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Solution of a Recursive Sequence of Order Ten !

E. M. Elsayed

Abstract

We obtain in this paper the solutions of the following rational non-
linear difference equations

Ln—9

T =01,
Tl tay, gz, o

Tn+1 =
where initial values are non zero real numbers.
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1 Introduction

The study of Difference Equations has been growing continuously for the last
decade. This is largely due to the fact that difference equations manifest them-
selves as mathematical models describing real life situations in probability the-
ory, queuing theory, statistical problems, stochastic time series, combinatorial
analysis, number theory, geometry, electrical network, quanta in radiation,
genetics in biology, economics, psychology, sociology, etc. In fact, now it oc-
cupies a central position in applicable analysis and will no doubt continue to
play an important role in mathematics as a whole.
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146 E. M. Elsayed

Recently there has been a lot of interest in studying the global attractivity,
boundedness character, periodicity and the solution form of nonlinear differ-
ence equations. For some results in this area, for example: Alogeili [1] has
obtained the solutions of the difference equation

Tn—1

Tpyl = ———.
a4 — TpTn—1

Cinar [3-5] obtained the solutions of the following difference equations

Tn—1 Tn—1 ATnp—1

— Zpy1 = Tpg] = ———————.
1+apen A+ zpr, g T 14 bzpTn_1

In+1 =
Cinar et al.[6] studied the solutions and attractivity of the difference equation

Tn—3
=1+ zpxn 12n2Tn_3

Tn41 =

Elabbasy et al. [8] investigated the global stability, periodicity character and
gave the solution of special case of the following recursive sequence

bx,,
Tptl = ATy — ———————.
CTy — ATp—1

Elabbasy et al. [9] investigated the global stability, boundedness, periodicity
character and gave the solution of some special cases of the difference equation

ALp—k
% .
ﬁ + Hi:() Tpn—i

Tpt+1 =

Elabbasy et al. [10] investigated the global stability, periodicity character and
gave the solution of some special cases of the difference equation
ATy 1 Tp_k

Tppl = — +a
CTp—s—b

Karatas et al. [31] obtained the solution of the difference equation

. ALy (2k+2)
n+1 = 2k+2 .

Simsek et al. [35] obtained the solution of the difference equation

Tn—3

Tpg] = ——2—.
n+ 1+ 2y



Solution of a Recursive Sequence of Order Ten 147

In [36] Stevic solved the following problem

Tn—1
142,

Tn41 =

Other related results on rational difference equations can be found in refs. [2],
[7], [11-40].

Our aim in this paper is to investigate the solution of the following non-
linear difference equations

Ln—9
1 = =0,1,...
( ) Tn+1 j:].j:l’n_4xn_9, n s Ly )

where the initial values z_;, (j =0,1,...,9) are arbitrary non zero real num-
bers.
Let I be some interval of real numbers and let

VD Ly
be a continuously differentiable function. Then for every set of initial condi-

tions _g,x_gy1,...,20 € I, the difference equation

(2) Tnt1 = [(Tny Tn—1y ey Tn—g), n=0,1,..,

oo
n=—=k"

has a unique solution {z,}

Definition 1 A point T € I is called an equilibrium point of Eq.(2) if
z=f(z,z7,..,7).

That is, x, =T for n > 0, is a solution of Eq.(2), or equivalently, T is a fized

point of f.

Definition 2 (Periodicity)

A sequence {x,}>° , is said to be periodic with period p if x4, = x, for
alln > —k.

2 MAIN RESULTS
T
2.1 On the Difference Equation z,., = S
1'+’xn—4xn—9

In this section we give a specific form of the first equation in the form
Tn—9

T 0,1,
14+ zp_amn_g

(3) Tn41 =

where the initial values are arbitrary non zero real numbers.
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Theorem 1 Let {x,}22 g be a solution of Eq.(3). Then forn=0,1, ...

_ 1+ 2ipe _ 1+ 2ikd
Tion—9 = P?:()l <1+—> ) Tion—8 = k?:()l (1— )

B 1 + 2ihe - 1+ 2igb
7 o= W —— =05 \ T
T10n—-7 =0 (1 + (2Z + 1) hC) ’ T10n—6 Ji=0 <1 + (22 + 1) gb) ’
Wn=5 = Jizo \T7 2+ 1) fa )’ ton—1 = €izo | T (20 +2)pe )’

e dﬂ1(1+(2i+1)kd) o :Cn1<1+(2i+1)hc>

10n=3 =0 \ 1+ (20 +2)kd )’ 10n=2 7= %=0 \ 11 (2 + 2)he )’

oy — bn_01<1+(2i+1)gb) I——— +(2z’+1)fa>
=01+ (20 4+2)gb ) " 1+ (2i+2) fa

where x_g = p, x_g =k, .7 =h, x_¢ =¢g, 5 = f, x_4 =e, x_3 =
d, r_9=c¢, x_1=>b, x_g=a.

Proof: For n = 0 the result holds. Now suppose that n > 0 and that our
assumption holds for n — 1. That is;

"9 1+ 2ipe -2 1 + 2ikd
T10n—19 = DPi=g (1 (2 + 1 pe> T1on—18 = kg <m)
I 14+ 2ifa n—2 (14 (2i+ Dpe
Tin-15 = iy (m) o T4 = Cimg (1 + (20 + 2)]96) ’
Tion-13 = A7 (M) Tion-12 = ¢} < Lf (2? ks l)hc)
=0 \11 (2i+2)kd)’ =01+ (20 +2)he )’
Tion-11 = bl ( - (2? . 1)9b> Ti0n-10 = Gj—¢ (1 . (2? . 1)fa> .
= 1—}-(21—1—2)9[) ) =0 1+(2Z+2)fa
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Now, it follows from Eq.(3) that

Z10n—19
1+ Z10n-14%10n—19
oy 1+ 2ipe
_ <1+(2i+1)pe>
= i (1+(2z+1)pe)pn_2< 1+ 2ipe )
i=0 14+ (2i+2)pe ) ="\ 1+ (2i + 1) pe

n—2 1+ 2ipe n—2 1+ 2ipe
_ Pio <1+(2i+1)pe> im0 <1+(2i—|—1)pe>
N 1+< pe >_ 1+(2n—1)pe> )
1+ (2n—2)pe 14+ (2n—2)pe

N Gt
=0\ 1+ (20 + 1) pe

T10n—9

Hence, we have

Similarly

T10n—15
1+ z10n—10T10n—15

n_2< 1+2ifa >
T \T4 @it fa

T10n—5

L ta <1+(2i+1) a) n2< 1+ 2ifa >
1+ (20 +2) fa) =% \1+(2i+1) fa
2 14 2ifa
=0 (1+ 2@+1 ) fa <1+ 2n2)f>
1+(2n—-2)f

1+<1+ 2n —2 >
n—2 1+2ifa (2n —2) fa)

- =0 (1 2z+1fa> 2n —1) fa)’

Hence, we have

Tion-5 = fI _ 1+2ifa )
=01+ (20 +1) fa

Similarly, one can easily obtain the other relations. Thus, the proof is com-
pleted.

Theorem 2 Egq.(3) has one equilibrium point which is the zero.
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Proof: For the equilibrium points of Eq.(3), we can write

. T
a:' =
1472
Then we have
T+7T =T,
or,
2 =0

Thus the equilibrium point of Eq.(3) is T = 0.

Theorem 3 Every positive solution of FEq.(3) is bounded.

E. M. Elsayed

Proof: Let {z,}22_4 be a solution of Eq.(3). It follows from Eq.(3) that

Tn—9

———— < Tp-9.
1+ 2y _swy9

Tnt+l =

Then
Tyl < Tp_g forall n>0.

Then the sequence {z,}22, is decreasing and so are bounded from above by

M = max{x_ 9,7 8,7 7,7 6,5, 4,T_3,T_2,T_1,T0}-
Numerical examples

For confirming the results of this section, we consider numerical examples

which represent different types of solutions to Eq. (3).

Example 1. We consider x_g = 1.2, x_g =11, x_7 =6, z_¢ =8, x_5 =
04, -4 =02, 2_3=13, z2o=9, z_1 =7, zg =5 See Fig. 1.

plot of x(n+1)= (x(n-9)/(1+x(n-4)*x(n-9))
14 T T T

12F

10|

x(n)

| mﬁhﬂ@hkhmh

Figure 1.
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Example 2. See Fig. 2, since -9 =9, z_g = 7, x_7 = 6, x_¢ = 0.3,
r 5=4, x_4=—-17 v 3=-3, x.9=—-19, 21 =9, 9= —3.

plot of x(n+1)= (x(n-9)/(1+x(n-4)*x(n-9))
10 T T

N N
0 50 100 150
n

Figure 2.

Lpn—9
'—],+*xn,4$n,9

2.2  On the Difference Equation z,,; =

In this section we obtain the solution of the second equation in the form

Tn—9
4 T = , n=0,1,...,
() i —1+zpgrn9

where the initial values are arbitrary non zero real numbers with z_gx_4 #
Lzsrg#1, xqx9#1, xev_1#1, x_520 # 1.

Theorem 4 Let {x,}52_q be a solution of Eq.(4). Then forn=0,1, ...

P k
L10n—9 = ma L10n-8 = m,

h g
Zion-7 = ma L10n—6 = ma
Tion-5 = ﬁ, T1on—4 = € (=1 +pe)",
Tion-3 = d(=1+kd)",  ziop—2=c(-14hc)",
Tion-1 = b(=1+4+gb)",  zon=a(-1+ fa)",

where x_g =p, x-g =k, x_7=h, x ¢ =9, x5 = f, x_4 =€, T_3 =
d, r_9=c, x_1=b, x_¢g=a.
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Proof: For n = 0 the result holds. Now suppose that n > 0 and that our
assumption holds for n — 1. That is;

P k
T10n— = —Q T10n—18 = ~——— =1’
10n—19 (“1tpe)? 10n—18 (1 k)

T10n—17 = # T10n—16 = S

" (=1 + he)™™ Y " (—1+gb)" "
T10n—15 = ﬁ, Tion—14 = € (=1 + pe)nil )

— a

Tion—13 = d (—1 + k‘d)n_l , T10n—12 = C (—1 + hC)n_l ,
Tion—11 = b(=1+gb)""",  @iop_10=a(-1+ fa)" .

Now, it follows from Eq.(4) that

__r
B Z10n-19 - (—1+pe)" !
T1on-9 = - - p
—1+Ziom-14T10n-19 14 (=1 + pe)™ ! — T
(=1 +pe)"”
_ p
(=1 +pe)" " (=1 +pe)
Hence, we have
. p
T1on—9 = Ci4pe™
Similarly
T10n—13 d(=1+kd)"™"
n—8=10n— 1+ ——ad(=1+kd)"™
T SR d R
d(-1+kd)" d(-1+kd)"
- kd — —1(-=1+kd)+kd
e
(—1+ kd)

Hence, we have
Tion—3 =d(—1+ kd)" .

Similarly, one can easily prove the other relations. Thus, the proof is com-
pleted.

Theorem 5 Eq.(4) has three equilibrium points which are 0,/2, —/2.
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Proof: For the equilibrium points of Eq.(4), we can write

Then we have
or,

Thus the equilibrium points of Eq.(4) are 0, /2, —/2.
Lemma 1 It is easy to see that every solution of Eq.(4) is unbounded except
in the following case.

Theorem 6 Eq.(}) has a periodic solutions of period ten iff pe = kd = he =
gb = fa =2 and will be take the form {p,k,h,g, f,e,d,c,b,a,p,k,h,g, f,e,d,
¢, ba, ...}

Proof: First suppose that there exists a prime period ten solution

p7k7h7g7f7e7d7c7b7a7p7k7h7ng7€?dJC7b7a7"'7

of Eq.(4), we see from the form of solution of Eq.(4) that

_ p po_F
b= (=1 +pe)"’ (=14 kd)™
S SRS -
T Cirrom YT i gy
f n
S — —e(—1

= d(-14+kd)", c=c(-1+he)",
b = b(-1+gb)", a=a(-1+ fa)",

or,
(~14pe)" = 1, (-l+kd" =1,
(=1+he)" = 1, (=1+gb)"=1,
(—1+ fa)" = 1.

Then

pe =kd = hc=gb= fa=2.
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Second suppose pe = kd = hc = gb = fa = 2. Then we see from Eq.(4) that

Tion-9 = Py Tion-8 =k, Tion-7="h, Tion—6=9, ZTion-5=1,

Tion—4 = €, ZTion-3=4d, Tion-2=¢ Tion—1 =0, ZTion = a.

Thus we have a period ten solution and the proof is complete.
Numerical examples

Example 3. We consider x_g = 1.2, x_g = 0.11, z_7 = 0.6, x_g = 0.8,
r.5=04, z_4=02, z_3=13, x_2=0.9, x_1 =0.7, o = 0.5. See Fig. 3.

plot of x(n+1)= (x(n=9)/(-1+x(n-4)*x(n-9))

N N N N N N N
0 10 20 30 40 50 60 70 80
n

Figure 3.

Example 4. See Fig. 4, since z_¢9 =8, x_g = —11, z_7v =6, x_¢ = —7,
x5 =4, x4 =1/4, x_3=-2/11, x_9=1/3, z_1 = =2/7, 9 = 1/2.
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plot of x(n+1)= (x(N=-9)/(—=1+x(n—4)*x(n-9))

x(n)
)

0 ;) lIO 1‘5 ZIO 2‘5 3‘0 3‘5 40
n
Figure 4.

The following cases can be proved similarly.

T
2.3 On the Difference Equation z,, = 9
1 - Tpn—4Tp—9

In this section we get the solution of the third following equation

Tn—9
(5) Tpyl1 = ———, n=0,1,..,
1 —xp_aTn9

where the initial values are arbitrary non zero real numbers.

Theorem 7 Let {x,}22 g be a solution of Eq.(5). Then forn=0,1, ...

n=

1 — 2ipe _ 1 — 2ikd
n—1 n—1

g = _ g =k

F10n-9 Pi=o ( —(2i+1) pe>’ 1008 =0 <1— 2i+1)kd

. B h”_l 1 —2ihc . ne1( 1—2igb
ton=" = 1—(2i+1)he n=6 =90 \1_(2i 1+ 1) gb

ZT10n—5 — n—BI i 5 T10n—4 = en:(]l - 22 il 1
AL - (204 1) fa =0 \1—(2i+2)pe
(1= (2i+1)kd 1—(2i+1)h
_ - " 1 ( n— 1
10n=3 =0 <1 —(2i+2) kd)’ F1on=2 = G20 \ 122 + 2) he (2 +2)h
" =01 - (2i+2)gb)’ mE0O 11— (20 +2) fa )

where x_g =p, x-g =k, x_7=h, x_¢ =9, x5 = f, x_4 =€, T_3 =
d, x_9=c, x_1=b, x_¢g=a.
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Theorem 8 FEq.(5) has a unique equilibrium point which is the number zero.

Example 5. Assume that x_¢g = 8, z_g = —11, 2_7 = 6, v_¢ =
r_5=4, x4 =02, x_3=11, x_o=0.6, z_1 = —2, g = 4 see Fig. 5
Example 6. See Fig. 6. for x_g =3, x_g =9, z_7 = 0.8, z_g = 0.7,
r_5=04, x_4y =2, x_3=13, t_2=6, v_1 =0.2, zg =4

_7’

plot of x(n+1)= (x(n-9)/(1-x(n-4)*x(n-9))

X(n)

N N N N N
10 20 30 40 50 60
n

Figure 5.

plot of x(n+1)= (x(n—=9)/(1-x(n-4)*x(n-9))

x(n)

0 10 20 30 40 50 60 70 80
n

Figure 6.
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Tn—9

2.4 On the Difference Equation z,,, =
-1 Tp—4Tp—9

Here we obtain a form of the solutions of the equation

Tn—9
(6) Tntl = , n=0,1,..,
—1—zp 4wy

where the initial values are arbitrary non zero real numbers with z_qx_4 #
1, x g 3# -1, xqv_9# -1, x¢v_1 # —1, 570 # —1.

Theorem 9 Let {x,}02_g be a solution of Eq.(6). Then forn=0,1, ...

ey )k

(=1)"h _ (=D"g
$10n77 (1 + hc)'n,7 x10n76 - (1 + gb)n7

-1 " n n
Tion—5 = ﬁ, Tion—4 = (—=1)" e (1 + pe)",
Tion—y = d (—1)” (1 + kd)n , T10n—2 = C (—1)” (1 + hC)n ,
Tion—1 = b (—1)” (1 + gb)n R Tion = Q (—l)n (1 + fa)" R

where x_g = p, x_g =k, x_ 7 =h, T.¢ =99, T_5 = f, x_4 = e, T_3 =
d,x_9=c, x_1=b, x_¢g=a.

Theorem 10 Eq.(6) has a unique equilibrium point which is the number zero.

Lemma 2 It is easy to see that every solution of Eq.(6) is unbounded except
in the following case.

Theorem 11 Eq.(6) has a periodic solutions of period ten iff pe = kd =
he = gb = fa = —2 and will be take the form {p,k,h,qg, f,e,d,c,b,a,p,k, h,g,
fye,d,c,b,a,..}.

Example 7. Consider x_g = 13, g = 9, z_7 = 1.8, z_¢ = 0.7, x_5 =
04, v—4 =02, z_3=1.3, x_2 =06, x_1 = 0.2, x9g =4 see Fig. 7

Example 8.Fig. 8. shows the solutions when x_g = 13, x_g = =3, z_7 =
011, z_¢ =4, x_5=0.14, x_y = —-2/13, v_3=2/3, z_9 = —20/11, z_; =
-1/2, xg = —10/7.
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plot of x(n+1)= (x(nN—-9)/(—1-x(n—4)*x(n-9))

N N N N N
0 5 10 15 20 25 30
n

Figure 7.

plot of x(n+1)= (x(n-9)/(~1-x(n-4)*x(n-9))

N N N N N N N N N
5 10 15 20 25 30 35 40 45 50
n

Figure 8.
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