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On certain classes of p-valent functions defined by
Salagean operator !

Hesam Mahzoon, S. Latha

Abstract
Let A, be the class of analytic functions f which are of the form

flz) = 2P + Z am 2™, (p € N={1,2,3,...}), defined in the open
m=p+1
unit disk & = {z € C: |z| < 1}. We introduce the class M(«, 3,n,p)

and also the subclass M*(a, 3,n,p). The aim of the present paper is to
derive some convolution properties for functions belonging to the class

M*(a, 8,1, p).
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1 Introduction

Let A be the class of functions f of the form
(1) f(z)=z+ Z am 2.
m=2

which are analytic in the open unit disk i = {z € C: |z| < 1}.
Salagean [5] has introduced the following operator D™ : A — A defined by
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DOf(2) = £(2), D'f(2) = D(f(2)) = 2f () and D"f(2) = D(D""f(2)), for
n € N=1{1,2,3,...}. We note that if f is of the form ( 1), then
(2) D"f(z):z—ki m" apy, 2™
m=2
Let A, be the class of functions f of the form
(3) flz) =2+ i am 2", (peN=1{1,2,3,..})

m=p+1

which are analytic in the open unit disk Y = {z € C: |z| < 1}.
1
We define D™ : A, — A, by Df(z) = f(2),D'f(z) = D(f(2)) = ;}zf (2)

and D"f(z) = D(D"1f(2)) forn e N={1,2,3,...}.
We note that if f is of the form ( 3), then

(4) D f(z) =2 + i <m>n 2™

We introduce the subclass M(a, 3,n,p) consisting of functions f € A, which
satisfy

D" f(2)) D" f(2))
G w { (D" f(2)) } PNECSIO)

-1+ 3, (zel)

Dn f(z) Dn f(z)
for some a < 0,4 >1and n € Ny ={0,1,2,3,...}.
We note that M(a, 3,0,1) = MD(a, 8) and M(a, 8,1,1) = ND(a, 3). The
classes MD(a, 8) and ND(«, 3) were studied by Owa [3] and M(«, 3,n,1) =
M(a, B,n), the class introduced by Mahzoon and Latha [2].

2 Coefficient inequalities

We derive sufficient conditions for f to be in the class M(a, 3,n,p) in terms
of coefficient inequalities.

Theorem 1 If f € A, satisfies

> (p) {Im =B +1]+|m— 81| = 2a(m — 1)} Jan|

m=p+1
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<{lA+B8-p|-Ip-B+1)[+2a(p—1)}
for some a <0, 8 >1 and n € Ny, then f € M(«,3,n,p).
Proof. We suppose that

> <’;) {Im =B+ 1] +|m — 8~ 1] = 2a(m — 1)}an

m=p+1

<{lA+B8-p)|-Ip—B+1[+2a(p—1)}
for f € A,. It suffices to show that

ADf(2))  |a@mf)) |
(mf(z) Do) ﬁ>+1<1 (z € U)
AP A0 ] '
D" f(2) D" f(2)
We have
(D" f(2)) (D" f(2))
<D"f(z) e ‘“ﬁ)“
2D f(z) | 2Df(R) L)
(an(z) D) ﬂ) !

2D"f(2)) = ae®|2(D"f(2)) — (D"f(2))| = BD"[(2) + D" f(2)
(D f(2)) = ae[z(D" [(2)) — (D" f(2))] = BD"[(2) — D" f ()

oo

Prp—B+1)+ Y m" (m—f+1)anz" P —ac | (p—1)+ Y m"(m—1)an,z"7|

m=p+1 m=p+1
Hpr(148-p)= > m"(m—P—1)amz"P+ae’[p"(p—1)+ > _ m"(m—1)amnz""|}
m=p-+1 m=p+1
P (p=B+1+ Y m"m=B+1an|—ap" (p-1)—a Y m"(m—1)|ay|
m=p+1 m=p+1
< = = .
pr(1+8-p)|— > m"m—B=1|lam|+ap"(p—1)+a > m"(m—1)|an|
m=p+1 m=p+1

The last expression is bounded above by 1 if

o0 o0

P (p—B+1+ > m"m—B+1lam|—ap(p—1)—a > m"(m—1)[an|
m=p+1 m=p+1
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e} oo

<" (14+8-p)— DY m " m=B+1|am|+op" (p—1)+a D> m"(m—1)|an|
m=p+1 m=p+1
which is equivalent to our condition

> (%) Gm=p+1+1m =51 - 2a0m = 1)an]

m=p+1

<{lA+B-p)|—Ilp-B+1D|+2ap-1)}
of the Theorem.

3 Relation for M*(a, 3,n,p)

By Theorem 1, the class M*(«, 3,n,p) is considered as the subclass of
M(a, B,n,p) consisting of f satisfying

mi (j})nﬂm—m 14 fm— B — 1] — 2a(m — 1)}an]
©) < {48 =p) - (= B+1)|+2a(p— 1)}

for some a <0, 8> 1 and n € Ny.

We note that M*(«, 3,0,1) = MD*(a, ) and M*(a, 3,1,1) = ND*(«, 3).
The classes MD*(«,3) and ND*(a,3) were studied by Owa [3] and
M*(a, B,n,1) = M*(a, 5,n), the class studied by Mahzoon and Latha [2] .

Theorem 2 If f € Ay, then M*(ay,5,n,p) C M*(ag,8,n,p) for some
041,042(041 S a9 S 0).

Proof. For oy < as <0, we have

3 (p) {m = B +1] + [m — B — 1] = 2as(m — 1)}an

m=p+1

<y (p) {m =B+ 1+lm - 1] — 2a1(m — 1)}
and also,
) Q4B =p) = (p— B+ 1) + 201 (p— 1)}
®) < {0+ 8-p) = (o= B +1)] +202(p — 1)}

Therefore, if f € M(aq,,n,p), then f € M*(aq, 5,n,p).
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4 Convolution of the class M*(a, 3,n,p)

For analytic functions f; and fo given by
(9) fi(z) = 2P + Z amlz and fa(z) = 2P + Z amgz
m=p+1 m=p+1

the Hadamard product ( f1 * f2)(z) of f1 and fo is defined by
(10) (fixf)2)=2"+ D ami ama2™

Theorem 3 If f; € M*(« ﬁl,n p) and fo € M*(a, f2,n,p) for some «
(@<2-5). (p£ 150> - RIE) bt (< B < p )

and n € Ny, then ( f1* f2 ) GM*(Oz,ﬁ,n,p), where 3 =1+ Q;R

Q =p"[(Br—p)+alp—-DB2—p) +alp-1)]p(1—a)+1]
R =(@+1)"(p-1)01-a)pl—-a)+(1-5)|p1-a)+(1-75)]
S =p"[(B1—p)+alp-1D][(B2—p)+alp - 1)+

+(p+ 1)"p(l —a) + (1 = 61)][p(1 — ) + (1 = B2)].

ad>
—p

with

Proof. From ( 6), for f € M*(a, 3,n,p) withp < 3 <p+1and a > B-p

1—p’
(p # 1), we have

o

Y @)"{(m S B4 1)+ (m—B—1) - 2a(m — 1)}lan

m=p+1

< Y (%) (o)t G-11-2a(n-1)}Han| < 25— +a(p-1)

m=p-+1
That is, if f € M*(a, 8, n,p), then

— (m\" [m(1l—a)+(a—p)]
(12) 2 <p> [(B—p)+alp—1)] lam] < 1.

m=p+1
Conversely, if f satisfies

(13) Z <m>” [m(l — Oé) + (1 — ﬁ"i_ Oé)] ‘am‘ < 1’

me—pt1 \ P [(B—p)+ap-1)]
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then f € M*(a, 8,n,p). From ( 12), if f; € M(«, f1,n,p), then

= (m\" (1 - a)+ (= )],
14) 2 <p> B —p) Ta@-1) Il =1

and also if fo € M*(a, B2,n,p), then

m=p+1

(15) 3 <m) ml -+ (=)l oy,

o \p ) (B2 =p)+alp—1)]

Applying the Schwarz’s inequality, we have the following inequality
(16)

o0 m\ " [m(1 — ) + (a — B1)][m(1 — a) + (a — Ba)]
mZp:H <P> [(Br — p) + alp — D][(B2 — p) + alp — 1)] |am,1[lam,2| <1

by ( 14) and ( 15). From ( 13) and ( 16), if the following inequality

i <’m)” (m(l—a)+ (1 -5+ a)]

m=pt1 \ P [(8—p)+alp—1)] [m1llam,2]
(17)
oo m 2n [m(l—a)+(a—ﬁ1)][m(1_a)+(a_52)]
Sm:Zerl <P> (81 —p) +alp— D][(B2 —p) + a(p — 1)] |am,1]|am,2]

is satisfied, then we say that (f1 x f2) € M*(a, 3,n,p) this inequality holds
et (- a)+(1-f+a)
m m(l—a)+(1 -0+«
— A, 1||@m,
<p> [(B=p)+alp-1)] fom o

m\*" [m(1 = o) + (a = B)][m(1 — a) + (a = B2)]
18) ‘<¢<p> (5 —p) + ol DB —p) +alp— D)

for all m > p 4+ 1. Therefore, we have

(m) o)+ =50
p) 1) talp- D]

(19)

<(mf”wu—a%wa—&nmu—awwa—@n
“\p) Bi-p)+alp-D(B—p) +alp-1)
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which is equivalent to 8 =1+ @ —g a where
Q@ =p"[(B1—p)+alp— (B2 —p) + alp = D]p(1 — o) + 1]
R =({@+1)"(p-1)1-a)p(l—a)+ 1 -05)]p(1—-a)+ 1 - 0)
S =p"[(B1 —p) +alp = DB —p) + alp - D]+

Ho+ 71— ) + (1 - B)]lp(L— ) + (1 - B)]
for all m > p+ 1.
Let R(m) be the right hand side of the last inequality. Further, let us define
S(m) by numerator of R (m). Then, S(m) gives us that,
S(m) =p"[(Br —p) + alp — D][(B2 — p) + alp — Y{p"[(B1 — p)
+a(p = D[(B2 = p) +alp — D)1 —a) +2m"(p — 1)(1 — @)?[m(1 — a) + o
+m" (1 - a)[n(p — 1) —m|[m(l — a) + a]?> — nm m(l — a) + a]®
—nm" " (p—1)(1—a)[m(1—a)+a]f1 —nm" ! (p—1)(1—a)[m(1-a)+a]f:
+nm" U m(1—a)+a)? B +nm™ Hm(l—a)+a]?Bo—nm™ Hm (1l —a)+al B B2
+m" ! (1—a)[m+n(p—1)]6102—m" (p—1)(1—a)*B1 —m" (p—1)(1—)*Fa}
<p"(B1 —p) +alp = D(B2 —p) +alp — H{p"(1 - )
+2m"*(p—1)(1-a)*[m(1—a)+a]+m" (1—a)[n(p—1) —m|[m(1—a)+a]?
—nm™ Hm (1l —a) +a]® = 2nm™ (p — 1)(1 — a)[m(1 — a) + a]p
+2nm™ m(l — a) + a?(p+ 1) — nm™ m(1 — a) + a]p?
+m" (1 = a)[m +nlp - 1)](p+1)> = 2m™(p - 1)(1 — a)’p} <0

for « < 2 —+/5 and (p;«é 1:a> b=p and o > ﬂQ_p) which shows that

1-p 1—-p

R(m) is decreasing for m > ptl, a <2—/5, <p £1:a> 511—29 and o > ﬁlz—p>
—p 0

and for n € Ng, p € N.
Thus, R(p + 1) is the maximum of R(m) for a given by

a<2—+/5, p;él:a>ﬁl_panda>ﬁ2_p
l-p I-p

and for n € Ny, p e N.
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