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Approximation of common fixed points for a finite
family of Zamfirescu operators !

Shaini Pulickakunnel, Neeta Singh

Abstract

In this paper we introduce a new composite implicit iteration scheme
with errors and a strong convergence theorem is established for a finite
family of Zamfirescu operators in arbitrary normed spaces. As a corol-
lary we observe that the iteration scheme introduced by Su and Li (18)
converges to the common fixed point of a finite family of Zamfirescu
operators.
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1 Introduction and preliminary definitions

In recent years, iterative techniques for approximating the common fixed
points of a finite family of pseudocontractive mappings, asymptotically nonex-
pansive mappings, asymptotically quasi-nonexpansive mappings or nonexpan-
sive mappings in Hilbert spaces, uniformly convex Banach spaces or arbitrary
Banach spaces have been considered by several authors. [eg., 4, 9, 12, 17, 19,
20, 21]. In 2001, Xu and Ori [22] introduced an implicit iteration process for
a finite family of nonexpansive mappings as follows:

Let K be a nonempty closed convex subset of a normed space E. Let
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{T1,Ts,....,Tn} be N nonexpansive self-maps of K. Then for an arbitrary
point zp € K, and {a,} C (0,1), the sequence {z,} generated can be written
in the compact form as follows:

(1) T = antp—1 + (1 — an)Thoy, Vn > 1,

where T, = T}, (moany (the modN function takes values in I = {1,2,3,..., N }).
Xu and Ori proved the weak convergence of this process to a common fixed
point of a finite family of nonexpansive mappings defined in a Hilbert space.
In 2004, Osilike [12] extended the results of Xu and Ori from nonexpansive
mappings to strictly pseudocontractive mappings.

Inspired by the above facts, in 2006 Su and Li [18] introduced a new two-
step implicit iteration process which is defined as follows:

Let E be a real Banach space and K a nonempty closed convex subset of E.
Let {Tz}f\;l be N strictly pseudocontractive self-maps of K. From arbitrary
xo € K, define the sequence {z,} by

(2) Tp = QpTp—1 + (1 - an)Tnyn

Yn = BrnTn—1 + (]— - /Bn)Tnxn
where Ty, = Ty (moan) and {an}, {Bn} C [0, 1].

Using this iteration they proved a convergence theorem for a finite family
of strictly pseudocontractive maps. It is observed that the class of Zamfirescu
operators is independent (see Rhoades [16]) of the class of strictly pseudocon-
tractive operators.

Consideration of error terms in iterative processes is an important part of
the theory. Several authors have introduced and studied one-step, two-step as
well as multi-step iteration schemes with errors to approximate fixed points of
various classes of mappings in Banach spaces [2, 5, 6, 7, 8, 10, 13, 14].

Let K be a nonempty closed convex subset of a normed space E. Motivated
by the above facts, we introduce the following composite implicit iteration pro-
cesses with errors for a finite family of Zamfirescu operators {Tl}i\il K — K,
and define the sequences {x,} C K as follows:

xg € K,

Ty = QpTp—1 + (1 - an)Tnyn + Up,
Yn = ﬁnxn—l + (1 - ﬁn)Tnxn + Un,
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where T;, = T (moqn) (the modV function takes values in I = {1,2,3,..., N}),

o o
{un} and {v, } are two summable sequences in F, ie., Z |2 || < o0, Z [onll <
n=0 n=0
00, and {a,, } and {3, } are two sequences in [0, 1], satisfying certain restrictions.

In particular if uw,, = 0,v,, = 0 for all n > 0, then the iteration scheme ob-
tained is the scheme introduced by Su and Li.
We recall the following definitions in a metric space (X, d), from Berinde [1,
p.6, 50-51, 131] and Ciric [ 3, p.268|.
A mapping T : X — X is called an a-contraction if

(21) d(Tx,Ty) < ad(x,y) for all z,y € X, where a € [0,1).
1

The map T is called a Kannan mapping if there exists b € [0, 5) such that
(22) d(Tz,Ty) < bld(z, Tz) + d(y,Ty)] for all z,y € X.

A similar definition is due to Chatterjea : there exists ¢ € [0, %) such that
(23) d(Tz,Ty) < c[d(z, Ty) + d(y, Tx)] for all z,y € X.

It is known, see Rhoades [15] that (z1), (22), and (z3) are independent contrac-
tive conditions. An operator T which satisfies at least one of the contractive
conditions (z1), (22) and (z3) is called a Zamfirescu operator or a Z-operator.
Alternatively we say that T satisfies Condition Z.

The main purpose of this paper is to establish a strong convergence the-
orem to approximate common fixed points of a finite family of Zamfirescu
operators in normed spaces using the new iteration scheme defined above.

We need the following lemma.

Lemma 1 [11]. Let {r,},{sn},{tn} and {kn} be sequences of nonnegative
numbers satisfying

Tntl < (1= sp)7n + Sptn + kn,  foralln > 1.

Istn = oo,nan;O t, =0 and Z k, < oo hold, then nan;o ry = 0.
n=1 n=1

2  Main result

Theorem 2 Let K be a nonempty closed convexr subset of a mormed space
E. Let {Th,T5,T5....,Tn} : K — K be N, Zamfirescu operators with F =
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NN F(T;) # ¢ (F denotes the set of common fized points of {T1, Ta, Ts..., Tn }).
Let {u,} and {v,} be two summable sequences in E, and {ay} and {B,} be
two real sequences in [0, 1] satisfying the following conditions:

(i) 3 Bull — ) = oo
n=1
(ii) [[vn|| = o(Bn).
For any xy € K, let the sequence {x,} C K be defined by
(3) T = anTp_1 + (1 — an)Thyn + up

Yn = /Bnl'n—l + (1 - ﬁn)Tnxn + vp

where Ty, = Ty (moan)y (the modN function takes values in I = {1,2,3,..., N}).
Then {x,} converges strongly to a common fized point of {Th,Ta,T3...,Tn}.

Proof. It follows from the assumption F' = NY_, F(T;) # ¢, that the operators
{T1,T5,T5...,Tn} have a common fixed point in K, say p. Consider z,y € K.
Since each T; is a Zamfirescu operator, each T; satisfies at least one of the
conditions (z1), (z2) and (z3).

If (22) holds, then for any z,y € K

ITiz — Tyl < blllz — Tizl + lly — Tayll]
blllx — Tiwl| + lly — [l + |z — To|| + | i — Toyll],

IN

which implies
(1 =b)[[Tiz — Tiyl| < bllz -y + 2b [l — Tixl],
since 0 < b < % we get

2b
1-0

(4) |Tiz — Tiyl| < Iz —yll + |z — Tix||.

1-b
Similarly, if (z3) holds, then we have for any z,y € K

[ Tix — Tiy| clllz = Tayll + lly — Tiz |l

<
< clllz — Tzl + | Tiz — Tyl + ly — 2| + ||z — Tiz|]

which implies

(1 =) [[Tix = Toyll < ¢z -yl + 2¢ ||z — Tiz],
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1
since 0 < ¢ < 3 we get

c 2c
) Ti = Tigll < 1 llo = yll + 1 llo = Tiall.
Denote
b c
0= T
(6) max{a,l_b,l_c}

Then we have 0 < § < 1 and, in view of (z1), (4),(5) and (6), it results that
the inequality

(7) [Tz — Tiy|| < 6 [l =yl + 20 ||z — Tix|]

holds for all z,y € K and for every i € {1,2,3,..., N}.

Now, since Tip = p, Ti, = Ty (moan) and the modN function takes values
in {1,2,3,..., N}, for y = x, and z = p, the above inequality (7) gives the
following result

(8) [Tnzn — pll < 6flan —p
Again, with y = y,, and x = p, in (7) we get
(9) HTnyn - p“ <9é ||yn - p” :

Now, let {x,} be the implicit iteration process with errors defined by (3)
and zg € K be arbitrary.

Then

||~75n - p” = ||04nxn71 + (1 - an)Tnyn + up — p”

||anl'n—1 + (1 - an)Tnyn + Up — (an +1- an)pH
= |lan(zn—1—p) + (1 = an)(Toyn — p) + s
< apllzp—1 = pll+ (1 = an) [Tayn — pll + [Juall-

Using (9) in the above inequality we obtain that

[z = pll < e f[n—1 = pll + (1 = an)d [lyn — pll + [[unl]
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Substitute for y,, from (3) we get
lzn —pll < anllzn-1 —pll + (1 — an)d||Bnrn—1
+ (]— - Bn)Tnxn + vUn _pH + ||Un||
= Qp Hxnfl - p” + (1 - an)é“/@nxnfl
+ (1 - 6n)Tn$n +vp — (ﬂn +1-— ﬁn)p” + Hun”
= Qp Hxn—l _pH + (1 - an)é“/@n(xn—l _p)
+ (1= Bn)(Thzn — p) + vnll + l|un||
< oy ||xn71 _pH + (1 - an)é{ﬁn Hl‘nfl _pH
+ (1= Bu) T = 2l + oall § + unll
Using (8) in the above inequality we get that
lon =2l < an ot =l + (1 = an)o{ B o1 — ol

+ (1= Bn)d [|zn — pll + llvnll } + [luall
= an|lzn1 —pll + (1 = an)dBn [|2n-1 — pll
+ (1= an)(1 = )8 [z —pll + (1 = an)é [lval + [[un
that is
(1= (1 =an)(1 = Ba)8) lzn — 2l < [on + (1 = an)Bad] [&n—1 — p|
+ (1 = an)d [|vnl| + [Jun|
since 0 < (1 — ay)(1 — B,)0% < 1, we have
[an+ (1= ) Bnd] [|[2n—1—pl|+ (1= an)d ||[vn][+ [[ua|

(10) [l —pll < 1—(1—a)(1—35,)62
ot (1—) B0 (1—an)d [lvnll+[lun|l
= (= (1-500 1 P T ) B
Let
Ap = apn + (1 — ay)Brd
Bp=1-(1—a,)(1- 6,0
Consider
1_& - 11— an+(1_an)ﬁn5
B, 1—(1—an)(1— )82

1—(1—an)(1—B3,)0% = [an + (1 — ay)Bnd]
1— (1 —ay)(1— B,)62
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1-— [(1 - an)(l - ﬁn)éQ + an + (1 - an)ﬁné]
1—(1—ap)(1—By)? ’

Since 1 — (1 — ay,)(1 — B,)6% < 1, from (11) we have

=202 1 (1= @) (L= 58 4 + (1~ )]

n

(11) =

that is

‘ B

= < (1—apn)(1— ﬂn)52 + an + (1 — ap)Brd.

Sy
3

Using the facts that {a,},{8,} C [0,1] and § < 1, we get
Ap

(12) 5"

< (1 - an)(l - 511) + ap + (1 — an)ﬁn(s
= 1_an_ﬂn+anﬁn+an+(1_0471)6715

= 1-06(1l—an)+ (1 —an)Bnd =1—-06,(1—a,)(1-19).
Hence from (10) and (12) we have

lzn —pll < 1= (1=6)Bu(1 — an)l[[xn—1 —pl

(L—an)dflvnll [[unll
1—(1—an)(l— 502 1—(1—an)(l—By)e2

which, by the inequality

_l’_

1-0<1—(1—ay)(1—p3,)02,
implies that

(1—an)

n)o 1
—pll<1=(1= _ — - .
lzn = pll < 1 = (1 =6)Ba(1 = an)]lzn-1 = pll + 55— [vall + 7= llun]

Since ||vy|| = o(By) by assumption, let |v,|| = dnf, and d,, — 0. Therefore
from the above inequality we obtain that

len —pll < [1=(1=0)8u(1 = an)][len-1 —pll
(1-8)(1— an)ddnBn 1
st g el
= =01 =081 —an)]lzn-1 —pl
(1—8)Bn(1 — an)dd, 1
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Setting rp, = ||2n—1 =D, $n = (1 —0)Bn(l — ), tn = (J;(S)Zdn’ ky, =

%_(SHUnH, and using the facts that 0 < § < 1,0 < o, < 1,0 < 3, < 1,

Zﬂn(l —ap) =00, d, — 0 and Z |lun|| < oo, it follows from Lemma 1 that
n=1

n=1
lim [z, —pll =0
n—oo
which implies that x,, — p € F'. Hence the proof.

Corollary 3 Let K be a nonempty closed convex subset of a normed space

E, and let {T1,T>,T5...,Tn} : K — K be N, Zamfirescu operators with F =

NN F(T;) # ¢ (F(T;) denotes the set of fized points of T;). Let {an},{Bn} C
o

[0,1] be two real sequences satisfying the condition Z(l — ap)fn = 0. For

n=1

xo € K, let the sequence {x,} be defined by
Ty = QpZp—1+ (1 — an)Thyn

Yn = ﬁnxn—l + (1 - 6n)Tnxn

where Ty, = Thy(moany- Then {zn} converges strongly to a common fized point
Of {Tl, TQ, T3..., TN}

Remark 4 Chatterjea’s and Kannan’s contractive conditions (z2) and (z3)
are both included in the class of Zamfirescu operators and so their convergence
theorems for the implicit iteration process with errors defined by (3) are ob-
tained in Theorem 2.
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