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FRACTIONAL INTEGRODIFFERENTIATION IN HOLDER
CLASSES OF ARBITRARY ORDER

N. K. KARAPETYANTS AND A. I. GINZBURG

ABSTRACT. Holder classes of variable order pu(z) are introduced and
it is shown that the fractional integral [, has Hélder order u(z) + o

(0 <o, py, a4 py <1, pg = sup p(x)).

The connection between the smoothness of image and the smoothness
of density is an important problem in the theory of integral operators. In
particular, the same problem for fractional integral operators I, ¢ in the
interval [a, b] was thoroughly studied by G. H. Hardy and J. E. Littlewood
(see [1], p. 56). They showed that the operator I, ¢ acts from Hg [a, D]
into H ™ [a,b] where 0 < i, a, pp +a < 1, and ¢ € HY means that ¢ € H*
and ¢(a) = 0, i.e., ane improvement in smoothness takes place. In fact,
the following stronger statement by the same authors is likewise true: I§ ¢
implements an isomorphism between these classes.

The above results were subsequently generalized on weighted classes, gen-
eralized Holder classes, and Besov spaces [1-3].

It is wellknown [1] that the connection between the fractional integrals I¢
and I® by means of a singular integral operator is important for the study
of isomorphism in weighted classes. Here we consider classes of functions
having order p everywhere but the Holder order being pg > p at the point
xo € [a,b] (see the definition and the examples below). It should be noted
(see [4]) that the singular integral does not preserve such a class. The
question arises whether the fractional integral preserves the local Holder
order. To this we give a positive answer.

Here we introduce Holder classes of variable order p(x) and show that
I§, has Holder order p(z) + o (0 < g, pry, 0 + pg < 1, py = sup p(x)).

If, in addition, we assume p(x) to have smoothness of the form

u(z + h) = p(@)] < c[nh|™!
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(c denotes all constants used in this paper) we will be able to study the
action of a fractional derivative and to solve the problem of an isomorphism.
Moreover, we shall extend the results to the case of power weights.

1. INTRODUCTION OF SPACES

We will introduce a class of functions f(z) on the segment [a, b] satisfying
the Holder condition with a variable index.

Definition 1.1. We denote by H*(®) a class of continuous functions on
the segment [a, b] with the norm

|f(x) = f(y)

i = Ifle A (@)

11l = Il cta) + sup

TFy

where p(z) is defined for all 2 € [a,b], 0 < p < 1. We introduce the notation

p— = infoeap (T) , Bt = SUP,e[q ) 1(7), assuming throughout the paper
that p_ > 0.

Clearly, H*®) is a linear space and also H7(®) ¢ HM®) if y(z) < y(x).
For H**)[a, b] the following ordinary Hélder properties are satisfied: 1) the
space H*(®) is complete; 2) if f(x) € H*®)[a,c] and f(x) € H*®)[c,b], and
f(z) is continuous for x = ¢, then f(z) € HY®)[a,b], where v(z) = u(x)
fora <z < ¢, y(z) = v(r) if ¢ <z < b, and v(xz) = min(u(c),v(c));

3) if f(z) € HM®|a,b], g(x) € H*®)[a,b], then flg(x)] € H'®)[a,b], where
A(z) = (@),
We adduce some examples of functions belonging to this space.

n
Example 1. f(z) = [] |z — 2%/, 0 < 0, < 1, 2% € [a,b], where
k=1

w(x) = oy for | — x| < 5,_5 = Yinf,z; |z, — 2|, and p(x) =1 for the rest
of .

Example 2. Let [a,b] = [0,1], 1 = 1/2, x = 1/2+4 1/k, and f(z) =
|z — 21| + Y0, |7 — 25 |Y/227F. Tt is evident that f(x) € H/2[0,1], but for
x = 1/2 the Holder order is higher: u(1/2) = 1. Namely,

|f(@

where

A=1+2 Z k29K,
k=1

This fact can be proved using the inequality
(L4t =1 <ecft], t=-1, 0<p<1. (1.2)

The next example is a generalization of the previous one.
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Example 3. Let @Q = {x;}72, be an ordered sequence of rational num-
bers from [0, 1]. We represent it in the form @ = UQ;, where {xy, }°, € Q;
and %H < |zk, — 3| < . We introduce the notation

oo oo
f@) =la = ol + 3 27"l —al™ 27,
=1

k=2

=1 6, € (0,1) (for example, &, = 3), and &y = infy; J, > 0. Then

7o
f(z) € HM®)[0,1], where p(z) = § if z # 3, and u(3) = 1.

We also introduce a class of functions h*(*)[a,b] satisfying a stronger
condition than (1.1).

Definition 1.2. Let h*(®) be a set of functions from H*®)[a,b] which
have the same norm and for which

lim Af(6) = lim sup M =

1.3
§—0 =0 |y —yl<s |z — ylH®) )

It is evident that h*(®)[a,b] C H**)[a,b).
If f(a) = 0, the classes H and h will be denoted by H{")[a,b] and

hg(m) [a, b], respectively. Note that in Héb(z) [a, b] the norm is defined by one
term Ay from (1.1).

For h*(*)[a,b] we have
Theorem 1.1. The functions from C*®[a,b], —00 < a < b < oo, are
dense in W@ if u(x) is a function satisfying the inequality
i+ 1) — ()] < e[ lnh| (1.4)
and 0 < p(z) < 1.

Proof. (It can be assumed for simplicity that [a,b] = [0,1].) Let p(x) €
R#®)[0,1]. Then

_Je@) = p(0)(1—2) —p(l)z, 0<z<1,
vie) = {0, z ¢ [0,1]

belongs to Co(RY). It is clear that v (z) € H*®), where Ji(z) is equal to
w(x)if 0 <z <1, to u(0) if z <0, and to p(1) if z > 0.
Throughout the proof of this theorem it will be assumed that (z) has
the above-indicated properties for ¥(x) and pi(x) will be replaced by u(z).
Let

oela) = / ke(B)ple — ) dr, (15)
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Where k(t) € C§°(R), k(t) > 0, suppk(t) C (0,1), ke(t) = e 'k(£), and
fR t)dt = 1. Then ¢(t) is the average for ¢(z) and |v: — ¢|c(r,) — 0
for e — 0.

Our aim is to estimate ||¢. — ¢||,. We have

pele) —ola) = [ k@lpe— ) - gl d
0
and, introducing the notation

(AnY)(x) = (x + h) — ¥(x), (1.6)

we can write

An(p- / / )[(Ang) (2 — ) — (Ang)(@)] dt = I + L.

Further, |(App)(x)] < Ay(H)h*®) when h < 7; here A,(7) is defined by
(1.3), and Ay,(7) — 0 When T —0.
For (App)(z — t) we have the inequality

’(Ah@(x - t)’ < A¢(7)|h\“(“_t) < A¢(7)|h\“(m),

where p(x) satisfies (1.4).
Therefore for I; we have for h < 7 that

4
1] < 24, ()P [ (e de < 24, () A
0

This expression can be made small at the expense of an appropriate choice
of 7 with respect to p(z).
Next, we fix 7 and estimate I; for h > 7 by the equality

)
L- / k(1) [(A_ep) (@) (2 + h) — (A_yp) ()] dt.

‘We obtain
[(Avp)(@)| < et ™ [(A_wp) (@ + )| < et < el ),

Now for A > 7 we can write

g 1
1Ll < 20/ ke ()[4 dt < 2c6“(z)/ ke ()" @ dy <
0 0

1
< 97— (@) ppl@) gul) / e (1)) dy.
0
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This expression is o(h"(“’)) at the expense of choosing a small §. Now we
fix 6 and estimate Iy. We have

oo

1L < 2¢|n#® / ke (t) df = 2¢[["@) / k(y)dy — 0
) é/e

when e — 0. O
2. FRACTIONAL INTEGRALS AND DERIVATIVES IN HY™[0,1]

We consider the action of fractional integral operators in HY' (@) [0,1]. For
this we should give some definitions.

Definition 2.1. Let ¢(z) be an arbitrary function from L;(0,1). The
operators below will be called the Riemann-Liouville fractional integrals:

(18,0) (2) = ﬁ / S 0ty dr, (2.1)
(I ) (2) = ﬁ / (t — 2)°~To(t) dt (2.2)

for z € (0,1), 0 < a < 1. Integrals (2.1) and (2.2) will be called the
left-hand and the right-hand one, respectively.

Definition 2.2. Let f(x) be defined on [0, 1]. The expression

fe% o f(.’E)
(D0+f) (:E) - m
*ﬁ /0 (@ — )" (f(x) = f(1)) dt (2.3)

is called the Marchaud derivative (it is defined for sufficiently good func-
tions; for details see [1]).

The next theorem giving the sufficient condition for the function f(x)
to be represented by the fractional integral of a function from L, (see [1,
Theorem 13.5]) will be necessary hereafter to demonstrate the theorem on
isomorphism.

Theorem 2.1. If f(z) € L,(a,b) and

b—a
/ %, (f, 1) dt < oo,
0

then f(x) can be represented by the fractional integral of a function from
Ly(a,b), 1 <p< L, where

aptt.m = s { [ @) 1w —npas) . (24)

[t|<h
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Now we can formulate the main result of this paper.
Theorem 2.2 (on isomorphism). Let p(x) satisfy (1.4) and 0 < u(zx)

<1, py+a<1,0<a< 1 Then the fractional integral operator I§,

establishes an isomorphism between the spaces H(‘)L(I) and Hg(zHa.

The proof of Theorem 2.2 is based on the theorems on the action of the
fractional operator I§, ¢ and the fractional derivative D, f in H{f @) These
theorems and their proofs are given below.

Theorem 2.3. If ¢(z) € H{f(z)[a, bl and py + @ <1, 0 < a < 1, then
fe H5($)+a, where f(x) = I, ¢.

Theorem 2.4. If f(x) € Hg(x)'m[O, 1], py +a < 1, and p(z) satisfies
(1.4), then (DG, f)(z) € HE™[0,1].

Proof of Theorem 2.3. We will estimate (A,I§ ¢)(x) , taking into account
(1.5). There are two separate proofs for h > 0 and h < 0, since we cannot

interchange the points z and x + h considered in H} (@) [0, 1].
Let b > 0. We have

x+h T

c(ARIS ) (2) :/ t“*lcp(mhft)dtf/ t* to(x—t)dt = I, + Iy +13,
0 0

where

h= [t = ot ) — ot

h
I, = /0 [(p(x +h—t)— <p(:17)]dt,

z+h
13:/ to~ 1 dt.
xT

Taking into account that |[(A,@)(z)] < ct*®) and estimating each term
separately, we obtain

|11 SC/ tu(z)|(t+h)a71 *ta71|dt§
0

< ch”(”*“/ YO (1 +y) Tt =y dy.
0

It is obvious that the obtained integral is finite (u4 + o < 1) and we have
the required estimate
11| < chi)te
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for I;. The integrals I and I3 are estimated quite easily. We get
h
12| < C/ 7L (h — )M dt = ch@)Fe
0
z+h z+h
|13| S C.’L'/“L(flf)/ t(l’—l dt S C/ tH(ﬂ’:)-’ra—l dt S Ch“‘(x)"'a,
& x

The proof for the case h > 0 is completed. The case h < 0 is not difficult
and we leave it out. [

Remark 1. Estimates as above are correct for convolutions. For K¢ we
have the estimate

(AnK)(@)] < of /O " @Ak ()] dt +

/Hh k(t) dt‘}.

It is obvious that for k(t) = t*~! we obtain Theorem 2.3.

/ |k()|(h — )@ dt + 2@

Remark 2. Using the well-known representation I ¢ = VIg, V¢, where
Ve = (1 —x), for x € [0,1], we find that Theorem 2.3 holds for I ¢
provided that ¢(1) = 0.

Proof of Theorem 2.4. We introduce the notation (see (2.3))

/ f tHf_t) dt. (2.5)

First we will show that ¢(z) € HX™)[0,1] and then consider the first term
of (2.3). In common with the proof of Theorem 2.3, here we will also treat
the cases h > 0 and h < 0 separately.

Let b > 0. We have

(ApY)(x) = I + I + I3,

where

I, = /Ox [f(z) = fla=)][(t+h)" > =t ]dt,

_[° fl@e+h)— fz—h)
L= /w (t+h)tte .

“fl@+h) - fz)
ISZ/O W(lt.




148 N. K. KARAPETYANTS AND A. I. GINZBURG

We will estimate each term separately. It is easy to verify that for I; and I3
|| < c/ Ot +h)y7ot — 7o dt <
0 oo
< ch“(’”)/ yH@)te [(y + 1)t~ y_“_l] dy < ch*(®)
0

I3 < ch“@”a/ (t+h)~"tdt < ch#@® / (y+ 1)~ tdy = ch®@.
0 0

The term I5 is estimated by applying (2.4) for p(x):
0
L] < / (1 + h)EHI =1 gy — pua+h)
—h

We obtain the final estimate for Ip if u(x + h) > p(z), ie., |Io| < ch#®).
For p(z + h) < p(zr) we can write

prEth) — o=(u(@)—plath)Inh  pu() < opul@)

Thus we finally show that
|I,] < chi (@)

To finish the case h > 0 we have to show that |A, (L f”))| < ch*®). We
leave out the proof of the latter estimate, since it is smnlar to the case of
constant Holder order (see [5]).

Now let h < 0. For convenience, instead of x + h for h < 0 we will
consider © — h with h > 0. Then we will decompose the terms rather than
otherwise (see [2]):

(A_,Dgy f)(z) = (= h)“*f(x—h)—:c‘af(xH
hfm—h)— flx—h—t) fl@)=fl@-t)
+a/0 / dt =

t1+a t1+a

=1L+ I+ I3+ 14,

flx) = fle—h—-1)
/ t+h1+a o,
1 1

12:/0 [fx—h—1t)— f(z—h)] [tm - G
Iz=f(z—h)lz™" = (z —h)""]
Iy =h"[f(z) = f(z = h)].

where
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We will estimate each term separately. For I; and I, we easily obtain
0
L < c/ (£ + RO =1gt — @),
—h

|1, < h=opr@reqr < cp@),

To estimate the term Iy we have to consider two cases, x — h < h and
x—h>h.
For x — h < h we have

h
L] < e / pula=h)taslzagy = cpule=h),
0

By virtue of (2.4) we have |I| < ch*(®).
For © — h > h we have

sl ( [ Yot~ gl

h [e%s)
< c‘ / tu(m—tht‘ 4 chpla—h) / YlE—h oy —2—ag < opu(e)
0 1

Now we will estimate I3. Keeping in mind that f(z—h) < (z—h)HE@-P)+e
for x — h < h we obtain

13| < e(x — h)HE=R) < cpr@),
When x — h > h we have
I3 < c(z — h)rE=MFe(p — p)=o=1h < chp@),
This completes the proof of Theorem 2.4. []
Thus it remains for us to prove the theorem on isomorphism.

Proof of Theorem 2.2. It is necessary to show that any function from
HI™T0, 1] is representable in the form I§, ¢, where ¢ € HY90,1). To
this end we use Theorem 2.1. We make sure that for 1 <p < 1/«

1
/ t= Y, (f, ) dt < oo.
0
Clearly,
! 1/p
wp(f,h) < sup {/ t“(x)'mdx} < ch#-To
[t|<h 0
and we obtain f(x) = Ig, ¢, where ¢(z) € L,(0,1). Using the condition

f(z) € Hg(x) [0.1] and Theorem 2.4, we find that ¢ = Df, f € Hg(z) [0, 1].
U
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It should be noted that the theorem on isomorphism in the Hélder space
with constant order is wellknown (see [1]). Here we will give only the for-
mulations of the theorems on the action of the operators I, and Df, in
hfy, since their proofs are rather awkward.

Theorem 2.5. Let 0 < p,a,pn+ a < 1. Then I§, ¢ acts from hg[0,1]
into hh+[0,1].

Theorem 2.6. If f € hT%[0,1], then D, f € hg[0,1], where 0 < p, o,
u+a<l.

Finally, we note that the same results are true in the weight case as well.
Namely, we have

Theorem 2.7. If p(z) € Héb(z)(a:”) and py +a < 1,0 < a < 1, then
flx) e H(‘f(x)(x"), where f(x) = I§ o and v =1+ p_.

Theorem 2.8. Let f(z) € H'™ ™™ (a¥), py +a < 1, p satisfy (1.4) and
v<pu_+1. Then (Dg, f)(x) € Hg(x)(x”).

Theorem 2.9. Let u satisfy (1.4) and 0 < p(z) < 1,0 < a <1, py +
a<1l,v<pu_+1. Then the fractional integral operator I§, establishes an

isomorphism between the spaces Héb(m)(ac”) and Hg(z”a(w”).
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