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THE DIRICHLET PROBLEM FOR HARMONIC FUNCTIONS
WITH BOUNDARY VALUES FROM ZYGMUND CLASSES

V. KOKILASHVILI AND V. PAATASHVILI

Abstract. We investigate the Dirichlet problem in domains with nonsmooth
boundaries when a boundary function belongs to functional classes of the
Zygmund class type. A complete picture of solvability is established also in
the case of existence of solutions for which explicit expressions are found.
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Since harmonic functions of two variables are closely related to analytic func-
tions, in solving boundary value problems one can apply the theory of analytic
functions, in particular the methods used in boundary value problems for ana-
lytic functions. N. Muskhelishvili indicated quite a useful method of reducing
boundary value problems for harmonic functions to a problem of linear conjuga-
tion with a certain additional condition and, having solved the latter problem,
he constructed solutions of the initial problem (see [1], §§41-43). He consid-
ered the case where the unknown function is continuous in the closed domain
bounded by the Lyapunov curve and with a boundary function belonging to
the Holder class. A subsequent development of this method made it possible to
study the Dirichlet and Riemann-Hilbert (Neumann) boundary value problems
in the classes e, (D) (e/ (D)) of those harmonic functions in the simply connected

p
domain D which are the real parts of analytic functions from the Smirnov class

EP(D) (the derivative of which belongs to EP(D), p > 1) (see [2]-[5]). Moreover,
using the two-weight properties of the Cauchy integral, it also became possible
to construct solutions when the domain D is bounded by an arbitrary piecewise-
smooth curve. In that case the situation as regards solvability turned out to be
essentially dependent on the boundary geometry. For some other curves and
weighted Smirnov classes analogous results were established in [6]-[8].

When the above-mentioned problems are considered in e,(D), p > 1, the
given boundary functions belong as a rule to the Lebesgue space LP(I"), p > 1.
For p = 1 the assumption that these functions are summable is not sufficient
for constructing a more or less clear vision of the solvability of boundary value
problems in e!(D). Hence it is natural to pose the problem of narrowing the set
of given function so that we could succeed in solving a boundary value problem
in the important class e!(D).

By such a set we mean wide subsets of summable functions, namely Zygmund
classes. In our work [9] it is shown that for the problem of linear conjugation
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with a piecewise-Holder coefficient, which plays an important role in investi-
gating the Dirichlet problem by the method mentioned above, the well-known
results on its solvability remain in force and solutions are constructed in the
classes of functions representable by Cauchy integrals inside and outside do-
mains bounded by a Jordan curve I' and with boundary values belonging to a
given Zygmund class. A Jordan curve I' is taken from a wide class containing
in particular piecewise-smooth curves.

In §3 of [10], the results on the Dirichlet problem are established in the class
el (D), when the boundary function belongs to the Zygmund class. This paper
contains a detailed exposition of the results announced in [10]. It should be
noted here that in work [11], too, Zygmund classes are used in considering
boundary value problems for elliptic equations.

1%, Let I be a rectifiable Jordan closed oriented curve bounding the domain
D, v an arc length measure given on I', w a measurable function which is positive
almost everywhere on I' in the sense of the measure v, and a be a nonnegative
real number.

Denote by Z,.,(I') the class of measurable on I' functions f for which

f log® (2 + %) is summable in the Lebesgue sense, i.e.,

/F )f(t) log® (2 + E}Lé))‘) ‘du < 0. (1)

Assume that Z,(I') = Z,1(I') for w(t) = 1. If y = {t : [t| = 1}, then Z,(7)
are Zygmund classes (see, for example, [12]). The class Zy(I") coincides with
the class L(I") of functions summable in the Lebesgue sense. Denote the class
Zy(T') by Z(I).

A Smirnov class EP(D), p > 0 is said to be a set of analytic functions ® in
D for which

sup ‘@(z)|p |dz| < oo,

0<r<1 Jr,
where T',. are the images of circumferences v, = {z : |z| = r} for the conformal
mapping of the unit circle U = {z : |z|] < 1} onto the domain D (see, for
example [13], p. 422]. The class EP(U) coincides with the Hardy class H”.
Functions ® from EP(D) have angular boundary values ®(¢) almost everywhere
on I' and, moreover, ®* € LP(T") ([13], p. 422).

Denote by EP(T") the set of analytic functions ® in the plane cut along T',
the restrictions of which on the domains D* and D~ bounded by I' (co € D7)
belong to the classes EP(D%) and EP(D™), respectively.

Assume that

EP()={®: ® = &y + const, &, € EP(I)}, (2)
ErT) ={®: & € EP(T), * € Z,,(I)}, (3)

(D) ={u: u=Re®, ®c E’(D)}. (4)
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Let us consider the Dirichlet problem formulated as follows: Define a function
u satisfying the conditions

{ Au =0, u € e (D),

ut(t) = f(t), teT, fez(). (5)

2°. Following [1] (§43) (see also [2], [5], Ch. IV), we reduce problem (5) to
the problem of linear conjugation.
Since u € e'(D), there exists a function ® € E*(D) such that

u(z) = Re ®(2). (6)
Let z = z(w) be a function that maps conformally the circle U onto D, and
U(w) = ¢(2(w)) 2'(w). (7)
Assume that

U(w),  |w[<1,
Q(z) = 1 (8)

v(=), >,

1

QL) = (=), £, ©)

Proposition 1. If ¢ € EY(D), then the function Q(w) defined by (7)—(8)
belongs to the class E(I).

Proof. Since ® € E'(D), we have U € H' ([13], p. 422). Therefore it can be
represented by the Cauchy integral in the circle U, i.e.,

O =

2T t—w

(see 13, p. 423). The function Q(w) — Q(c0) can be represented in the domain
|lw| > 1 by the Cauchy integral ([14], Lemma 4; see also [5], p. 131). This

means that Q € E1(T). O
Let us write the boundary condition from (5) in the form
Re ®* (2(r)) = Re ‘I:((TT; — fe(r), Ten.
Then we have
Rea (:(r)) = 5| T2+ (2| = e,
YO LT o)
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Taking into account that
\Tas
0 _ e
700 e
([1], §41) we eventually conclude that if the harmonic function u = Re ® is a
solution of problem (5), then the analytic function Q defined by (7), (8) is a
solution of the problem of linear conjugation
/
047 = 2D () +4(r), T, Qe B,
(1)
where g(7) = 2f(z(1)) 2/(7).

Let now €2 be some solution of this problem. As seen from the definition of
Q2 (see (8)), the function u(w(z)) = Re Ql(;f’((;))), where w = w(z) is the inverse
function to z = z(w), give a solution of problem (5) if the function €2 satisfies the
condition Q,(w) = Q(w) (see (9)). Thus a solution of problem (5) is equivalent
to a solution of the problem

= Q7 (7))

sy = — 20 o T T !
2() = 2D 0 () + o). 2€ E'0) o
Q. (w) = Qw), |w] #1,

where ¢g(1) = 2f(z(7)) Z/(7). This means that any solution u(z) of problem
(5) generates some solution of problem (10) defined by equalities (6)—(8) and,
conversely, any solution Q(w) of problem (10) generates some solution u(z) of
problem (5), which a restriction of the function Re Q(w(z)) w'(z) on D.

In [9] the problem of linear conjugation

AT=GQ +yg

is studied in the class E;Q(F) under the assumption that G is piecewise-
continuous in the Holder sense, the (power) function w is defined by means of
discontinuity points of G, and I is a regular curve which is smooth in a neighbor-

hood of discontinuity points of G, (A curve is called regular if sup ”B(Crﬂ <
¢elr,r>0

oo, where B((,r) is a circle of radius r with center at the point ().

In our case, i.e., in the boundary value problem from (10) the boundary
condition is given on the unit circumference (and therefore in problem (10) we
have no difficulty connected with the boundary curve). As for the function

G(r) = —%, in order that it be piecewise-continuous in the Holder sense
we will assume in what follows that the boundary of the domain D, where
a solution of problem (5) is to be found, is a piecewise-Lyapunov curve with

angular points Aj, As, ..., A,; moreover, the angle values at these points are

curves of this type. 77

39, In this subsection it is assumed for the sake of simplicity that I' € Ci’”,
i.e., that the curve has one angular point A at which the value of the angle,
internal with respect to D, is vm, 0 < v < 2.
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In this case we know that
w) = (w—a) o(w), acy, xa)= A, (11)

where zy(w) belongs to the Holder class H(7) and zo(w) # 0 ([15], [16]; see also
[5], p. 146).
Let us consider three cases i) v > 1; ii) 0 < v < 1; iii) v = 1, separately.

i) v > 1. Assume that

Sw)w—a) ", ful <1,
X(w) =47~ (12)
z’(:) (w—a)™, |wl>1
w
Then the boundary condition from (10) can be written as
Qrf Q-

X*H(r) X-o(r)  X*(7)

Let us show that under our assumptions, i.e., under f € Z(I') and v > 1 the
function g belongs to the class Z; ,(7), w = |2/(7)].

In the first place it shoud be noted that in this case the function 2z’ is bounded
by virtue of (11), which the condition f € Z(T") implies that

[ [ tog -+ 5G| 170 v < oo

Therefore
/7|g(7)| log (2 + ‘%Ddu < o0, (14)

i.e., g € Z1,(y), w = |Z/(7)]. Hence in particular it follows that ¢ € L(I).
Further, we have

g(T
[ 19t t0g 2+ gt} v = / 9()] o (2 | S /)
v
/|g log 2—{—“ - ‘D—{—log (2+]7 (T)D}du. (15)
Since g € L(I') and Z’ is a bounded function, by (14), (15) we conclude that
ge Z([I).
From (11) and (12) it follows that
X(w) = (w—a)"?2(w), 2 #0, 2z € H(Y), (16)
for points w near to ; moreover, under the assumption i) we have

l<v—-2<0.
As usual (see, for example, [17], Ch. IV), by means of (11), (12) we conclude
that all solutions of the boundary value problem from (10) are contained in the
set of functions
(7)

Qw) = X;r“;) : ;’W) = fw + X(w)(Bw + C) = Qy(w) + Q(w).  (17)
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Here Qy(w) = X (w)(Bw+C'), where B and C are arbitrary complex constants.
Like in [2] (see also [5], p. 159), the condition ug(z(w)) = Re [Qo(w | from

"(w)

(10) and equality f = 0 (ug is a solution of problem (5)) give

Lw(z)}, a=w(A), (18)

a—w(z)

up(z) = M Re [

where M is an arbitrary real constant.
Therefore g € Z(T'), and near v we have | X1 (7)| ~ |7 — a2 (see (16)),
where (v —2) € (—1,0]. But by Theorem 1’ from [9] the function

X+
(T'g)(t /X+ — te

belongs to the class L() when g € Z; ,(7), 5 € (—1,0]. In our case f = v — 2,
B € (—1,0). Therefore T, € L(vy). Hence it follows that the function

. (To)(t)

1
QF(t) = = g(t) + =
) : ar
belongs to L(y). But Q,(w) = 2m j; vl T) 7 |w| < 1, belongs to some
Hardy class H", n > 0, because so do the functions X (w) (which is obvious)

and f % f(T) TdTw (see, for example [5], p. 29). Since, as has been proved,

Qf € L(v), we are able to apply Smirnov’s theorem according to which €, in
this case is a function of the class H! (see, for example, [13], p. 393). But
then the function Q defined by (17) belongs to E'(y) by virtue of Proposition
1. It is thus a particular solution of the problem of linear conjugation from
(10). The function [Q,(w) 4+ (Qy(w)).] will satisfy all conditions from (10).
We eventually conclude that for v > 1 all solutions of problem (5) are given by

the equality

u(z) = us(2) + u(2), (19)
where ug(2) is the function defined by (18), and
1 ( (7)) aw?(z)(7 — a)
— R — —a— d 20
us(2) ¢ {a —w(z) 27Ti T —w(z) (T ¢ T ) Tl (20)
(cf. [5], p. 160).
i) —1<v—-1<0.
Let
2! (w), lw| < 1,
Y(w) = I (21)
z’(m), lw| > 1.
Then all possible solutions of problem (10) are contained in the set of functions
Y (w) g(t) dr
Qw) = CcY C. 22
(w) 27i /YY+(T)T—1U+ (w), ce (22)

Like in [5] (pp. 157, 158), we establish that C' = 0 and therefore uy = 0.
As for the nonhomogeneous problem, we cannot claim this time that g € Z(7)
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because in this case 2’ is an unbounded function. Therefore we have to require
of the function f to satisfy a more rigorous condition ensuring the inclusion
g € Z(7) than the requirement that f € Z(v).

Let us assume the condition

7 () log(2+\—

a

D e L), a=uw(A), (23)

is fulfilled and show that under the assumptions ii) —1 < v < 0 and (23) the
function g belongs to Z(). For this, we have first to establish the validity of
the inclusion

fe L), [fllog2+|f]) € L(T).
Indeed, the first of these inclusions is obvious. Further, assuming that M; =

f(t)] log (2 + (0] dz/ we have
r w(t)—a

/F\f!log(QHfdeé/lw e ) D [)av
+ /w@)_am‘f‘ log <2+ <tql(€§)<tz )D

a
< My + /Iw(t)—a|>1 |f| log (2 + ’ (J;)< Ddu

+/ | f| log (2 + |w(t) — al)dv < 2M; + || f|| diam " < oco.
lw(t)—al>1

Now we obtain

f—/m o 2+ o)) = [ 172 (7)o (2 1 (-(5)) 7)o
= [1AGD ) 0g (24 [l =l () v
/}f [log (2+ ||f( i|))| ) +log (2 + [z0(T )])]du (24)

Here 0 < 1 — v < 1 and therefore

[f (M)

|f(2(7'))| < |T—(l| for ’T —CL’ < 17
™ T iFeE) for r-al 21
Thus
log <2+%) log <2+ ‘J‘C( AT )‘)|>+10g(2+|f( (T ))|), T E .

Moreover, zy(7) is an bounded function (and it is assumed that M =
max,e, |20(7)|). Therefore (24) implies

f—/lg )| log (2 + |g(7 du</|f Ilg M

o)l @l
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[ 1FCEN 0 g (2 15l 5 My [ (52 7,

Hence
1< My+||f log(2+ D,y + Mill fllzaey < oo
Thus g € Z() and, like above, we conclude that the function

o)~ L) [ o)t

2mi J, Y (1) T —w

belongs to E! (). Since in the considered case the problem of linear conjugation
from(10) has a unique solution, we obtain (£2,(w)). = Q,(w) and thus this time
a solution of problem (5) is given by the equality

RN

iii) v = 1. In this case I' is a Lyapunov curve, i.e., 2/(w) is a nonzero Holder
function and from the condition f € Z(I') it immediately follows that g € Z().
Due to this fact the function u(z) defined by (25) gives an unique solution of
problem (5). But in the considered case we could avoid the requirement that
f belong to Z(y). The matter is that u(z) is the wanted solution even if it is
only assumed that the function

< / f(z dr
o T—t
belongs to L(7y). For this, in turn, it is sufficient to have Srf € L(I).
The arguments given above result in

Theorem 1. Let ' be a simple piecewise-Lyapunov closed curve with one
angular point A, with angle value v, 0 < v < 2, and bounding the finite domain
D, z = z(w) be a conformal mapping of the unit circle onto D, and w = w(z)
be an inverse function to it, and w(A) = a.

Then:

1) if l <v <2and f € Z(I), then the Dirichlet problem (5) is solvable in
the class €' (D) and has a general solution which depends on one real parameter
and is given by equalities (19), (18), (20), (12);

i) if0<v <1 and

f()log<2+’—

a‘) e L) (23)
then problem (5) is uniquely solvable and the solution is given by (25);
i) if v =1, f € L(I") and Sr(f) € L(I"), the the problem is uniquely solvable

and the solution is again given by (25).

Remark 1. Statement iii) of Theorem 1 can also be formulated as follows: if
[ is a Lyapunov curve, f and Srf belong to L(I"), then the Dirichlet problem
(5) has, in the class e!’(D), a unique solution given by (25).
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Remark 2. From the arguments given above it easily follows that for 0 < v <
1, in order that problem (5) be solvable it is necessary and sufficient that the
functlon (Y*SA, Yf+)(t) belong to the class L(7y). As has been proved above, this
condition is fulfilled under assumption (23).

4°. We will now give some conditions which provide the fulfilment of inclusion
(23).

Proposition 2. IfT' e C;7, v € (0,1) and a = w(A), then condition (23) is
equivalent to the collection of conditions:

a) f € Z(D), b) |f(t)] log (2+ ) € L), (231)

1
jw(t) — al
Proof. As was shown in considering the case ii), when condition (23) is fulfilled,
we have f € Z(I'). Let us show that the condition b) is fulfilled, too.

We have

/'f(t)>1 0o (2 ! m>dy = /lf(t)|>1 76 (k)g (2 - %)

+ log <2+|f()|))dv, (26)

But if |f] > 1, then log (2 + ﬁ) < logﬁ—l—log?) <

+ log 3 for some

€ (0,1). Therefore (26) implies 7
[ oo (2 ot <o -
Further,
lﬁaKﬂﬂMg@+T7§t30m@3/bg@+ER§ja>@
/Iz ) os (24 = |d7|_/m|d7|<oo 8)

From (27) and (28) it follows that b) is valid.
Let us show that the assumptions a)-b) lead to (23). This immediately follows
from the inequality

7()
£(0)] tog (2-+ iy

Proposition 3. For 0 < v < 1, in Theorem 1 condition (23) together with
conditions (231) can be replaced by the condition

0 tog (2+ 1 20) € 2o (23,)

or by the collection of conditions

fezm), 1f®)]log(2+

1
) < 1O og (24 1£1) + 11 o (24 [v—or)- D

’t_A’) e L(). (233)
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Proof. We have
[w(t) = a] = |w(t) = w(A)| = |(t = a)*Hwo(t)], wo € H(T), wy#0
(see [15] and also [5], pp. 153-5). Hence it follows that

M, +log = M, + Mylog ———

1 1
log (24 —— S -
g( [w (t)—a|> it AL

t— Al

Moreover,

log (2 + %) < M; + log (2 + |1|5f_(tj)i|>

+ log (2_'—]11')%1—4‘@]) < log (2+ \zlff—(tz)é‘lo + M log <|t—1A\>

Taking into account that the function ¢(t) = log‘t_—lA| is summable on the
considered curve, the above inequalities imply that Proposition 3 is valid. [

5. By the results of Subsections 3°-5° we obtain

-----

thepomtAk50a5t0hcwel<1/1§2 1<1/2§2 1<V3§2 0<vjp <
1,...,0 <y, <1. Assume that f satisfies the conditions

/()]
fezr), f(t)log(2+ r—— Ak\> e L(D). (29)

Then problem (5) is solvable and its general solution is given by the equality

2= uylz +2Mk o[22 = ula),

s i
S [ 1O ]

and p(w(2)) = [Ti_,(w(2) — ax), if j 7é 0 and p(w(z)) =1, if j = 0.

where

6°. In this subsection we consider the Dirichlet problem in the weight class

e, (D), p(t) = |w'(t)], where w = w(t) is the function mapping conformally the
domain D onto the unit circle. If D is bounded by a piecewise-Lyapunov curve

with one angular point with the angle value vr, 0 < v < 2, then |w/(t)| ~
|t — A]»~L. Recall that

e, = {u:que@, d € E'(D), /F|(I>+(t)| log (2—1— ‘%de< 0.
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Thus, in the finite domain D bounded by a simple piecewise-Lyapunov closed
curve I' from the class C’i{”, 0 < v < 2, it is required to define the function u
satisfying the conditions

Au=0, ucel (D), p=Iuw(t)~|t— Al
u\F =f, feZz)D).

By virtue of the definition of Smirnov and Zygmund classes it immediately
follows that: i) the analytic function ¥(w) = ®(z(w))z'(w) belongs to the Hardy
class H', while U to the class Z(7); i) g(7) = 2f(2(7))2'(7) € Z(v). Hence,
as above, we conclude that the function Q defined by (8) belongs to E'(I).
Therefore, the problem posed again reduces to problem (10) already considered.
It is not difficult to verify that if 2 is a solution of the latter problem, then the
function u(z) = Re[Q(w(z)/w'(z)] is a solution of problem (30). Since for any
f € Z,(I') and arbitrary v, the function g belong to Z(v), we do not have to
impose an additional restriction on f and, due to the reasoning given above, we
conclude that our next statement is valid.

Proposition 4. If T € Ci"”, 0 <v <2, then: i) for v € (1,2] problem (30)
is solvable and the set of its solution given by equality (19) depends on one real
parameter; ii) for v € (0, 1] the problem is uniquely solvable and the solution is
given by equality (25).

(30)

A statement analogous to Theorem 2 holds true in the case of a curve with
several angular points.
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