.

Proof. Let the functions f;(2)(j = 1,2) defined by (26) be in the class
B} (p,a, A\, A, B), it is sufficient to prove that the function

(30) H(z) =tfi(z) + (1 —t)fa(z) (0<t<1)
is also in the class B} (p, a, A\, A, B). Since, for 0 <t <1,

tafp 1+ (
2P

[ee]
a_—
D902 | ™ ftagy + (1 - thag} 2

k=1

(31) H(z) =
we observe that

(32) D [+ Ak+p)]"{Ak+p)(1+B)
k=1
+ (A — B)(p — a)} {tam + (1 — t)ahg}

=ty [L+Ak+p)]" Ak +p)(1+ B) + (A= B)(p—a)}ar1 +
k=1

(1—1) Z + Ak +p)]" {\E+p)(1+B)+ (A-B)(p— )} ary
=1

< (B - A)( —a){tap1+(1—t)apo}

with the aid of Theorem 2. Hence H(z) € B} (p,a, A\, A, B). This completes

the proof of Theorem 5.

Theorem 6 Let

2 [T+ Ak +p)]" Ak +p)(1+ B) + (A= B)(p—a)}

(33) foz) = 2

and

(34)

filz) = 22 (B A4)(p —a)ay * (ke N).
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Then f(z) € B} (p,a, A\, A, B) if and only if it can be expressed in the form

(35) F(z) = mfu(2),
k=0

where p, > 0(k > 0) and Y pp = 1.
k=0

Proof. Suppose that

F(2) =Y mf(z),
k=0

where p > 0(k > 0) and ) pr = 1. Then
k=0

(36) f(2) = uefu(z) = pofo(z) + Y pifr(2)
k=0 k=1

ay 5 (B~ A)p - a)ay k
B kz_l“’“u+A<k+p>1n{x<k+p><1+3>+<A—B><p—a>} ’
(ke N).

1+ A& +p)" {MEk+p)(1+ B) + (A= B)(p—a)}.

E]
M8

e
Il

1
(B—=A)(p—a)ay
[+ AE+p){AME+p)(1+ B)+ (A= B)(p— )}

(B=A)p—a)ayp Y = (B—A)(p—a)ap(l— po)
k=1
< (B-A)(p—a)ay,

223

we have f(z) € B} (p,a, \, A, B), by Theorem 2. Conversely, suppose that the
function f(z) defined by (8) belongs to the class B} (p, a, A, A, B). Since

(B—A)(p—a)ay
[1+AE+p)]"{Ak+p)(1+B)+ (A= B)(p—a)}

(38) a < (k € N)
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by Corollary 1, setting

_ [T+ AG+p)]" {AME+p)(1+B)+(A—-B)(p—a)}
(39) k= (B=A)p—a), ap (ke N)

and

o0
(40) Ho = 1*2#1%
k=1

it follows that

F(2) = mfr(2) -
k=0

This completes the proof of Theorem 6.

5 Integral Operators

In this section we consider integral transforms of functions in the class

B (p,a, A\, A, B).

Theorem 7 Let the function f(z) defined by (8) be in the class
B (p,a,\, A, B). Then the integral transforms

1
(41) Fop(s) = [ f(uz)du (e 0)
0

are in the class B (p,~, \, A, B), where

cA(1+p)(1+ B)(p—a)
c+tp+ A1 +p)1+B)+(A-B)(p—a)]—c(A-B)(p— )

'VZP*(

for Foyp_1(2) # 0(z € U*). The result is sharp for the function f(z) given by

ap (B-—A)(p—a)ay .

[+ A1+p"{A1+p)(1+B)+(A-B)(p—-a)}

(42)  f(z) =
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(o]

Proof. Suppose f(z) = “2 — > ap2¥(a—p > Ojax > O;p € N) €

k=1
B! (p,a, A\, A, B). Then we have
L o0
_ a_ c i
(43)  Feyp1(2) = c/uc+p U (u2)du = Z—pp — ; P
0 -

Since f(z) € Bl (p,a, A\, A, B), we have

i [1+Xk+p)]" {MEk+p)(1+B)+ (A= B)(p—a)}

44 ap <1.
w2 (B A)(p—a)ay -
In view of Theorem 2, we shall find the largest v for which
(45)
LM )1+ B) F(A-Bp-7) e
(B—A)p—7)a—p ctp+k’ "~

k=1

It suffices to find the range of values of v for which

c{QAk+p) A+ B)+(A-B)p -7} _ Ak +p)(A+B)+(A-B)p-a)}
(c+p+k)p—") - (p—a)

for each k£ € N. Form the above inequality, we obtain

ceAk+p)(1+ B)(p— «)
ctp+k)AMk+p)(1+B)+(A-B)(p—a)] —c(A-B)(p—a)

vy<p-—
(

for each «,p, A\, A and for ¢ fixed, let

cAlk+p)(1+B)(p—a)
(c+tp+E)Ak+p)1+B)+(A-B)(p—a)] —c(A-B)(p—a)’

F(k) = p—

Then

k4 1) F() = X0 B —okEnErrel)

for each k € N, where

Ar=(c+p+k)[AE+p)(1+B)+(A=-B)(p—a)] —c(A-B)(p-a)
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and
By = (c+p+k+1)[AMk+p+1)(1+B)+(A—B)(p—a)]—c(A-B)(p—a) .

Hence F'(k) is an increasing function of k. Since

cA(1+p)(1+B)(p—«)
ct+p+1)[A1+p)(1+B)+(A-B)(p—a)] —c(A-B)p—a)’

the assertion of Theorem 7 follows.

F(l):p—(
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