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ON OPTIMAL STOPPING OF INHOMOGENEOUS
STANDARD MARKOV PROCESSES

B. DOCHVIRI

ABSTRACT. The connection between the optimal stopping problems
for inhomogeneous standard Markov process and the corresponding
homogeneous Markov process constructed in the extended state space
is established. An excessive characterization of the value-function
and the limit procedure for its construction in the problem of optimal
stopping of an inhomogeneous standard Markov process is given. The
form of e-optimal (optimal) stopping times is also found.

1. INTRODUCTION AND STATEMENT OF THE PROBLEM

General questions of the theory of optimal stopping of homogeneous
standard Markov processes are set forth in the monograph [1]. In various
restrictions on the payoff function there are given an excessive characteriza-
tion of the value, the methods of its construction, and the form of e-optimal
and optimal stopping times.

In the present work the questions of optimal stopping theory for inhomo-
geneous (with infinite lifetime) standard Markov processes are studied. By
means of extension of the state space and the space of elementary events it is
possible to reduce the problems of optimal stopping for the inhomogeneous
case to the corresponding problems for homogeneous standard Markov pro-
cesses from which the excessive characterization of the value-function, the
method of its construction, and the form of e-optimal (optimal) stopping
times for the initial problem are found.

Note that the idea of reducing the inhomogeneous Markov process to the
homogeneous one is wellknown. However, it is nontrivial to construct the
appropriate homogeneous Markov process in the extended state space, to
show the measurability of transition probabilities, and to prove the coinci-
dence of the corresponding value-functions.
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It should be noted that using the method of extension of state space in
the paper [2], the form of e-optimal stopping times has been established for
the case of optimal stopping of homogeneous Markov processes on bounded
time interval.

Consider now the inhomogeneous (with infinite lifetime) standard Markov
process

X = (Q,MS, f,Xt,PS,z), 0<s<t< oo,
in the state space (S, B), i.e., it is assumed that:

(1) S is a locally compact Hausdorff space with a countable base, B is
the o-algebra of Borel sets of the space;

(2) for every s > 0, z € S, Ps, is a probability measure on the o-algebra
M M3, t > s, is the increasing family of sub-g-algebras of the o-algebra
M?, where

MDD M2 M7 C M, for s1<s2, u<s<t<uw,

it is assumed as well that

M= M, My =M; =M, 0<s<t<oo,

where M? is a completion of M?* with respect to the family of measures
{Pyz,u < s,z € S}, M is the completion of M; in M?® with respect to
the same family of measures ([3], Ch.I, Sect. 5);

(3) the paths of the process X = (X;(w)), t > 0, are right continuous on
the time interval [0, co);

(4) for each t > 0 the random variables X;(w) (with values in (5, B)) are
M;j-measurable, t > s, where it is supposed that

Ps@(w s X (w) = x) =1

and the function P , (X4, € B) is measurable in (s, z) for the fixed h > 0,
B € B (with respect to B[0, 00) ® B);

(5) the process X is strong Markov: for every (M3, t > s)-stopping time
T (Le, {w: 7(w) <t} € M§, t > s) we should have

Poy(Xryn € BIMS) = P(7,X,, 7+ h,B) ({7 < o0}, Py p-a.5.),

where
P(S,{E, s+ h7 B) = Ps,fc (Xs—i-h S B)’
(6) the process X is quasi-left-continuous: for every nondecreasing se-
quence of (M3, t > s)-stopping times 7,, T 7 should be
X:, — X ({7 < o0}, Psg-as.).

Let g(t, z) be the Borel measurable function (i.e., measurable with respect
to the product o-algebra B’ = B[0,00) ® B) which is defined on [0,00) x S
and takes its values in (—o0, +].
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Assume now the following integrability condition of the random process
g(t, Xi(w)), t > 0:

Eszsupg™ (t,Xt) <oo, §>0, z€8. (1)
t>s

The problem of optimal stopping of the process
X = (M M;, X, P), 0<s<t<oo,

with the payoff g(t,z) is stated as follows: the value-function v(s,z) is
introduced as

v(s,x) = sup Es@g(T,XT), (2)
TEM,
where 9, is the class of all finite (P, z-a.s.) (M3, t > s)-stopping times
and it is required to find the stopping time 7. (for each € > 0) for which

Es,afg(TE7XTE) Z U(S7$) — €

for any x € S.

Such a stopping time is called e-optimal, and in the case of ¢ = 0 it is
called simply optimal stopping time.

To construct e-optimal (optimal) stopping times it is needed to charac-
terize the value v(s, z) and for this purpose the following notion of excessive
function turns out to be fundamental.

The function f(¢, ) given on [0, 00) xS and taking its values in (—oo, +00]
such that it is measurable with respect to the universal completion B * of
the o-algebra B’ = B0, 00) ® B, is called excessive (relative to X) if

1) Esof (6, X:) <00, 0<s<t<oo, z€SY,
2) Esymf(LXt) < f(s,z), t>s, x€S, (3)
3) Esyzf(t,Xt) — f(s,x), if t]s, xz€b.
2. CONSTRUCTION OF THE HOMOGENEOUS STANDARD MARKOV
PROCESS IN THE EXTENDED STATE SPACE

Let us introduce now the new space of elementary events ' = [0, 00) x
with elements w’ = (s,w), the new state space (the extended state space)
S" = [0,00) x S with the o-algebra B’ = B[0,00) ® B, the new random
process X' with values in (S', B')

X, (W) = X{(s,w) = (s—|—t,Xs+t(w)), s>0, t>0,
and the translation operators ©}:

Oy(s,w) = (s +t,w), s>0, t>0,
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where it is obvious that
X, (0;(w) = X (W), u>0, t>0.
Introduce in the space €’ the o-algebra:
N’ =o(X,,u>0), N)=0(X,,0<u<t)
and on the o-algebra N introduce the probability measures

PL(A) = P, ,y(A) = P, .(A,),

where A € N°, and A, is the section of A at the point s:
Ay = {w D(s,x) € A},

where it is easy to see that Ay € F* = o(X,,u = s) and if a € N, then
Ase Fi =0(Xy,s <u<s+t).
Consider the function

P'(h,2',B') = PL.(X} € B).

We have to verify that this function is measurable in z’ for fixed h > 0. For
the rectangles B’ = I" x B which generate the o-algebra B’ we have

P'(h,a',B') = Py z(w: (s+ h,Xs1n(w)) €T x B) =
= I(s4ner)Psa(Xoyn € B);

therefore for the rectangles the function P’(h,z’, B’) is measurable in a’.
Consider now the class of all sets B, B’ € B’ for which the function
P!, (X} € B’) is B'-measurable in z’. It is easy to verify that this class
of sets satisfies all the requirements of the monotone class theorem; there-
fore it coincides with the o-algebra B'.

Thus the function P’(h,2’, B’) is measurable in 2/, and hence we can
introduce the measures P,i, on the o-algebra NO for every finite measure
w on (S',B’) by averaging P,, with respect to u' [3]. Let us perform the
completion of o-algebra N? with respect to the family of all measures PL,,
denote this completion by N’ and then perform the completion of each o-
algebra N? in N’ with respect to the same family of measures denoting
them by Nj.

The following key result (in a somewhat different form) was proved in
the paper [2].

Theorem 1. The random process
X = (Q’,NCN{,X&@;,P‘;,), t>0,

is a homogeneous standard Markov process in the space (S’,B').
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Proof. The main step in the proof is to verify that the process (€2, N, fo)+,
X{,0;, P.), t >0, is strong Markov, i.e., we have to show that

Elz’ [f/(X;-’—&-h) ' I(T/<OO)] = Elx’ [MS(;/fI(Xi/L)I(T’<oo)]7 (4)

where f/(z’) is an arbitrary bounded B’-measurable function and 7’ is an
arbitrary N&-stopping time. Using again the monotone class theorem, it
is clear that this relation suffices to be proved for the indicator functions

(@) = Iisery - Liwen)-
Thus it is needed to check that

Es,z [I(s+r’(s,w)+h€F) : I(XSJFT/(S,M)JF,&B) te I(‘r’(s.,w)<oo)} =

- ES@ [I(S+T'(S,w)+h€F)Pu7y(Xu+h € B) u=s+7'(s,w) ° I(T’(S,w)<oo)] :
Y=X 1 (s,0)

For this purpose we shall use the following

Lemma 1. If 7/(w’) is an N, -stopping time, then T(w) = s + 7/(s,w)
is a (F7., t > s)-stopping time, where F{ = 0(Xy,s <u<t), t > s.

Proof. Indeed, we have

(w:T(w) <t) = (w:7'(s,w) <t—3s) =
=W :7W)<t—1s)

S’
but (W' : /(W) <t —s) € Nf_; therefore the section (' : 7/(w') <t — 5)s
belongs to 7. Thus 7(w) is a (F7,, t > s)-stopping time. [

It follows from this Lemma that since 7, C Mj, = Mg, the variable
T(w) = s+ 7/(s,w) is a (M5, t > s)-stopping time. Hence the desired
relation to be proved admits the following form:

Es,a: [I(T+h€F) : I(XT+;LEB) X I(T<OO)] =

=FEsz [I(T+heF)Pu,y(Xu+h S B)

yu::XTT . I(T<OO)]?
which obviously is a consequence of the strong Markov property of the
process X.

We know from Proposition 7.3, Ch. I in [3] that the strong Markov pro-
perty (4) of the process X’ remains true for arbitrary Ny, ¢ > 0-stopping
times 7' and from Proposition 8.12, Ch. I in [3] we get that N/ = N/, .
Quasi-left-continuity of the process X’ now easily follows from the same
property of X with the help of Lemma 1. Theorem 1 is proved. [
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3. THE OPTIMAL STOPPING PROBLEM FOR PROCESSES X AND X' AND
THE CONNECTION BETWEEN THEM

Let f(z') = f(s,z) be an arbitrary Borel measurable function (i.e., 5'-
measurable) which is given on S’ and takes its values in (—oo, +00]. Con-
sider the following sets:

A= {olim f(X7) = £(X)},

B = {w':the path f(X;(w')) is right continuous on [0,00)}.
Obviously, sections Ag and B, are of the following form:

As = {w i lim (5, Xo(w) = (s, X))},

B, = {w: the path f(t,X;(w)) is right continuous on [s,c0)}.

Lemma 2. The sets A and B belong to N°* (N°* is the universal com-
pletion of N°) and sections A, and B belong to F** (F** is the universal
completion of F° = o(Xy,u > s)).

Further we have

Ps/,z(A) :Ps,z(AS)7 Psl,:c(B) :Ps,:r(BS)- (5)
Proof. The set A can be written as follows:

A={": klim sup f(Xj(w')) = lim inf f(X{(w)) = f(X5(W)}-

—® o<t k—oo0<t<y

Since

{o": sup f(X{(W))>a}=pr  {(t,w):0<t< %,f(X;(w’)) >a},
0<t<t

{w: inf f(X{(W)) <a}=pr {(tw):0<t< l,f(X;(w’)) <a},
o<t<i ’ k

we get from Theorem 13, Ch. III in [4] that the latter sets are N-analytic
and hence they belong to the universal completion of N°. Thus the set
A itself belongs to N°*. As for the set B, we get from Theorem 34, Ch.
IV in [4] that this set is the completion of the N%-analytic set, hence B €
N9 The same reasoning shows that A, and B, belong to the universal
completion F** of the o-algebra F*. For the measure P; , and for the sets
A and B belonging to the universal completion of N° there obviously exist
the sets A', A2, B!, B? belonging to N° such that

A'CAC A%, B'CBCB?

P, (AY) = P{(A) = P (4%,
P .(B') = P ,(B) = P ,(B?).
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But by the definition of the measure P! we have

s,z

P, (AY) = P, (A7), PL(A) = Pio(A7),

P, (B") = P ,(B.), P..(B%) = Ps.(B2).

From these relations and the inclusions Al C A, C A%2 and B! C B C B?
it easily follows that (5) is true. O

Now we return to the optimal stopping problem of the process X with
the payoff function g(¢, x) satisfying the integrability condition (1)

Mz supg™ (t,Xt) <o, §>0, ze€S8.
t>s

We get from Lemma 2 that the set
A, = {w : ltiglg(t,Xt(w)) = g(s,Xs(w))}

belongs to the universal completion F** of the g-algebra F*, hence it has
the probability measure

P, i X:) = Xs)p =P i Xi) = .
s,:v{w tlffslg(ty t) 9(3, s)} s,m{w tlﬁlg(ta t) 9(8737)}

The second condition we need from the random process g(t, X;), t > 0,
consists in the requirement that these probabilities should be equal to 1

Poo{w:limg(t, Xi) = gs,2)} =1, s>0, z€S. (6)

Simultaneously with the problem of optimal stopping of the process X
let us consider the problem of optimal stopping of the process
X' = (Y,N',N/,X,,0,,P.), t>0
with the same payoff g(z') = g(s,z) (2’ = (s,x)) satisfying the conditions
El supg~ (X{) <oo, 2’ €5, (7)
t>0
/ T n o / _ / /
Pofu’ :limg(X) = g(a")} =1, 2"€ 5, (8)
and with the value v'(z’) defined by

v'(a') = sup ML g(XL), (9)
T'eEM
where 9V is the class of all finite (P.,-a.s.) (IV/, t > 0)-stopping times.
Notice that condition (7) is exactly that of (1), and the same is true for
conditions (8) and (6) by virtue of Lemma 2.
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Observe that the condition (8) shows that the function g(z') is finely
continuous (relative to X’) but, as it is well known, the paths g(X/(w')) are
then (P,,-a.s.) right continuous (Theorem 4.8, Ch. II in [3]), that is,

P, (B)=1, 2'ef,
where
B = {w': the path g(X{(«')) is right continuous on [0,00)}.
Now again by Lemma 2 we obtain
P, ,{w : the path g(t, X;(w)) is right
continuous on [s,00)} =1, s>0, z€S. (10)

Thus we have obtained an interesting fact that condition (6) and condi-
tion (10) are equivalent.

Our next step consists in establishing the connection between the value-
functions v(s, z) and v'(s, ).

Lemma 3. The values of the initial optimal stopping problem (9) coin-
cide

v(s,z) =7'(s,z), s>0, z€S8S. (11)

Proof. Consider first the (INV/, t > 0)-stopping time 7/. By Proposition 7.3,
Ch. Iin [3] for 7/ and fixed 2/ = (s, ) there exists (N7, t > 0)-stopping
time 7’ such that P, (7' =7') = 1. We have

E;/g(Xf_“/) = Es,rg(s + F/(‘S? w)’ Xs+;’(8,w)) -

- Es,:rg (T(w)v X-r(w))a

where s + 7/(s,w) = 7(w) is the (M3, t > s)-stopping time by Lemma 1.
Whence it is obvious that

v'(s,2) < (s, ).

It remains to establish the opposite inequality. Denote by 97 the class of
all (M3, t > s)-stopping times taking its values from the finite set

$,8+27" ...+ k-27" ... s+n.

Obviously,
mrCmrtt o n=1,2,....

For every 7 € 9, define the sequence 7,, of stopping times

s+E27" i s+ (k—1)27" <71 <s+ k277,
Tp =
s+n, if 7>s+n.
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It is clear that 7,, € 97 and starting from some n(w) the sequence 7, (w)
decreases to 7(w). Using condition (10) and the right continuity of paths
g(t, Xi(w)), t > s (Ps 4-a.8.), we can write

g(T, X‘r) = lim g(TTL?XTn) (Ps,w‘a's')'
Hence by Fatou’s lemma we get

E,.9(7,X;) < UimF; .9(70, X7, ).

Consequently

U(Sv *T') = Eiuli)m" Es,mg(Ta XT) = nILH;o Sel;jrt)n Es,:cg(Tv X‘r)-

Consider separately the expression

sup Es,zg(Ta X‘I’)
TEM®

which represents the value in the problem of optimal stopping of the se-
quence

{g(s + k27", Xgipo—n) M5 jon}, k=0,1,...,n27"

It is wellknown that for this problem there always exists an optimal stopping
time which has the following form:

0p = min {5 +E27T" ip =g(s+ k27n7XS+k.27n}7
where the sequence ~;' is constructed recursively:
’YI? = max {g(s + k2in7 Xs+k2*")7 MS,$(71?+1|M5+162*")}'

It easily follows from these recursion relations that ~;' is a Borel function
of X, ko-n. Therefore o, has the following form:

0p = min {s + k27" Xgypo-n € B,?},

where the sets B} belong to the o-algebra B (of course, B,_, = S).

Thus we get

v(s,z) = lim TEs’zg(an,Xon).
Define now the corresponding (NY, t > 0)-stopping times
o, =min {k27" : X}, €[0,00) x B}}.
We have
E;,mg(leril) = Es,:vg(X:y/n(s,w)(Saw)) =
= Es,mg(s + 0;, (57 w)a Xs-i—o’%(s,w) (w)) = Es,xg (Una Xan)
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as s+ o, (s,w) = op(w). Therefore
Eqa29(on, Xo,) = EQ,IQ(X[;;L) <'(s,x).
Thus v(s,z) < v'(s,x), and finally v(s,z) = v'(s,z). O

Our next purpose is the excessive characterization of the cost v(s, z). Let
us note (as can be easily seen) that our definition of the excessive function
(relative to X) coincides exactly with the usual definition of the excessive
function (relative to X’). Therefore we can directly use Theorem 1, Ch. IIT
in [1] and get the following result.

Theorem 2. Suppose that conditions (1) and (6) are satisfied. Then the
value v(s,x) is the least excessive majorant of the function g(s,z). The
value v(s,x) is the Borel measurable function, which can be found by the
following limit procedure:

v(s,z) = lim A}im QN g(s,z), (12)
where
Qng(s,x) = max {g(s, z), B zg(s+27", XS+2771)}
and QY is the Nth power of the operator Q..

Proof. The assertion is the consequence of the coincidence of the values
v(s,x) and v'(s, ) and of Lemma 3, Ch. IIT in [3] which states that

V(@) = lim lim Qg('),
where
Quale!) = max {g(a'), Elyg (X))}
Note also that E,g(X,_,) is B'-measurable in 2/, hence the functions
Qng(z'), QN g(z') and the function v’(z'), being the limit of these functions,
are also B’-measurable.

Thus the value v'(z’) is the Borel measurable excessive function (relative
to X’) which obviously satisfies the condition

E. supv™ (X{) <oo, a' €S
>0

Then it is well-known (Theorem 2.12, Ch. I in [3]) that the paths v(X[(w’))
are right continuous with the left-hand limits on [0,00) (PL/-a.s.). Using
again Lemma 2 we obtain

Ps,z{w : the path v(t, Xt(w)) is right
continuous on [s,00)} =1, s>0, z€S. (13)

To prove the main result of the present work we can now apply Theorem 3,
Ch. ITin [1]. O
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Theorem 3. Let the payoff g(t,x) satisfy (relative to X ) the following
conditions:

(1) Mz sup;s, |g(t,Xt)’ <o, >0, z€S8;

(2) Poo{w:limysg(t, X¢(w)) =g(s,2) =1}, s>0, z€S.

Then

(i) for every e > 0 the stopping times

T. = inf {t >s:0(t, Xy) <g(t, Xy) + 5} (14)

are e-optimal;
(ii) 4f the function g(t,x) is upper semi-continuous, that is,

g(s,z) > limg(t,y)

t—s
y—w
and the stopping time
To(w) = inf {t >s:o(t,Xt) = g(t,Xt)} (15)

is finite (Ps z-a.s.), then o(w) is the optimal stopping time.

Proof. From Theorem 3, Ch. III in [1] we know that for every £ > 0 the
stopping time
L =inf {t:v(X]) < g(X])+ ¢}
is e-optimal:
Eug(X5,) >v(@) —e, 2'€,
that is,
Es.9(s+7).(s,w), Xs_,_Té(S’w)(w)) > v(s,z) —e.

But it is obvious that s 4+ 7/(s,w) = 7. (w), hence
Es,xg(Ts» XTs) Z U(Sa 513) —&.

Assume now the upper semi-continuity of the function g(z’). Then from
the same theorem we get again that the stopping time

o =inf{t > 0:v(X}) = g(a})}

is optimal:
E;,g(Xié) = v(z").

From this, similarly to the previous reasoning, we get the optimality of
the stopping time m(w). O
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