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ON THE UNIQUENESS THEOREMS FOR THE
EXTERNAL PROBLEMS OF THE COUPLE-STRESS
THEORY OF ELASTICITY

T. BUCHUKURI AND T. GEGELIA

ABSTRACT. A formula is obtained for the asymptotic representation
of solutions of the basic equations of the couple-stress theory of elas-
ticity. The formula is used in proving the uniqueness theorems of the
external boundary value problems.

0. Let Q% be a bounded domain in the three-dimensional Euclidean space
R?, and Q™ a complement of Q7T to the entire space R*:Q~ =R3\Q . The
boundary value problems formulated for the domain 2~ are called external.
The uniqueness theorems for the external boundary value problems are valid
only under some restrictions of the class of solutions at infinity ([1], [2]).
These restrictions arose naturally from the Green formulas and consist in
the requirement that both the solution and its derivatives vanish at infinity.
The weakening of the restrictions is important from both the theoretical and
the practical standpoints (for example, in constructing effective solutions).
This question is discussed in the monograph [1] devoted specially to uni-
queness theorems of the theory of elasticity.

In recent years new results have been obtained for the external static
problems of the classical theory of elasticity [3]-[7]. In these works the
authors have succeeded in weakening essentially the restrictions at infinity
imposed on the class of solutions in which the uniqueness theorems are
proved. The results were obtained by two different methods: in [4], [5]
the proof was based on Korn’s inequality, whereas in [3], [6], [7] use was
made of the asymptotic representation of solutions in the neighborhood of
an isolated singular point (in particular, in the neighborhood of the point at
infinity). However, both methods were applied to the system of equations
containing only derivatives of higher (second) order. The system of static
equations of the classical elasticity theory is also such a system.

In this paper we show that the method of asymptotic representations of
solutions in the neighborhood of an isolated singular point (see [3], [6], [7])
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128 T. BUCHUKURI AND T. GEGELIA

can be as well applied to systems of equations containing derivatives of both
higher and lower orders. This is exemplified by the system of static equa-
tions of the couple-stress theory of elasticity for a homogeneous anisotropic
medium containing derivatives of second order, as well as derivatives of first
and zero orders. Here we have derived the asymptotic representation of
the solution of the said system in the neighborhood of the point at infinity,
which has enabled us to prove new uniqueness theorems for the external
boundary value problems of the couple-stress theory of elasticity.

The derivation of asymptotic representations largely rests on the behavior
of the fundamental solution of the considered system at infinity.

1. A homogeneous system of the couple-stress theory of a homogeneous
anisotropic micropolar elastic medium is written in the form [2], [9]

c 82uk c c &uk 0
YOz 0x TR O ’

’ (1)
8uk aka .
. S AP Y . =0 =1.2.3
Cimlk€ijm 8%[ cjilk; oz 'afEl CimlpEijmEklpWk = YU, 1 =1,2,9,
J

where u = (ug,uz,us) is the displacement vector, w = (wy,ws,ws) is the
rotation vector, g5y is the Levi-Civita symbol, cjik, ¢}y, (4,7, 0,k =1,2,3)
are the elastic constants. Here and in what follows the repetition of the
index in the product means summation over this index.

It is assumed that the elastic coefficients c;;,; and c;jkl satisfy the sym-
metry conditions

Cijkl = Chlijs  Cijht = Chiij (2)
and the energetic form is positive-definite
Cijri&ig€r + CiyMijma >0 for ;&5 4+ nijnij # 0. (3)
Let

A(ax) = ||Aik(8l‘)||6><63

2

= Cjilk o —
T ox 0z

Aik((f?w) i,k: 172,3;
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117,‘ + 69: = jilm€ ma ) ’,k— ) 735
k 3( ) Cjil kl ’ 1 1,2
i+ T Cim, ijm y y 45 93
3,k gmlk€ij ) )

82
Aitsrr3(0n) = e m—5— — CimipEijmEri i, k=1,2,3.
1+3,k+ ( I) jzlkaxjaxl Jmlpcijmcklp, ) y 4y
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Denote by U = (Uy,...,Us) the six-component vector U; = u; and U3 =
w; (i =1,2,3). Then the system (1) is written in the matrix form

2. Let us establish the properties of the fundamental matrix ® = ||®;;|l6x6
of the operator A(J,) in the neighborhood of the point at infinity. By virtue
of the definition of the fundamental matrix we have

Azk(az)@k](l‘) = (52]5({1}), i,j = 1, ey 6,

where d;; is the Kronecker symbol and ¢ is the Dirac function. Using the
Fourier transform

26 = Fldl©) = [ eotada,
from this equality we obtain
—Ai(&)P; (€) = b1,
i,j=1,...6,

where

A(6) = | Ain(€)llexs,
Ai(&) = cjunki&,  Aikt3(§) = icjiumerimé;,

Air31:(8) = —icjmik€ijmé, (5)
Ai+3,k+3(§) = Cgizkfjfl + CimipEijmEkip,
i,k=1,2,3.

The matrix A() is the invertible one if |¢] = (£&)Y/? # 0. Indeed, if
€] # 0 and n; = &/[¢], then

det A(€) = [¢]° det B(n, [¢]),

B(n, p) = |1Bit(n,p)ll6xs;
Bir(n,p) = Aix(n), i<3 or k<3;

Biys k301, p) = P2y + Cimip€igmeip, @ <3, k < 3.

(6)

Now we will prove that det B(n, p) # 0 for n # 0. Consider the expression
Bir(n, p)UsUy, = cjarnmuius + p2C;'ilk77jnlwiwk + Cimip€iimEkipWiW-
By virtue of (3) we have the estimates
cjannmuiug > co(nyui)(njui) = |nf*cousus,

apmwiwr > co(njwi)(mjws) = ] cowics,

Cimip€ijmEklpWiWk = Co(Eijmwi)(ExjmWi) = 2Cowiwj
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for some positive number cg. Therefore

Bik(n; p)U7Uk > |n2\00uiui + \77|2p260wiwi + 2cqw;w; > 0
if U # 0 and n # 0. Therefore det B(n, p) # 0 for n # 0.

Let us represent det B(n,r) as follows:

6
det B(n, p) = _ ax(n)p”,
k=0

where ay(n) are homogeneous polynomials of 7 of order k+6. In particular,

ao(n) = det B(n,0).

As proved above,

6
ao(n) #0, > ar(n)p* #0 for n#0. (7)
k=0
Write det A(§) in the form
6
det A(&) = [¢1°> ax(n)l¢]*. (8)
k=0

By virtue of (7) A(§) is the invertible matrix for |¢| # 0. Therefore
¢1k(§):_‘4;c1(§)7 Zak:17a6

Let us now estimate the elements of the matrix ®(¢). First we will prove
the validity of the representation

B,1.(6) = ') (6) + 3 (€),

9

i,k=1,...,6, ©)

where %Ei) (&) are homogeneous functions of order —2 for i,k = 1,2,3, of
order —1 for ¢ =1,2,3 and k = 4,5,6, and for i =4,5,6 and k = 1,2, 3; of

)

order 0 for i,k = 4,5, 6; 552) (¢) admits the estimates

9B (©)] < cale 101, i <3 k<3
|aa‘$§i)(§)‘ < Ca|f‘7|a‘7 1<3, k>4 ori>4, k<3; (10)
0BG ()] < cale]'0), i >4, k>4,

|€] # 0, « is an arbitrary multiindex, and ¢, = const.
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Let F = (F4,...,Fs) be some vector and V; = Ai_lek~ Repeating the
above arguments for the matrix B(n, ), we can readily prove

4
AR(©ViVi = col€PViVi + 260 > V2. (11)

i=1

Let us fix the index p. If Fj, = dgp, K =1,...,6, then V; = Ai_kl(f)ékp =
A-1(€) (i =1,...,6). The substitution of the obtained value of V; in (11)

ip
leads to

6
AL (€)= colé Y (45,9 +2602 (12)
k=1
Hence
6 A 2 _ 6 ‘o 6 e 1/2
k;f w (&)< 00|§| Z:: @( ; (4 ©)%) (13)
|Ag, L) < e1lé]™?, ¢ = const, k,p=1,...,6.

From (12) and (13) we obtain

6

2 (4, () < 545 () < 5 lel )
|A pl(f)|§62\§|_17 k=4,56; p=1,...,6.
Since A (€) = Ari (=€) (i,k=1,...,6), from (14) we have
|A,;p1(§)| < 02|§|717 ci=const, k=1,...,6; p=4,5,6. (14')

Considering (12) for p > 4, we obtain

6 6 6

1 1/2
> (4 0) < 5 A @ <a X (451©))
k,p=4 p=4 k,p=4
Therefore
Ay (O] <1, k,p=14,5,6. (15)

Now we will prove the representation (9). Let ¢ < 3 and k& < 3. Write
®,1(£) in the form

M ()
det A(€)’

o)

() = = AR (i) = -
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where M;,(€) is the cofactor of the element A;;(£) in the matrix A(E).

Therefore M;j(€) is the polynomial of . Since det A(¢) = |£]® det B(n, [£])
and |®;x(€)] < c[€] 72, it is obvious that M;;(€) is represented in the form

6
Mi(€) = [€1* Y b (m)lgl,
j=0

where b;(n) is the homogeneous polynomial of 7 of order j+4 (5 =1,...,6).
Thus

- 1 5o bk (m)lg
M) = e S a el
Setting
Sy L bEm) 1 WGy
i O = "R agln) = IR wl( )
) | G | 16)
P UL et 1010

~ el ao(n) 25— a5 (m)&)7

we obtain the required representation (9), since &)Ei) (€) is a homogeneous
function of € of order —2 and 55,3) (€) satisfies the condition (10) for 4, k =
1,2,3.

In a similar manner one can prove the validity of the representation (9)
for the rest of ¢ and k.

Let us now estimate the matrix ®(x). From the equality (9) we have
Oy (x) = ) (2) + 0 (2), i k=1,...,6. (17)

The first term in (17) is the inverse Fourier transform of the homogeneous
function 55?(5), and therefore @gi) (£) is a homogeneous function of order
—3 — q, where ¢ is the order of the homogeneous function @Ei) (€). Thus for
@gi) (&) we have the estimates

0905 ()] < cla| 7171, i <3, k<3
090 (@) < cle| 19172, i <3, k>4 or i>3, k<4  (18)

|8°‘<I>E,?(x)| <clz|711=3) i k>4, ¢=const.
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Next we will estimate the second term in (17). It will be shown that in
the neighborhood of the point at infinity

(901(1)52)(x) :0(|x|*|a\*1), i< 3, k< 3:
902 (x) = o(|z|71*17?), i<3, k>4 or i>3, k<4;  (19)
920 (x) = of|z|71172), P4, k>4

We introduce the functions wg and wy, where w; = 1—wq and wy possesses
the following properties:

wo € C°(R?), suppwo C B(0,1), wo(x) =1 if |z| < %
Here B(0, 1) is the ball with center 0 and radius 1 in R3. Obviously,
(€)= B wo(€) + B (€)wn (6),
o (2) =07 (0)+ o (@)
where
37 (@) = P B ul(w), (@) = F 8 wn)(@).

F~1 is the inverse Fourier transform operator.
Let ¢ <3, k <3 and |3] < a+ 2. Then by virtue of (10) the function

P (50@2? (6)wo(€)) is absolutely integrable on R3 and therefore the inverse
Fourier transform of this function tends to zero at infinity, but

~ 0
F Y0723 (©)wo(€))](x) = (~1)llilelH810 97 @) ().
Thus, if |8| = |a| + 1, then
Jim _aPon 3 () =0

and therefore
0
0° @) () = of|z~1I71). (20)
1
Let us estimate <I>Z(.,z) (). fn > |a| 4+ 2, then

A" (€D (©)wi (€)) € L1 (RY)

and the Fourier transform of this expression tends to zero at infinity:

(—1)"[2]?"0" &) () = o(1).
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Therefore for any n > |«| + 2

0 2 (2) = o(|a|2"). (21)

Equations (20) and (21) imply the first estimate in (19). The rest of the
estimates are proved in the same manner.

3. The derivation of the asymptotic representation formula for the solution
of the system (1) in the neighborhood of the point at infinity is based on
the Green formulas. We will give these formulas.

Let Q be a bounded domain in R? with a piecewise-smooth boundary
N, U= (Ul, .. .,Uﬁ), V= (Vl,. . .,Vg), Ue CZ(Q) and V € CZ(Q) Then

/Q (Vi) Aig Uk () — Uk () Ags (02 Vi) dar =

= AQ(W(y)Tm(ayw)Uk(y) = Ur(y)Thi(8y, v)Vi(y))dy S, (22)

where T(0y,v) = || Tix(9y)ll6xs is the boundary stress operator defined on
0f) by the relations

0
Tik(0y,v) = Cjilk”j@a

T k+3(0y, V) = —CjitmVj€kim,
,Ti+3,k(8ya V) =0,
0
9
E+3,k+3(ay7 I/) - jilkl/] ayl ’ 2, k - 17 2a 3.
Here v = (v1, v, v3) is the unit normal to 92 at the point y, external with
respect to €.

If U = (Uy,...,Us) is the solution of the system (1) in the domain €,
belonging to the class C%(Q2) N C*(Q), then Vz € Q:

) = [ ()T (@)1~ 0) -
=@ (y — 2)Tki(0y, v)Ui(y))dy S. (24)

The formulas (22) and (24) are proved by the standard techniques [2],
[6], [8].
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4. Let us formulate the theorem of the asymptotic representation of a
solution of the system (1) in the neighborhood of the point at infinity.

Theorem 1. Let Q be a domain from R3 containing the neighborhood of
the point at infinity, let U be a solution of the system (1) in Q of the class
C?(2), and let

Usi(z) = o|z[PTY), i=1,...,6 (25)

in the neighborhood of the point at infinity, where p is a nonnegative integer
number. Then the representation

Ujlw) = 3 e+ 37 4070 u(w) + ()
loe| <p 151<q (26)
j=1,...,6

holds in the neigborhood of the point at infinity. Here c;a) and dgf) are the
constants, a = (a1, 2, a3) and 8 = (01, e, 83) are the multiindexes, q is
an arbitrary nonnegative integer number, and the function 1; admits the
estimate

j(x) = O(|z| 27 M1=9), j=1,...,6 (27)

in the neighborhood of |x| = oo, where v = (y1,72,73) is an arbitrary mul-
tiindez.

Moreover, each of the three terms on the right-hand side of (26) is the
solution of the system (1) in the neighborhood of |z| = co.

Proof. Let z € €, and let a positive number r be chosen such that
x € B(0,7/8) and R*\ B(0,7/8) C Q. Write the formula (24) for the domain
0, = B(0,r) N Q. We will have

Uj(z) = /aQ (Ui(y) Ti (8y, v)®rj(y — ) —
B (y — 2)Tri(9y, )Ui(y)) dy S +

Jr/ (Ui(y) T3 (8y, v) @ (y — ) —
oB(0,r)
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Represent ®;(y — ), in the neighborhood of the point y, by the Taylor’s
formula

_1ylalga
by -n= > T ) + Ry ),

|a]<p+1

—1)lel e
Ryj(z,y) = Z (=)

' 0“®pi(y —0z), 0<O <1
|| <p+2 ’

By virtue of (18) and (19) we readily ascertain that the estimates
10 Rij ()| < a2 (r)|y| 77710173,k < 3;
10 Rij (2, y)| < a®P(r)]y] P14, k<3, j>4 or k>4, j<3; (30)
10 Riej (2, )| < a”P(r)ly| 7?1014k, j > 4

are fulfilled for any = and y satisfying the conditions |z| < /8 and r/4 <
ly| < r. Taking into account (29), from (28) we obtain

-1 |O“C(,a) r
EVTG ) et Lipr o),

Ui@) = U@+ 3 —— (31)

la|<p+1

where

U;O) () = /39 (Us() Tir(9y, v) @ (y — ) —

— i (y — ) Ths (0, v)Ui(y))dy S, (32)
§00)= [ (U009 010) -

— 0%y (y) Thi(0y, v)Ui(y))dy S, (33)
Lpra)= [ oy GO T(0 B (2,) ~

— Rij(2,y)Tri(Dy, v)Ui(y)) dy S. (34)

It is not difficult to prove (cf. [6]) that c§-a)(r) does not depend on r, and,
introducing the notation

«@ -1 led [}
2 E0 L,

we obtain the equality

Uj(z) = U;O)(m) + Z cg»a)xo‘ + Ii(p,r, x),
lo|<p+1



ON THE UNIQUENESS THEOREMS 137

from which we conclude that I;(p,r, z) does not depend on r either. Thus,
if we prove

lim I;(p,r,x) =0,

T—00

we will obtain
Uie) = U @)+ > ela, (35)
|a|<p+1

Let the function w:R? — R, w € C§°(R3), suppw C B(0,3)\B(0,1/3),
w(y) =1 for 1/2 < |y| < 2. Then the estimate

%W (y)] < brlel (36)

holds for the function w(™ (y) = w(y/r).
Rewriting the formula (22) for the domain B(0,r)\B(0,r/4), in which V/
is replaced by the function

V= (R (,),..., R (@, "),
RY)(2,y) = 0 (y) Ry, y),

we obtain

Li(p,ra) = / Us(2)Aa(0:)RY) (2, 2) dz,
0,7\ B(0,r/4)

(37)
j=1,...,6.
On account of (30) we have the estimates
| Air(0:)Rij(w, 2)| < al@)]2|7P7%, <3, j <3;
|Air(0:) Rij (2, 2)| < a(x)|2| 7770, i<3, j>4
| Air(0:)Riej (x,2)] < a(2)|2| 777, i >4, j <3

A(0:) R (0, 2)| < a@)]2[ 7775, =4, j > 4.
Taking these estimates and restrictions (25) into account, we obtain
lim I;(p,r,x) = 0.
r—00

The representation (35) is thus derived. Note that, due to (25), in the
formula (35) the constants cga) =0 if @« = p+ 1, and therefore we have the

representation
0
Uj(z) = U]( )(gc) + Z cg-a)x“.
le|<p
Let us transform this representation in the form (26). To this effect, in

the formula (32) we will represent ®;(y — ) by the Taylor’s formula. Since
Ag;i(§) = Aji(=¢), we have A,;jl = Aj—,j(fg), and therefore ®5;(y —z) =
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@, (x —y). Choose a positive number ro such that R3\B(0,7¢) C . Then,
if y € 90 and = € R\ B(0, 2r), we will have the expansion

‘%‘( —z)=Qp(r—y) =

\al
= z y 9P i) () + P (,),

la|<q

(Cuty .
wkj (xv y) = Z T(aa )(:L' - oy)a
lor|=q+1 '
0<0<1.
Applying the estimates (18), (19), we show that
0Z 5, 0)| < ) )|~
J<3, k<3
07 (. 9)| < e ()]0, (39)
j<3, k>4 or j>4, k<3;
O ()| < e ()l =07,
j>4, k>4
The substitution of (38) in (32) gives
U (2) = 32 di 0@ s(a) + (), (40)
lol<q
«
vyla) = (-1 Y /d U T (00,0 (07 30) )y S -

la|=q

o R T R N R RO LA
Now, due to (18), (19) and (39), we obtain
07 (2)] < 217270 =1, 6. W

Remark. Theorem 1 can also be proved when the condition (25) is re-
placed by the conditions of Theorem 2 from [6].

5. Theorem 1 can be used, in particular, to prove uniqueness theorems
for the external boundary value problems of the couple-stress theory of
elasticity, and to weaken the restrictions imposed on the class of solutions.
As an example, let us consider the first external problem:
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In the domain 27 with the piecewise-smooth boundary 952, find a solu-
tion U of the system (1) of the class C1(2)NC?(12), satisfying the boundary
condition

Vy e 00 : lim U(z) = p(y)

Q- Sr—Y
and the condition at infinity

lim U(z)=0.

|z|— o0

Theorem 2. The first external problem of the couple-stress theory of
elasticity has at most one solution.

Proof. Let U be a solution of the first external problem. Then the expansion
(26) holds for U. Setting p =0, ¢ = 0 in (26), we obtain the equality

Uj(x) = & + dV%(x) + ¢(x), j=1,...,6.

All terms on the right-hand side of this equality, except cg-
as || — oo. Therefore c;o) =0,j=1,...,6. Now we conclude from (18),
(19), (27) that

0)7 tend to zero

0°Uj(x) = O(|=[~1*I71), j=1,2,3;
9°U;(x) = O(|z|~1*1=2), j =4,5,6.

Now, repeating the arguments, say, from [2], we readily obtain the proof
of Theorem 2. [

The uniqueness theorems for the other external boundary value problems
of the couple-stress elasticity are proved in a similar manner.
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