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WEIGHTED REVERSE WEAK TYPE INEQUALITY FOR
GENERAL MAXIMAL FUNCTIONS

J. GENEBASHVILI

ABSTRACT. Necessary and sufficient conditions are found to be im-
posed on a pair of weights, for which a weak type two-weighted reverse
inequality holds, in the case of general maximal functions defined in
homogeneous type spaces.

8 1. DEFINITION AND FORMULATION OF THE BASIC RESULTS

By a homogeneous type space (X, p, ) we mean a topological space X
with measure p and a quasimetric, i.e., a function p : X x X — R_l‘_ satisfying
the conditions

(1) p(z,y) =0 <= z=y;

(2) p(a,y) = p(y, ) for all ,y € X;

(3) p(x,y) <n(p(z, 2Hp(z,y)), where >0 does not depend on z, y, z€ X.

Furthermore, it is assumed that

(4) all balls B(z,r) = {y € X : p(z,y) < r} are pu-measurable and the
measure p satisfies the doubling condition

0 < puB(x,2r) < dsuB(z,r) <oo, z € X, 0<r < o0;

(5) for any open set U C X and point x € U there exists a ball B(z,r)
with the condition B(z,r) C U;

(6) continuous functions with compact support are dense in L'(X, dpu).

In addition to this, it is required that the space X have no atoms, i.e.,
u{x} = 0 for any point = from X.

Let f be a locally summable function, z € X and ¢t > 0. We introduce
the following maximal function:

1
Mf(e.t) = sup— B/ \fldp,
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where the lowest upper bound is taken over all balls B containing the point
x and having a radius greater than ¢/2.

If X = R", u is the Lebesgue measure, p is the Euclidean metric, and
t =0, then M f(x,0) transforms to the classical Hardy—Littlewood maximal
function and for n = 1 and ¢ > 0 it transforms to the maximal function
considered by Carleson when estimating the Poisson integrals.

By a weight function w we shall mean a locally summable nonnegative
function w : X — R} and by a measure  a measure in X x [0, 00) defined
in the product of o-algebras generated by balls in X and by intervals in
[0, 0).

The merit of this paper is in finding the criterion for the existence of
a weak type reverse two-weighted inequality for the maximal functions
M f(x,t). We thereby generalize the results obtained by K. Anderson and
W.-S. Young [1] and B. Muckenhoupt [2] for the classical Hardy-Littlewood
maximal function and improve the result obtained in [3].

It should also be noted that the criterion for straight two-weighted in-
equalities of the weak type was obtained by F. Ruiz and J. Torrea [4].

In what follows B will denote a cylinder B x [0,2rad B), N the absolute
constant N = n(1+ 2n), NB the ball NB = NB(z,r) = B(z, Nr), and dy
a minimal constant for which u(NB) < d,uB; ¢, c¢1, ca,... are positive
constants.

This paper gives the proofs of the following theorems.

Theorem 1. Let By be some ball in X. The following conditions are
equivalent:

(1) for any function f € LY(X,wdpu), supp f C By, and any X\, A > \g =
e [, 1F1d
nBo J Bg Hs

et eBo: Miwn>Nz=S [ Ifeds Q)

{zeBo:| f(z)|>A}

(2) for any ball B such that BN By # @ and B C N By

NBnN B,
BINBN By) > cq ess sup w(x). (2)
NB x€BNBy

Theorem 2. Let uX = oco. The following conditions are equivalent:
(1) for any function f € LY (X, wdp) and any X\ >0

Blat) e X x0.00): Mi@ >N =% [ (fwdss @)

{zeX:|f(z)|>A}
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(2) for any ball B

B(NB
> cqess supw(x). 4
5 = eess supu(e) ()

Theorem 3. Let By, w, and [ satisfy condition (2). Then if

/Mf(x,t)dﬂ < 00

~

Bog

for the function f, we have

[ 1510+ 108y < o

Bo

Theorem 4. Let w and B satisfy condition (4). Then if

Mf(z,t)dB < oo

{(@,t):M f(2,t) 21}

for the function f € LY(X,wdpu), we have

/ fllog™ |flw dys < oo,
X

Corollary. For nontrivial w and (3 the pair of inequalities

® / Flwdp < () € X x [0,00) : Mf(z,4) > A} <

{zeX:|f(@)|>A}

<2 [ e

{zeX:|f(x)|>3}
hold for all f € L*(x,wdp) if and only if
ﬂﬁwuB, 0<cr<w(z)<esg <o

for any ball B and any point © € X.
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§ 2. TuE COVERING LEMMA

In the first place note that the following statement holds in quasimetric
spaces: from any covering of a set £ C X we can find at most a countable
subcovering. Further we have (see [5])

Lemma 1. Let E be a bounded set from X and a ball B, = B(x,r,)
(with center at x) be given for any point x € E. Then from the covering
{By}zer we can find at most a countable subfamily of nonintersecting balls
(Bik)k>1 such that

UNBy DE.
k>1

The essence of the requirement that pu{z} = 0, z € X, mentioned in §1
becomes clear after formulating

Lemma 2. A homogeneous type space has no atoms if and only if for
any § > 0 an arbitrary set E with positive measure has a subset E5 C FE
with the condition 0 < uFs < 4.

Proof. Let p{xo} > 0. Then the set E = {x¢} does not contain a subset of
a positive measure smaller than pFE. One aspect of the proof of the lemma
becomes thereby obvious.

Let, conversely, p{z} = 0 for all z € X and E be an arbitrary set of
positive measure. The continuity of measure implies that for each x € E
there exists a ball B, with center at x such that uB, < §. According to
the remark made at the beginning of this section, from the system of balls
{Bz}zer we can find a countable subfamily (Bj)r>1 covering By. Hence
we have

WE = (Y (Br E)) < gﬂwk nE).
Therefore there exists ko > 1 such that u(Bg, N E) > 0. So, assuming
Es = By, N E, we obtain E5 C E and

0 < pEs < pBy, < 6. [

Lemma 3. Let & C X x [0,00) be a set such that if (x,t) € Q, then
(z,7) € Q for all T, 0 < 7 < t. Let the projection Qx of the set  on X be
a bounded set and Qy C Qx be a set of all x from Qx for which E(m, r) CQ
with some radius r > 0. Then there exists a sequence of balls (B;);>1 such
that

SINB; N (X x [0,000\Q) £ @, i =1,2,...;
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(5) Zi Xﬁ (l‘, t) < QXQ (:ZZ, t);
where 8 > 1 does not depend on x € X and t > 0.

Proof. Let F'= X x [0,00)\2. We introduce the value
dist(zx, F) def sup{r: B(z,r) C Q}, z € Qx.
It is clear that
0 < dist(z, F) < o0

for any point = € Q.
Let us take
_ dist(x, F)
"o = ToN?
for any = € Q. The system of balls {B(x, ry)}zeq, covers . By Lemma
1 there exists a sequence (B(x;,7y,))i>1 of nonintersecting balls such that

Qo C ing(xi,Nrm).

Setting r; = Nr,,, B; = B(x;,r;), we shall have
1 1 . .
Qp C ingi and NBi N NBj =g for i#j.

Statement (1) is thereby proved.
To prove statement (3) note that
- diSt(Ii, F)

NT’Z' = N2T:Ci = T < dlSt(LE“F)

Therefore, by definition of the value “dist,” we shall have
NB; c Q

for each 7 > 1. .
Further, for the cylinder 3n/N B; we obtain

3
rad(3nNB;) = 377N2rmi =3 dist(x;, F) > dist(z;, F).

Therefore statement (4) is true.
Now we shall prove statement (2). Since Qg C _ngu it is sufficient for
1=

us to prove that NB; C Qg for alli=1,2,....
Let us fix NB; and show that dist(z, F') > 0 for any point © € N B;.
Assume the opposite: dist(z, F) = 0. Then B(z,a) N F # & for any

~

a > 0. Therefore there is (y,t) € B(z,«) N F. We shall consider two cases:
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(a) t > 2dist(x;, F); then
N, = dist(z;, F) < b <2 ..
2n dn 2

(b) t < 2dist(x;, F); then y & B(z;,dist(x;, F)), since otherwise (y,t) €

~

B(z;,dist(z;, F)) C Q.
Thus we have
2nNr; = dist(z;, F) < p(@i,y) < np(zi, ) + p(x,y)) < n(Nri + ).

Therefore Nr; < a.

So in both cases we find that if x € NB;, then rad NB; < « for any
a > 0, i.e., rad NB; = 0, which leads to the contradiction.

We have thereby proved that dist(z, F') > 0 for any « € NB; and there-

fore z € Q.
Finally, we shall prove the validity of statement (5).
Let z € NB;. As shown above, dist(x, F') > 0. Consider the cylinder

B(z,2dist(z, F)). By the definition of the value “dist” we have

B(z,2dist(z, F)) N F # @ and therefore there exists

(y,t) € B(z,2dist(z, F)) N F.

We shall consider two cases:
(a) t > 2dist(x;, F'); then
2n 4n
(b) t < 2dist(x;, F); then y & B(x;,dist(x;, F)), since otherwise (y,t) €
B(Z‘i, diSt(l‘i, F)) c Q.
Thus we have
2qNr; = dist(z;, F) < p(ai,y) < n(p(zi, x) + p(2,y)) <
< n(Nr; + 2dist(z, F)).
Therefore Nr; < 2dist(z, F).
So in both cases we find that if x € NB;, then
Nr; < 2dist(z, F).

Fix an arbitrary point x. Let NB; > z and y € NB;. Then
p(@,y) < nlp(x, ;) + p(xi,y)) < 2nNri < 4ndist(z, F)

from which we conclude that
NB; C B(x,4ndist(z, F)) (5)

for any ball NB; such that NB; > x.
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Taking now y € B(x;,2dist(x;, F')), we obtain

p(x,y) < U(P(T/#fi) + p(xhy)) < n(NTi + QdiSt(th)) -

_ (M + 2 dist(z;, F)) = (2n+ %) dist(zs, F).

21
Therefore
1
B(x, (2n+3) dist(xi7F)) > B(x:, 2dist(z;, F)).
Hence )
B(m, (20 + 5) dist(x:, F)) NF+#o.
Thus )
dist(z, F) < (2n+ 5) dist(z;, F) = (49° + n)Nr;.
Therefore
rad NB; > mdlbt($,F> (6)

From (5) and (6) we conclude that balls N B; containing the fixed point x
are included in the fixed ball B(x,4ndist(x, F')) and their radii are bounded
from below by the fixed positive value ﬁ dist(z, F'). Therefore, since

%Bi do not intersect pairwise, the number of such balls NB; is bounded
from above by some absolute constant 6. As a result,

3 i (@, 0) < Oxg(@,0). O

2

§ 3. PROOF OF THE MAIN RESULTS

Proof of Theorem 1. Let us show that (1) = (2).

Take an arbitrary ball B C NByg, BN By # &. Let y ¢ NB = B(x, Nr)
and some ball B’ = B(z/,r") contain the point y and intersect with B. We
shall prove that then r’ > 7.

Assume the opposite: ' < r. Let z € BN B’. Then

p(x,y) < nlp(x,2) + p(z,9)) < nlr +n(p(z,2") + p(a’,y)) <
<n(r+2nr") <n(l+2n)r = Nr,

which leads to the contradiction. Therefore r’ > r.
If now y € B and z € BN B’, then

p(a’,y) <nlp(a’, 2) + p(z,9)) <0’ +n(p(z,2) + p(z,y)) <
<n(r' +2nr) < n(1+2n)r' = Nr'.
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Therefore B C NB’.
Fix an arbitrary € > 0. There is a set E. C B N By such that w(x) >
ess Sup;e pnp, W(t) —¢ for any point x € E.. By Lemma 2 it can be assumed

that

B
O<uEE<§—2.
N

Let f(z) = X, (z) and A = di}’ﬁf? Then A < 1 and

pEe pEe < 2 pEe

dn o
Yo uBo/‘f'd” By = NN, =B A
By

Let further (y,t) ¢ NB. Consider two cases:
(a) y € NB; then

1 uE
Mf(y,t)= sup B,/Ifldu< sup ?i <
B'>y % B'>y M
rad B'>1% B! B'NB#2
pEe pEe o MEe
< sup dy <dp <d =\
B'nBzo  HNDB’ pB N B
r'>r

(b) y € NB, t > 2Nr; then

IN

1 lffEs
Mf(y,t) = sup //|f|d,u§ sup ;
B’>y :U’B B'>y MB

B'NB#@ B r'>Nr

radB/>% B'NB#2

pEe
< sup dy <A\
7‘/>’l‘ :U‘NBI

B'NB#Y

Thus o
NB D {(y,t): Mf(y,t) > A}

Now in view of the above reasoning condition (1) leads to
B(ByNNB) > B{(x,t) € By : Mf(x,t) > A} >
o KB

r)w(x)dp =
o Xe. (x)w(z) dp
{z€BNBy:xE. (z)>A}
uB
=y w dp > copB(ess sup w(z) — €).
:LI’EEE r€BNBy

By making ¢ — 0 we get (2).
Now we shall prove that (2) = (1).
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Fix f and assume that supp f C By and A > A\g = “BU fBo |f|dp. Con-
sider the sets

Q={(z,t) € X x[0,00) : M f(x,t) > A},
Qe={zeX:MSf(x) >},

where

Mf@) =swp s [ ifldn

r>0 W
B(z,r)

The set Q satisfies the conditions of Lemma 3. Indeed, if (z,t) € §, then
it is obvious that (x,7) € , 0 < 7 < t. Moreover, by familiar arguments
QcC Z@o. Therefore Q2 x is the bounded set.

Let z € Q.. Then there exists r > 0 such that

1
BT / Fldu> A

B(z,r)

Obviously, M f(y,t) > A for any (y,t) € E(x,r) and therefore E(m,r) C
Q. Thus Q. C Qq, where () is the set mentioned in Lemma 3. By the latter
lemma there exists a sequence of balls (By)i>1 satisfying the statements of
the lemma. Since By C Q¢ C NBy for each k > 1, from the condition (2)
we get

B(Q1N By) = /Xg(aj t)dg > QZ/XNBk x,t)dp =

& k21z
0
1
2525 NBi N By) >cZuBk ess sup w(x). (7)
k>1 k>1 r€BRrNBy

Since 377/]V§k N (X x [0,00)\2) # @, there exists (z,t) € 37)/]\7§;C such that
M f(x,t) < A\. Therefore

d
5 / < s [ 11 < g
3NN B,
Now (7) takes the form

C1
5@N By > LY esssup wia) [ 17]du=
k>1mEBkﬁBo B,

&1 C1
—2Y esswpu@) [ =Y [ fwdiz
k>1#EBRNBo BrNBo k>1p A8,
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=% [ wau=S [ iediz G [ flwde-
Ur>1(BrNBo) QoNBo Qc.NBo
C C
=5 / | flwdu > 5 / [flwdp. O
{z€Bo: M. f(z)>N} {z€Bo:|f(z)|>A}

Proof of Theorem 2. First of all note that the implication (3) = (4) can be
proved in the same manner as the implication (1) = (2) in the preceding
theorem. So we shall prove that (4) = (3).

Fix an arbitrary ball B’ and assume that f € L'(X,wdu). For [ > 0 we
introduce the function

f@) xap (@), if [f(z)| <L,
filz) = U-sign f(2) - xm (2), i |f(2)] =1,
0 Xm0 (@)-
Let A > 0. Then there exists a number R > NI such that
dy

—— d A

Let By = NRB', BrE = BE for E C RB’, and Br{(z,t)} = oo for any
point (z,t) # RB.

We shall show that if 8 and w satisfy (4), then By, Sgr, and w satisfy
condition (2) of Theorem 1.

Indeed, consider an arbitrary ball B C NBy, BN By # @. If NB c RB’ ,
then

51:3(]@(7@0) . ﬁR(@) . ﬁ@ B
= = > cqess supw(zx) = cq ess sup w(x).
nB pB nB zeB z€BNBog

Let NB 4 RB'. If NB C EO, then

NBNB NB
B ) = fr(NB) = 00 > ¢y ess sup w(z).
uB ubB x€BN By

Thus it remains for us to consider the case with NB [oa EO. We shall
show that Br(NB N By) = oo in that case, too. To this end we have to
prove that

(NBN By)\RB' # o. (8)

If there exists a point z € (NB N By)\RB’, then (8) holds. If such a point
does not exists, i.e., NBN (By\RB’) = &, then, since NB N By # &, there
is a point y € NBN RB'.
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On the other hand, since NB s EO, we have either NB C By and then
rad(NB) > rad By > rad(NB')

or NB ¢ By, which together with the condition N BN %Bg = NBNRB' #
&, by familiar arguments, gives

rad(N B) > rad (%BO) = rad(NB').

Therefore, if NB ¢ By, there exists a point y € NBNRB' and rad(NB) >
rad(NB’). Then

(y,2Rrad B') € NB\RB'.

Since (y,2Rrad B') € By, we have (8).

We have thereby shown that By, 8g, and w satisfy the condition (2) of
Theorem 1.

As to A\, we have

dN/ 42, /
Ny = AN dy < —°N__ du < M.
0 uBoB |fil du u(RB’)B |fil dp <

Now according to Theorem 1 we have
~ c
Brd(at) € Bo: M, 1) > A} > & / flwdp. (9)
{z€Bo:|fi(z)|>A}

But since supp f; C %B’, for (z,t) & RB’ we shall have

dn d3
M t) < —5— dp < —N dp < A\
et < ot [ e < s [1nlds
~B X
Hence (9) takes the form

C:
B, 1) € X % 0,00): Mfula, 1) > A} = < / |l dp.
{zeX:|fi(z)|>A}
The more so
B, t) € X x [0,00): Mf(, 1) > A} = < / (il dp.
{zeX:|fi(z)|>A}

By making [ tend to infinity we obtain the required inequality (3). O
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Proof of Theorem 3. Let w(z) > 0 on some subset By of positive measure
(otherwise there is nothing to prove). Then from (2) we conclude that

ﬂE) > 0. If f # 0 almost everywhere on By, then

1
Mf(x,t z—/ du >0
f(z,t) MBOB |f|dp

for each (z,t) € By. Hence from the condition

/Mf(x,t)dﬂ < 00
Bo

we obtain f € L(By,du) and BBy < oco. Therefore again from (2) we
conclude that w is bounded on By and f € L(By, w dpu).

Now we have

/ |Fllog* | flw dp = / |l log | flwdu =
Bo {IfI>1}

- / Ifllog%wdwr / |Fl1og | flw du-+log Ao / (Flwdu,

{1£1>X0} {1<|fI<Xo} {lf1>X0}

where Ag is taken from condition (1) of Theorem 1. (If A\g < 1, then the
latter expansion is unnecessary.)

By virtue of the above reasoning we see that the last two integrals are
finite. Applying Theorem 1, we shall show the finiteness of the first integral:

[ imosDwau= [ Iflyd;wdu—ji [ iflwdnar<

{171>20} {IF1>X} Ao Ao A{IFI>A}

< c/ﬁ{(x,t) € By : Mf(z,t) > A}dA <
Ao

Sc/ﬂ{(z,t)GB\O:Mf(x,t)>)\}d/\:c/Mf(:c,t)du<oo. O
A L

Bo
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Proof of Theorem 4. The proof follows from Theorem 2 and the estimate

[£]
d\
[istogtstwdn = [ ifiogifiwdn = [ 171 [ Fwdn-

{lr1>1} {Ir1>1} 1

X
o0 1 (o]
:/X / |flwdupdh < c/ﬂ{(x,t) € X x[0,00): Mf(x,t) > A}dX =
T A{lfI>A} 1
=c Mf(z,t)df < oco. O
{(z,t):M f(z,t)>1}
Proof of the Corollary. Following the result of F. Ruiz and J. Torrea [4] and
Theorem 2 of this paper, for the inequalities

C1

L[ Wwde< sl Mi@o > <G [ (e

{If1>7} {r1>3}

to hold, it is necessary and sufficient that the inequalities

~ —

B(NB)

> ¢y ess supw(x)

B
pB < cgessinfw(x) and
uB €D z€B

be fulfilled simultaneously. Hence for any ball B we have

csesssupw(z) < — < cgess inf w(x).
€L B M zeB

From here on the proof of the corollary is clear.
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